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PREFACE 


THIS BOOK WAS WRITTEN with the aim of providing an alternative to the 
postulatory approach currently used in many introductory quantum mechan- 
ics courses. Thus the first chapters are designed to familiarize the reader 
with the mathematical treatment and particular properties of ordinary 
wave motion which apply also to particle motion and have crucial importance 
to the subsequent development of the subject. The close relation of quantum 
theory to physical optics is stressed, and by use of Feynman’s derivation of 
quantum mechanics, the wave theory for particles is made to appear as 
inevitable and necessary as Huygens’ wave theory for light. 

Quantum mechanics is as complete a closed system as Euclidean geometry, 
and as such should be given the same integrated, balanced development 
in a separate course devoted to it. However, although the postulational, 
geometry-inspired approach is traditional in introducing quantum mechanics 
(and superbly executed examples of this method may be found in several 
currently available texts), it is not wholly satisfactory. The subject is intro- 
duced by non-self-evident postulates detailing the properties of something 
called a wave function; then it is said that the wave function obeys a second- 
order differential equation known as the Schroedinger wave equation; 
finally, the theory is applied to some examples, and away the subject goes! 
Almost any student, when asked why he accepts all this, replies, “Because 
it works,” which is ultimately the only reason for accepting it; however, he 
still has far to go before arriving at a complete idea of the subject and an 
understanding of why the theory is what it is. 
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On the other hand, the student has seen wave motion, understands it, 
and knows that the only reason for accepting the wave theory of light in 
preference to the ray theory is that diffraction and interference of light 
can be explained by the wave theory. He has worked with phase differences 
of permissible light paths, for example when using Fraunhofer diffraction 
theory to analyze a diffraction grating. Therefore, once he is shown in detail 
how a ray theory of particles breaks down for electrons transmitted through 
a crystal, he should be quite prepared to accept a simple Fraunhofer dif- 
fraction theory for particles identical to that for light. This intuitively 
appealing argument was first presented by Feynman in 1948. While at 
least as rigorous as the initial arguments by Schroedinger and Heisenberg 
in 1926, the argument focuses on the wave function directly, and thus the 
student who has previously worked simple problems in physical optics 
should have little difficulty realizing what the wave function is supposed to 
represent, what its properties are, and how it behaves in a homogeneous or 
inhomogeneous medium (i.e., how it depends on the light or particle path 
in a medium of constant or changing index of refaction or particle potential 
energy). 

Following this introduction, the text stresses the physical consequences 
of a wave theory of material particles by examining the extreme, non- 
classical characteristics of abrupt changes in potential energy as a function 
of space. Classical mechanics is later shown to arise as an approximation 
valid when lengths, momentum, energy, or time are not specified with a 
precision greater than that permitted by the Uncertainty Principle. This 
semiclassical approximation, standard examples, and other approximation 
methods are discussed in order to develop the student’s confidence and his 
ability to apply the theory to diverse physical problems. The subjects 
treated in the introductory chapters, for instance solid state theory and the 
theory of the deuteron, were chosen for their mathematical simplicity. 
The physical applications stressed in later chapters are introduced to prepare 
the student in topics he is likely to encounter early in his further study of 
atomic and nuclear physics. 

The first eleven chapters of the book—through the treatment of chemical 
bonding—constitute sufficient subject matter for an undergraduate, one- 
semester course. The last two chapters can then be assigned as optional, 
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although they contain much material vital to any subsequent graduate 
study in physics. 

Many people have contributed toward whatever excellences the book may 
have. My considerable debt to lectures by, and conversations with, Profes- 
sors Hans A. Bethe, Richard P. Feynman, and Linus Pauling, and to the 
excellent texts by Peter Bergmann, David Bohm, and Linus Pauling and 
E. Bright Wilson, will be evident to anyone familiar with these persons’ 
understanding of the subject. Dr. William A. Newcomb assisted me 
invaluably in finding errors and obsurely presented material. My editor 
Mrs. Cynthia Easton painstakingly edited the entire manuscript. My col- 
league Professor William W. True read and commented most helpfully on 
every chapter. The students in my classes, especially Mr. Willard Sperry, 
spurred me to clearer presentation of many initially obscure parts of the 
texts. I am continually indebted to Professors J. J. Gerald McCue and 
Richard O. Sutherland, who first stimulated my interest in quantum mechan- 
ies. My further thanks are due to the publishers’ reviewers of the manuscript 
for their valuable suggestions, to my wife for her patient assistance, and to 
Mrs. Natalie Fulk, Mrs. Viona Hague, and Mrs. Iva Parelius for exceptional 
clerical aid. 


David B. Beard 
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QUANTUM MECHANICS 


BLACK BODY RADIATION 


HISTORICALLY, THE QUANTUM THEORY first arose from studies of radiation, 
and it is useful to introduce the subject along historical lines in which relevant 
aspects of electromagnetic waves may be reviewed. Quantum mechanics 
has, with good cause, also been called wave mechanics since it emphasizes 
and treats wave-like behavior of particles. Hence, it is appropriate to begin 
our study by an examination of familiar classical radiation theory. By 
this means we will be able to investigate relevant consequences of wave 
motion and develop for later advantage the mathematical tools frequently 
used in classical treatments of electromagnetic waves. 


1.1 DERIVATION OF THE ELECTROMAGNETIC WAVES 
IN A CAVITY 


Suppose a light wave to be incident on a small hole in the side of a box which 
is otherwise completely light-tight so that radiation enters or leaves the box 
only through the small hole. Such a box is called a black body since the 
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hole completely absorbs all light incident on it. The incident light wave 
will be lost inside the box after repeated reflections from the walls and will 
come into thermal equilibrium with the walls. Thus a light wave escaping 
outside the box through the hole will have been in thermal equilibrium with 
the interior of the box. The radiation in equilibrium within the box consists 
of electromagnetic waves or, in the parlance of classical radiation theory, 
oscillations of the ether, the vibrating medium within the box by which the 
waves are propagated and sustained. In order to estimate the radiation to 
be expected from the pinhole, it is necessary to calculate first what are the 
possible radiation frequencies and what is the energy of each separate electro- 
magnetic wave. The energy or light intensity emitted from the opening at 
a particular frequency is proportional to the total energy of all the waves 
having that frequency contained within the box. Hence, the intensity of 
the electromagnetic radiation within the box must first be estimated by 
means of Maxwell’s equations for the electric and magnetic field vectors of 
the waves in the interior, for the conditions of free space within the box. 
Expressed in Gaussian units Maxwell’s equations are 


1 OE 
VCH] === (1.1) 
Cot 
1 0H 
VxE= = = (1.2) 
Cret 
V-H= (1.3) 
V-E= (1.4) 


Taking the curl of both sides of Eq. (1.2), interchanging the order 
of the space and time derivatives, and substituting Eqs. (1.1, 1.2) in the result, 
by the rules of vector analysis we obtain three equations for the three 
components of the electric field vector, summarized in 


ViEcei ae ae (1.5) 


This is a very familiar differential equation in physics, occurring for 
such diverse motions as a vibrating string, pressure variations in an organ 
pipe, flow of electricity in a cable, or the waves on a drum head. Its solution 
describes wave motion, and it is called the wave equation. 
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In Cartesian coordinates Eq. (1.5) has the particular form or represen- 
tation 


2E @E @E 1 @E 
— +— + — = — — (1.5a) 
Ox2 Oy x2? OF 
Equation (1.5a) may be solved for one component EL, by assuming Ez to be 
written as a product of functions of one variable each. (This is known as 
assuming the variables separable.) Thus, let H, = X(x)Y(y)Z(z)T(t). This 
procedure will be justified if a solution is obtained; not all partial differential 
equations have solutions which can be obtained in this way. Dividing 
Eq. (1.5a) for the x component of the field by Hz, one finds in Cartesian 
coordinates 
1 ex 1 @Y 1 @&Z eis 


X a? Y ay Zaz Te a2 


(1.6) 


The left-hand side is completely independent of the time, while the 
right-hand side is independent of space. Therefore, both sides of the equation 
are equal to a constant, independent of both time and space. Let the con- 
stant be written as — w2/c?. Then the time-dependent part of (1.6) becomes 


1 @7 w2 
= —— (1.7) 
Tc? ot? ce 
whose solution is 
T = D,etot + Dge-iot (1.8) 
where D, and Dz are arbitrary constants for the time-dependent part of E;. 
Similarly, 
1 @Xx 
X aa 


is equal to a constant, —k’?, and thus the solution to the space-dependent 
part of (1.6) for Zz is 

X = Aye sin k’a + Aogz cos k’x 

Y = Byz sinl'y+ Boyz cos l’'y (1.9) 


Z = O1m'r sin m'z + Com'z cos m'z 
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where J’ and m’ are additional constants introduced for the Y, Z terms. 
Identical solutions may be obtained for H, and Ey. 

Since the tangential components of E must be continuous at the walls, 
E at the sides of the box cannot be arbitrary but is fixed by the physical 
properties of the wall material. In a box with infinitely conducting walls, 
for example, the tangential components of E at the walls must be zero (that 
is, E, must be zero in the four walls of the box perpendicular to the y or 
z axes).. Hence, in a rectangular infinitely conducting box of dimensions 
a, b and d, Y(0) = 0 and therefore Boyz = 0, and Y(b) = 0 and therefore 
sin lb = 0 which means that 1’b = ml where / is an integer. Thus, two of 
Eqs. (1.9) become 


TMZ 


. mY ; 
Y = Byz sin Pa Z = Cim'z Sin 


Similar results are obtained for the ovher two components or E. 
Let Biz, Cim’x, Aik’’y, Cim’’y, Air’’’z, and By’, equal unity, which may 
be done with no loss of generality by readjusting the values of the 
remaining undetermined constants. Then the total solution for E may 
be written as 
E = (Ajx’z sin k’x + Aog'z cos k'x) sin l'y sin m’zi 
+ (Byy sin U’’y + Boy cos l’’y) sin k’’x sin m!' 25 
+ (Cimie sin m!"2 + Come cos m''’2) sin k’”’x sin U'”"y kk 


The total solution for E must also satisfy Eq. (1.4), from which we obtain 
(after dividing out the time-dependent part) 


Aixzk’ cos k'x sinl’'y sinm'z + Byyl’’ sink’ cosl’’y sinm'’z 
+ Oimgm'” sin k's sinl’’’y cosm'"’z 
— Aoxzk’ sin k’x sin l'y sinm’z 
— Boy l’ sink’’x sinl’’y sinm’’z 


— Comm” sin k’’’x sinl'’’y sinm’’’z = 0 


Since this equation must hold for any values of x, y, and z, the coefficients 
of each term must each individually be equal to zero, and therefore only the 
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Agxzk’, Boyryl’’, and Czm-zm'"’ can be nonzero (although their sum must 
be zero) provided that k’’ =k” =k’, l’" =I" =I, and m'" = m" = m’. 
Thus the spatial dependence of E is given by 


krra l Mrz 
Ex = Axim cos den sin = 
b d 
kr la Miz 
Ey = Brim sin ae sin (1.10) 
b d 
_ kre l Marz 
Ez = Crim sin aia a cos 
where 
k =ak'/x, 1 =6l'/7, m= dm'/z, 
Agim = AoecBw2Cim'z, Brim = AnyBoryCim'y 
and Crm = ArgzBurzC2mz 


Equations (1.8, 1.10) together describe a sinusoidal wave of angular frequency 
w (w = 2mv where v is the number of cycles per second and w the number of 
radians per second), and velocity c. Equations (1.10) alone would describe 
a standing wave such as the particular example illustrated in Figure 1.1 
for Crim = C410, 


4rx Ty 


E, = C4109 sin sin — 


By substituting Eqs. (1.7) and (1.10) into Eq. (1.5), one finds that 


kr \2 Iar\2 my w? (1.11) 
> + i— + |— = — . 
ball ede iete 

For a particular frequency , all integral values of k, J, and m are possible 
(4, 1, 0) which satisfy Eq. (1.11). For a cube, for example, besides the mode 
(4, 1, 0) for H, illustrated in Figure 1.1, there are four other modes for 
E., (1, 4, 0), (3, 2, 2), (2, 3, 2), and (2, 2, 3) with frequency w = V/17(n/a)e. 
(The modes (4, 0, 1), (1, 0, 4), (0, 4, 1), and (0, 1, 4) are not included since 
Ez = 0 for these modes.) 
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Figure 1.1 Graphs of Ez, as function of x and y for the mode k = 4, 
1=1, andm = 0. 


1.2 NUMBER OF MODES HAVING THE SAME FREQUENCY 


In order to obtain the total energy of radiation of a particular frequency 
w contained within and emitted from the box, it is necessary to find the 
number of different modes of oscillation all having the same frequency w. 
The number of modes having a frequency equal to or less than w is found by 
summing all integers J, k, and m which make the left-hand side of Eq. (1.11) 
less than or equal to the right-hand side. For large values of w such that the 
wavelength c/27w is orders of magnitude smaller than the box dimensions 
a, b, and d, the summation may be replaced by a triple integral over k, 1, 
and m, that is, a volume integral over a k, 1, m coordinate space. Equation 
(1.11) is the equation for an ellipsoid in which k, 1, and m are the coordinates 
and the semi-axes are (aw/mc), (bw/mc), and (dw/7c) respectively (Fig. 1.2). 
The number of modes having a frequency equal to or less than w is the num- 
ber of different combinations of positive integers k, 1, and m such that the 
left-hand side of Eq. (1.11) is less than or equal to w2/c?. This number is 
given by the volume of the positive octant of the ellipsoid, 


(77/6) abd (w/z), 
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not the total volume of the ellipsoid since k, 1, and m must all be positive 
integers. The three amplitudes Axim, Brim, Crim may have any value 
provided that Axzimk’+ Briml’+Crimm'’ = 0. Therefore there are two in- 
dependent directions of vibration for each set of k, l, m, which doubles the 
number of possible modes. Hence, the total number of different modes of 
oscillation up to and including a frequency w will be V w3/372c3, where V 


Figure 1.2 Illustration of the octant of the ellipsoid expressed in 
Eq. (1.11) containing all those values of k, 1, m which make the left-hand side 
of Eq. (1.11) less than or equal to the right-hand side. Hach mode of 
oscillation is represented by a single point on the diagram at an integral value 
of k,l, and m. The dimensions of the graph have been so chosen that each point 
is equivalent to a unit volume of the ellipsoid. 


is the volume of the cavity. The total possible number of distinct electro- 
magnetic waves or modes of oscillation per unit volume within the cavity, 
whose frequency is less than or equal to w, is therefore w?/37?c3. The number 
of vibrational modes per unit volume having a frequency between w and 
w+dzw is found by differentiating that expression: 


w2 
N(w) dw = (<5) deo (1.12) 


or, in cycles per second, 
N(v) dv = (82v2/3c3) dv 
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As long as the total energy in the box is conserved, two of the ampli- 
tudes Axim, Brim, Crim, of each single oscillation are in no. way restricted. 
The validity of this important assumption will be questioned later in this 
chapter. 


1.3 THE RADIATION ENERGY DENSITY 


The energy in each mode of oscillation is proportional to the square of the 
amplitude of the particular oscillation. To obtain the energy density inside 
the box as a function of frequency, Eq. (1.12) must be multiplied by the 
average or mean energy of each mode of oscillation. To find the average 
energy of a wave we may note that the electromagnetic vibrations are 
analogous to mechanical oscillations. By introducing normal coordinates 
to replace each separate degree of freedom or mode of oscillation one may 
identify each wave with a corresponding mechanical oscillator having the 
same frequency. Statistical mechanics is unfortunately outside the scope 
of this course, but from his classic studies of heat Maxwell was able to 
show that any particular part of a classical system, such as a single oscillator 
in a system of oscillators, has a probability of possessing an energy EH 
between H and H+dE proportional to e~#/*T dH, where k is the experi- 
mentally determined Boltzmann constant, 1.38 - 10-16 erg/°K, and T is the 
absolute temperature of the system. The constant of proportionality is 
determined by requiring that the total probability that this part of the 
system has any energy at all must be unity. Hence the probability that any, 
given mode of oscillation will have an energy EH between H and H+dH 
p(£) dH, will be given by 


e~E/kT dB e~E/kT dH 
D(H LE, wa = Oe a ee 7 
"ERE dH kT ie 
0 


The average or expected energy of each mode of oscillation is obtained by 
averaging the energy over the probability of having that particular energy: 


0 H e-E/kT dH 


Ey = “EE E) dE = = 
{E> iE 'p(#) [ an kT (1.14) 
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Hence the energy density u(w) of the modes of oscillation having a 
frequency between w and w+dw is the product of Eqs. (1.12) and (1.14): 


we 


u(w) dw = <E>N(w) dw = er(—) dw (1.15) 


Equation (1.15) was first derived by Rayleigh and Jeans and is called 
the Rayleigh—Jeans law. Unfortunately, as w increases, the energy density 
also increases without limit to infinity, leading to an absurd result for 
infinite frequencies. As shown in Figure 1.3, Eq. (1.15) does indeed fit 
experimental observations made for very small frequencies or long wave- 
lengths. Observations at high frequencies, however, were empirically 
described by Wien to conform to 


u(w) dw = w eho/kT dy (1.16) 

where fi is an experimentally determined constant (1.05 - 10-27 erg-sec). 
Every step of the derivation of Eq. (1.15), the Rayleigh—Jeans law, 
resulted from what at the time were well-understood and experimentally 


confirmed physical principles. Yet it did not fit all of the experimental 
observations. The trouble Jay in assuming that all the modes of oscillation 


-Rayleigh-J eans 


falas se 8 7 Bo 10 


ee 


kT 


Figure 1.3 Energy density of the modes of oscillation within a box as 
a function of frequency. Experimental observations are given by the solid 
line, the low and high frequency approximations by dotted lines. 
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have the average energy k7’. Actually, somehow the high frequency modes 
are frozen out so that their average energy is zero. The solution thus lay 
in questioning the assumption that the amplitude (and therefore the energy) 
of each mode of oscillation was unrestricted. If we assume that only discrete 
values of wave energies are possible, then the average energy of each wave or 
mechanical oscillator will be different from the constant classical value k7’, 
as we will now show. This is as though one were to assume, for example, 
that ocean waves enclosed in a breakwater could have heights of the square 
root of one, two, or three feet but not of one and a half or two and three 
quarters feet or any other in-between value. If the energy of each wave can 
be only some integral multiple of fiw, that is, 


E = nhw (1.17) 


then Eq. (1.13) must be replaced by a different expression for the probability 
that any given mode of oscillation will have a unique energy H. Since 


© oo) 1 1 
Dd ecaholk? = YS yt = —— = ——____ (1.18) 
n=0 n=0 i ¥ Len aie 


where with x = hw/kT, y = e-*, we have for the number of discrete states 
p(£) having an energy HE = nhw, 


e-nho/kT 
ee ee — e—ho/k —nho/k 
p(E£) = = (1 — eho/kT) e—nho/kT (1.19) 
> e—nho/kT 


n=0 


The average energy of each mode of oscillation becomes 


oe) ioe) 
{E> = > Ep(E£) = (1 — e-hw/kT)S nhiw e-nho/kT 
n=0 n=0 
e—hw/kT 


= (1 — eholkT) hig 
(1 — e-ho/kT)2 


hw 


~ gholkT _ 


This result for the summation can be easily seen if we take the derivative 
with respect to x of both sides of Kq. (1.18). 
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For hw > kT, <E> is seen to be approximately fwe-ho/kT, 
which does approach zero as w increases. This high frequency result for the 
average energy is readily understood from the first two terms in the sum- 
mation, 0+Awe-?’/*T, which illustrate that if the first level above n = 0 
has energy much greater than k7' it will not be occupied on the average 
because e~?*”/FT < 1. Multiplying Eq. (1.12), based on Maxwell’s theory 
of electricity and magnetism, by our newly adopted value for the average 
energy of each mode of oscillation, Eq. (1.20), we find for the energy density 
of waves having a frequency w within a range da, 


otinics 
u(w) dw = Giza) 


which is the Planck formula for the energy distribution for the modes of 
oscillation within a black body. Throughout this book a bar through a 
letter means that the physical constant or quantity the letter represents 
has been divided by 27; thus i = h/2z where h is a natural constant, Planck’s 
constant, experimentally observed to be 6.6252 + 0.0005 x 10-27 erg-sec. 
If one expresses the frequency in cycles per second, rv, instead of in radians 
per second, w, the energy of a wave would be written EH = nhy instead of 
as in Eq. (1.17). 

At low frequencies e””/*T is approximately equal to 1 + Ra/kT, 
so that the right-hand side of Eq. (1.20) becomes simply the classical result, 
kT. At high frequencies the one in the denominator of Eq. (1.21) may be 
neglected. Thus we should expect the Rayleigh-Jeans law to be valid at 
low frequencies and Wien’s law to be valid at high frequencies, which is in 
fact the case. Intermediate frequencies can be described only by the exact 
formula, Eq. (1.21). 

It should be emphasized that Planck’s use of H = nhw (Eq. 1.17) 
was a theoretical attempt to justify an empirical equation (1.21) which 
fitted the experimental observations remarkably well; there was no theoreti- 
cal justification for using (1.17) other than that the experimental obser- 
vations could be interpreted as requiring (1.17) to be satisfied by the in- 
dividual electromagnetic waves in the box, or by the fictitious mechanical 
oscillators’ in normal coordinates corresponding to the electromagnetic 
waves in the box. It is easiest and most straightforward, however, to conclude 
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for the present, subject to further examination later, that the energy transi- 
tions of all waves or oscillators occur in quantum jumps. Nondiscrete 
energy changes for any given frequency or oscillation are somehow for- 
bidden. 

In deriving our results for the radiation inside a black body we 
assumed metallic walls. But it would have made no difference if the walls 
had been made of any other material. Black body radiation is completely 
independent of the material walls, and is observed and predicted to be — 
always the same function of temperature provided only that all radiation 
incident on a pinhole in one wall is either lost through multiple reflections 
inside the box or, if incident on the pinhole from within the box, is transmitted 
freely to the exterior. 


1.4 SIGNIFICANT MATHEMATICAL PROCESSES USED 
IN THE DERIVATION 


There are several results, incidental to the derivation of Eqs. (1.10), which 
should be emphasized because of their significance and utility to later 
developments: 


1. If Eq. (1.7) is substituted into Eq. (1.5) there results 


Ae 
V-E = — —E (1.22) 

ce 
V2 defines an operation to be carried out on E; the particular operation 
stated in Eq. (1.22) consists of taking partial derivatives of E stated explicitly 
in Eq. (1.6) in terms of Cartesian coordinates, but in other cases the operation 
may be multiplication by a constant or by a function of space or time, for 
example. V? is an operator whose operation on the wave amplitude or wave 
function E results, in this instance, in a constant (namely w2/c2) times the 

wave function. 

2. Since the waves were confined in a box, the boundary conditions 
{i.e., conditions imposed on the wave function at the walls, which required 
the tangential component of E to be zero in the case of metallic walls) 
allowed only those solutions for which w satisfies Eq. (1.11) where k, 1, and 
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m rust be integers. This result is a phenomenon common to all confined 
waves; in vibrating violin strings or organ pipes, for example, it also happens 
that only those frequencies which satisfy the boundary conditions are per- 
mitted. 

3. The values of w?/c? which satisfy the boundary conditions are 
called characteristic values or more commonly eigenvalues of the system. 
The solutions for E of Eq. (1.22) for particular eigenvalues w2/c? are called 
characteristic functions or more commonly eigenfunctions. Thus, the operator 
V2 operating on the particular eigenfunction £, illustrated in Figure 1.1 
has the eigenvalue 17(z/a)? in the case of the cube of side a. This particular 
eigenvalue 17(z/a)? has five different nonzero eigenfunctions corresponding 
to the different k, 1, and m consistent with this eigenvalue. An eigenvalue 
of 16.7(z/a)? with its associated eigenfunctions, for example, is not possible 
for such a system since no combination of integral k, 1, and m can give such 
an eigenvalue. (If we include the EZ, and the Ey solutions, as we must, a 
total of eleven different eigenfunctions are possible for w2/c? = 17(z/a)?.) 


Problem 1.1 Find the four lowest eigenvalues and their correspond- 
ing eigenfunctions of a vibrating violin string 10 cm long if the tension on the 
string, T, is 10 newtons and the string has a mass per unit length, p, of 
0.2 kg/m. The wave equation for transverse waves in a string is 

2S p &S8 


a2 = TsO? 


where S is the perpendicular displacement of the string from equilibrium, 
z is the distance along the string, and t is the time. (Include the possibility 
that S may be taken in each of two perpendicular directions.) 


Problem 1.2 Graph the Rayleigh—Jeans law and the Planck black 
body distribution as a function of frequency for the surface of the sun, 
whose temperature is 6000°K. Be careful in labeling the ordinate to give 
the units and magnitude of what is observed from a black body surface. 
On the same graph paper plot the average energy of the electromagnetic 
waves on the solar surface as a function of their frequency. (Surface emission 
per unit area is proportional to the velocity of light, c, times the energy 
density per unit volume, u(w).) 
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Problem 1.3 What are the minimum energies electromagnetic waves 
of wavelengths 5000 A and 10 m may have? 


Problem 1.4 What are the eigenvalues and eigenfunctions of the 
operator (i d/dx)2 if the eigenfunctions are required to be zero when x = 0 
and 2? 


BIBLIOGRAPHY 


Suggested books for further reading: 


Bergmann, P. G., Basic Theories of Physics, Vol. II. Englewood Cliffs, 
N.J.: Prentice-Hall Inc., 1951. This book contains an excellent and 
detailed treatment of black body radiation and the early quantum 
theory on which much of this chapter is based. The author is par- 
ticularly gifted in presenting apt examples and models in his lucid 
presentation. 

Slater, J. C., Modern Physics. New York: McGraw-Hill Book Co., 1955. 
This book is notable for its exceptionally clear and interesting 


exposition. 


FOURIER ANALYSIS 


2 


IN DESCRIBING THE ELECTRIC FIELD VECTOR everywhere within the box 
(the black body cavity) at a given instant of time through Eq. (1.10), 
we obtained an alternative way of specifying the condition of the radiation 
field within the box. It is equally possible to specify the electric field vector 
as an explicit function of the spatial coordinates z, y, and z, or alternatively 
to specify the amplitude of each standing wave, as is suggested by Eq. (1.10). 
Either description serves to completely represent the physical state of the in- 
terior of the box. The method of representing a state of radiation in terms 
of its various modes of oscillation is developed more generally in this chapter. 

The customary representation in terms of spatial coordinates is re- 
placed by alternative representations in terms of modes, which are of great 
utility in computing and understanding quantum mechanical behavior. 
It will be shown, by representing a wave in terms of its frequency dependence 
as well as in terms of its time dependence, that one cannot simultaneously 
measure the frequency of a wave and the time at which the wave is absorbed in a 
detector with unrestricted precision. This imprecision or uncertainty is a 
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necessary consequence of all wave motion and is of central importance to 
the quantum theory. Indeed, Heisenberg originally derived quantum 
mechanics by postulating this uncertainty as fundamental to all physical 
measurement. In later chapters it will transpire that a description of any 
physical system can be made only in terms of pairs of complementary physical 
variables, both of which cannot be measured simultaneously with infinite 
precision. In this chapter it will be shown that it is impossible to limit the 
range of frequency or wave number and the temporal duration or spatial 
position of a wave; in the following chapter, in addition to discussing the 
complementary variables of time and frequency or energy, we will take up the 
physical impossibility of simultaneously measuring position and momentum 
with infinite precision. 

Sines and cosines are good examples of functions whose product with 
any other function of the same class gives zero when integrated over all 
ranges of the variable, unless the two multiplied functions are identi- 
cal. Such sets of functions are said to be orthogonal. For example, the 
integrals over a period of the fundamental frequency wo of the products 
sin Mwot sin Nwot, sin Muwot COS Nwot, and cos Mwot COs Nwof, Where m and n 
are integers, are 


wo 27/ Wo 


— sin mMwot sin nwot dt 
2r Jo 


wo jsp sin(m—n)wot  sin(m+ oma 0 if yee 
ae ee eS |] = m n 


Po tS 2(m —n)ewo 2(m + n)eo 


wo 27 /w ; wo 27 / wo 
-= | sin? mwot dt = — (4 —}.cos2maot) dt =} ifm=n 


27 Jo 2 Jo 
wo 27/ wo 
— sin Mwot COS Nwot dt 
27 Jo 
wo jonas cos (m — n) wot cos (m + n) wot 0 fm? s 
pat Gee pal oe SIS a eee |] = : if m nN 
27 Lo 2(m — n)w9 2(m + n)wo | & 
1 if wo 27/wWo ; 
= +5 —— | sin? mwot| = 0 if m2 = n?2 
Dy Mwo Qa 0 
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and similarly 

wo (?7/e 

= COS Mut cos nwot dt = 48mn 

2a Jo 
_ where 5m, called a Kronecker delta, is zero for m 4 n and unity for m = n. 
Besides sines and cosines, other examples of orthogonal functions that we 
shall encounter are Bessel functions and Legendre polynomials. The 
coefficients of such functions may frequently be used to describe a given 
function of coordinates or some other variable, so that such functions 
furnish a new and frequently more convenient kind of “space” in which to 
describe the given function. 
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Suppose that a given oscillation or periodic function of time, f(t), with 
period 27/ wo, is to be described by a sum or superposition of many waves, 
specifically an infinite sine and cosine series, called a Fourier series: 


ao 
fit) = > Az sin nwt + By cos nwt (2.1) 
n=O 
where the n’s are integers, wo is a given fundamental frequency, and the 
A’s and B’s are the amplitudes of each component frequency. Multiplying 
both sides of Eq. (2.1) by sin mwof and integrating over the fundamental 
period, we find that 


2n/ we 
| f(t) sin muot dt 
if) 


(2.2) 
= 22/5 27/ws 
=> | Ag SiN Nwot SiN Mot dt + By COS Nwot sin mut dt 
0 0 
n=0 


The sines and cosines are orthogonal functions, and all the terms of the 
infinite series in n on the right-hand side of Eq. (2.2) give zero except for the 
one term in the sine series for which n=m, which gives 


22! ws T 
| f(t) sin maot dt = —Am (2.3) 
0 wo 
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Similarly by multiplying (2.1) by cos mwof, 
27/wo 
yp Seat f(t) cos meoot dt (2.4) 
7 J0 
As in the preceding, our function may be given as an explicit function 
of time, f(t); alternatively, however, we may compute the A’s and B’s from 
a knowledge of f(t) ard use them to describe our function: 


w 27/wo 
fit) = >F if f(t) sin nwot a sin Nwot 


7 0 


wf (27/0 
+ =l{ f(#) cos nwot a cos nent} 

7LJo 

where the quantities in brackets are functions only of frequency, nwo, since 
the time will have been integrated out. In this way f(t) may described, for 
example, as being made up of oscillations having frequencies nwo, each of 
whose relative amplitudes A, and B, represent the quantity just as com- 
pletely as f(t) does. There is one essential difference, however, in that while 
all values of ¢ are possible in the time representation, only certain values of 
frequency, integral multiples of wo, are possible in the frequency represen- 
tation. If f(t) is not periodic this difference disappears, as will be shown in 
the following section. 

As an example, let us consider a sixty-cycle alternating current of 
unit amplitude, f(t) = sin 2760¢. If we attempt to find a series to describe 
it using the basic frequency wo = 2760, we immediately find the trivial 
result A; = 1. All other coefficients are zero. For graphs of alternative 
representations of 60-cycle a.c. current see Figure 2.1. Note that in this 
example, the Fourier series consists of only one term because we implicitly 
assumed that the wave started at tf = —oo and continued to t = +00. 
Actually, every time an electric switch is turned on or off higher frequencies 
are introduced, called transients (see Problem 2.2). These are frequently 
picked up by household radios as sharp audible clicks. 

For a second example, suppose that at 


O< ti i, tthe 0 
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iC) 


Figure 2.1 Alternative representations of 60-cycle a.c. ; the second graph 
illustrates the fact that only one frequency is represented. 


and then the function is repeated for larger and smaller integral multiples 
of to. Obviously, a convenient fundaméntal frequency will be z/to: 


1 to : 7 1 2lo 7 
An = —{ (0) sin n—tdt+—J] (1)sinn—tdt 
toJ o to toJ t, to 
(2.6) 
) aa 7 7 
== (} =| cos n—2ty — cos nt 
to na to to 
= — foroddn; =O for evenn. 
7™ 
Similarly, 
1=0 for n>0, Bo=1, 
and hence 
co 
ft > [2+ = sin (2 +1) 74] 2.7 
a eperpenren< ith 2970 _— : 
ad a(2m + 1) to a) 


Alternate representations of this system are presented in Figure 2.2. 


Problem 2.1 What are the amplitudes of the various wavelengths 
present in a vibrating violin string of length / plucked initially to form an 


isoceles triangle? 
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Figure 2.2 Alternative representations of a periodic step function pulse. 


Problem 2.2 What are the amplitudes of the various frequencies 
present in half-wave rectified 60-cycle a.c., that is, 0 < ¢ < 1/120, f(é) = 
sin 2760, and 1/120 < ¢ < 1/60, f(t) = 0, and then the function repeats? 


Problem 2.3 What are the amplitudes of the various frequencies 
present when 60-cycle a.c. is repeatedly turned on for 1/10 second and then 
turned off for 4/10 of a second? 


Problem 2.4 Find the two Fourier series for f(z) = x and |x| for 
—l<a«<1(f(x) repeats for other values of x); then compare the series 
for Ora <a. 


Problem 2.5 Find the Fourier series for f(x) = cos yx for 0 < p < 1, 
—7 < « < 7 (f(x) repeats for other values of 2). 


Problem 2.6 Find the two Fourier series for f(z) = x2 and 23, over 
—l<«2x <1 (f(x) repeats for other values of x). 


2.2 FOURIER TRANSFORMS 


The preceding discussion was devoted to alternative representations of 
functions varying periodically with time. The periodicity resulted in a 
discrete frequency representation, that is, Fourier series composed of terms 
having frequency some integral multiple of the fundamental frequency. 
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In order to represent the larger class of functions which are not necessarily 
periodic, we now discuss the case in which the fundamental period approaches 
infinity and instead of a discrete set of frequencies we have a continuum 
of oscillation frequencies. We need a new and very important concept, 
that of the Dirac delta function which is zero everywhere except for one point 
where it is infinite. Consider the integral of the function (sin bu)/w. It 
is a standard definite integral whose value is 7 when integrated over u 
from — oo to oo. For large values of b, however, the sine function oscillates 
very rapidly as a function of w as shown in Figure 2.3; hence the integral 


Figure 2.3 Illustration of the function (sin bu)/u. The first figure is for 
b = 7/2, the second for b = 27; the third function approaches the Dirac delta 
function as M approaches infinity. 


is close to zero between limits of large values of bu of the same sign. As 
b > co the integral approaches zero, unless the origin is included in the 
integration interval, in which case the value of the integral remains 7, and 
as the maximum of this function increases, its width decreases in such a 
way that the total area under the curve is a constant. That is, the integral 
of this function has a nonzero value only at the origin; such a function is 
called a Dirac delta function, and is represented by the symbol 6(t). By 
definition, 5(¢) = 0 except at the point tf = 0 where it is infinite in such a 
way that its integral is unity. It may be thought of as a function of in- 
finitesimal width and infinite height such that the area under its curve is one, 
as is illustrated in the third diagram in Figure 2.3. If the integrand is 
multiplied by any more slowly varying function of u, say f(¢ + w), the value 
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of this function is only important at the origin where the integral has a 
nonzero value. That is: 


a sin bu lim 
| f(t +u) du . af (t) (2.8) 
-a 
and since 
ea 4 
aa = i cos uw dw (2.9) 
U 0 
lim 1 a b 
F(t) ee | f(t + u) du | cos uw dw (2.10) 
b>00 Tea 0 


where — is read “equals in the limit as b > oo.” Interchanging the order 
of integration and letting first a then b go to infinity, we obtain 


f®)= 3 An dw [. f(t + u) cos uw du 
7JO a) 


Let u=v—t (2.11) 


1 ‘CO co 
then {j= - | dw i f(v) cos w(v — t) dv 
TJ 0 —0o 
Since the cosine is an even function, we may extend the integral over 
w to —co and multiply by 1/2. Since the sine is an odd function, 
f(v)t sin w(v — t) 


may then be added to the above integral over v without changing the value 
of the integral, since the integral over w of this added term is zero. 
Therefore, 


1 co co 
f(t) = ae | dw | f(v) emiet—o dy (2.12) 
1 © 
Thus f(t) = ae jl F(w) e~ dw (2.13) 
1 [oo] 
where F(w) = ae lis f(v) et dv (2.14) 


F(w) is called the Fourier transform of f(t), and is obtained from 
(ft) by Eq. (2.14), where v is a dummy variable of integration. Conversely 
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f(t) may be obtained from F(w) by the inverse Fourier transform, Kq. (2.13). 
Hence, if ¢ were to represent time and w frequency, a particular oscillation 
or wave could be equally well represented as a function of time, f(t), or as a 
function of frequency, F(w). Similarly in later chapters we will frequently 
find it convenient to transform from a spatial coordinate representation 
in ordinary space to a wave number or momentum representation in which 
momentum forms an equally valid space or set of continuous variables 
in terms of which the system may be explicitly described. 

Equations (2.13) and (2.14) define the Fourier exponential transforms. 
The analogous Fourier cosine and sine transforms may be obtained from a 
similar derivation. Alternative spherical harmonic or Bessel integral trans- 
form representations may be obtained for spherical or cylindrical waves, 
for example, but our discussion in this chapter will be limited to Fourier 
exponential transforms. 


2.3 RELATION BETWEEN THE WIDTH OF A FUNCTION 
AND ITS TRANSFORM 


For our trivial sixty-cycle a.c. current of unit amplitude for example, we 
have F(w) = V Qn8(w — 2760), for only w = 2760 is present, as may be 
readily confirmed by evaluating Eq. (2.14) for f(t) = e~7®', Conversely, 
from Eq. (2.13), f(t) = e-#276 for F(w) = V/278(w — 2760). If the wave 
were not of infinite duration, however, for instance if a light switch were 
rapidly flicked on and off, F(w) would no longer be a delta function consisting 
of only one frequency. Suppose the switch flicked on at time —fo and off 
at time +9; then from Eq. (2.14) we find 


1 to 
Pik eet | e—i2760t pivt dt 
a/ 2a 


I et(w—2760)to Pa e—Uw—-2760)to 


—t, 


4/20 i(w — 2760) 


2 sin (w — 2760)to (2.15) 


4/20 w — 2760 
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which we recognize from our earlier discussion to be a delta function times 
4/2 as to increases without limit. For finite fo, however, F(w) is not a delta 
function but contains frequencies other than 2760, as is shown in Figure 2.4. 

From this example one can see that the range of frequencies present 
in a finite wave train is, at least in this instance, inversely related to the 


F(w) 
F(w) 
? \ 2x60 \ Deepen } 2760 ‘ @ 


2760-2 /ty 2460—1/to 2r60+T/to 2760+ 2m/to  2760—-10m/ty 2WO0—5a/ty | 2x60-+5z/ty 2760+107/to 


Figure 2.4 The Fourier transform of a wave train of frequency 2760 
which is turned on for a time 2to. Note that the frequency 2760 + (57/25to), 
for example, is present with amplitude as much as 13% of the amplitudes of 
2760 itself. The figure on the left is for to = 7/4; the figure on the right ts for 
larger ty = 7. The ordinate and abscissa scales of the two figures are the same. 


duration of the wave train. This is not at all a mathematical trick; an 
apparatus such as a spectroscope employed to detect any of these frequencies 
in such a finite wave train would yield a positive result. 

The Fourier transform of a Gaussian distribution function in ¢ is a 
Gaussian distribution function in w. Specifically, if 


A 2 
fo= Fd Ge (2.16) 


is inserted into Eq. (2.14) there results 


[ee] 
F(w) = = e-t?/2At*+tot qt 
<0 


= AAt e~v%At?/2 (2.17) 
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Thus, a Gaussian distribution in time with a root mean square deviation 
in time of A¢ leads to a Gaussian distribution in frequency with a root mean 
Square deviation in frequency of Aw = 1/At. The inverse relationship 
between spread in time of a wave and the spread in frequency is a very 
general one, as may be inferred from Eqs. (2.13) or (2.14). If f(v) is not 
oscillatory and peaks at v = 0, the integrand in Eq. (2.14) represents a 
sum of waves e*®? of differing v with weight f(v). The waves will interfere 
constructively only if their phase differs by less than 7. Hence, a broad 
maximum in v would result in destructive cancellation except near w = 0, 
whereas a sharply peaked distribution in v would result in little destructive 
interference over a large spread in w ¥ 0. 

We must conclude that the product of the spread in frequency of a 
pulse of radiation, Aw, and the duration of the pulse, At, is quite generally 
of the order of unity. That is, 


Awht ~ 1 (2.18) 


or remembering the relation between the least unit of radiation energy and 
frequency stated in the previous chapter (Eq. 1.17), H = hw, 


AEAt ~ hi (2.19) 


The relationship between frequency and time expressed in Eq. (2.18) is a fun- 
damental characteristic of all wave motion. 

A wave train whose duration is limited is necessarily comprised of a 
range of frequencies. A single cycle of high frequency music has a very 
short duration and requires a large range of AM broadcast frequency to 
carry it. Thus some good music stations are assigned frequencies at the 
extreme high end of the AM radio broadcast band (so high that not all 
older receiving sets were built to detect them and the broadcaster loses a 
potential audience) both because at these frequencies a wider bandwidth, 
20 ke, can be received in most AM radios (since the bandwidth divided by 
the frequency is nearly constant in most AM sets) and because they require 
an unpopular broadcast frequency since for higher fidelity they have re- 
quested a bandwidth of 20 ke, twice the frequency spread normally assigned. 
The higher the audio frequency with which the amplitude of the broadcast 
frequency is modulated, the more rapid must be the changes in this ampli- 
tude. This rapid modification requires the availability of a finite range of 
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frequencies above and below the assigned broadcast frequency. Hence, 
Kq. (2.18) requires broader frequency assignments for higher fidelity in AM 
broadcasting, which may be represented approximately by Av/Q = 1 where 
Av is the assigned spread in broadcast frequency (ordinarily 10 ke) and Q 
is the highest reproducible audio frequency for the assigned AM band width. 
Of course, also the AM receiver must not be too selective of broadcast fre- 
quency, in order to make full use of the high fidelity transmission. 


Problem 2.7. What is the frequency spectrum of the intensity of a 
flash of lightning which might be represented as a sudden magnetic field 
decreasing exponentially with time as et’? ?: That is, compute F(w) and then 
the intensity, J = F*(w)F(w), where F*() is the complex conjugate of 
F(). What is the frequency spread in which the intensity falls to one half 
its peak value if fo = 10-? sec? if fg = Lsec? (These frequencies show up 
as whistles in unselective AM radio receivers, due to the difference in prop- 
agation velocity of the various frequencies in the ionosphere. Thus a light- 
ning stroke in South America produces an electromagnetic disturbance which 
travels along a magnetic field line out into the ionosphere and back into 
the United States. The higher frequencies arrive first, the low last, and one 
hears a high note which drops rapidly in pitch, that is, a whistle in the 
receiver.) 


2.4 WAVE PACKETS 


A plane wave propagated along the x axis may be represented by the ex- 
pression 

E = Eo etlkot— wt) (2 20) 
where ko is the wave number, defined in terms of the wavelength, 

ko = 1/(Ao/27) = 1/Ao 

The phase, kox — wt, remains constant for « = (w/ko)t = wAot. Hence, 
the phase of the wave propagates with a velocity wAo. Therefore, if the wave 
represents light propagating in a medium, w may be written as c/nAo where 
c is the phase velocity of the wave in vacuo (2.998 - 108 m/sec for electro- 
magnetic radiation) and x is the ratio of the phase velocity in vacuo to the 
phase velocity in the propagating medium. In general » is some function 
of the wavelength of the radiation and w is not a linear function of k. 
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The previous discussion concerning the complementary variables w 
and ¢ may be taken over entire for the one-dimensional variables k and x; 
which are also complementary. The formal mathematical treatment is 
identical; by taking the Fourier transform of f(x) one may go to k space, 
just as in the previous discussion one transformed from the variable t to w: 


F(k) = = ie S (x) et** dx (2.21) 


If one wishes to represent a pulse of light, that is, a bundle of radiation 
or a wave packet which propagates through the medium, a monochromatic 
wave such as is represented by Eq. (2.20) will not do. Instead, one requires 


E(x,t) = f(a,t) ethor (2.22) 


Assuming the wave packet centered at x = 0 when t = 0, f(x,0) is a function 
which is large near x = 0 and small at 2 far from the origin. Alternatively 
E(z,t) can be expressed in terms of F(k’,t), the x-space Fourier transform 
of f(z,t), 

w 


1 - 1 
F(k’,t) = == | f (x,t) etkor etk'x dx = —— | __ fiz, t) ett dx = F(k — ko, t) 
/ 2a —oO 


a/ 2a 
where k = k' + ko. Thus F(k — ko,t) is a distribution in wave number, 
rather than a delta function in k representing a monochromatic wave 
(whose inverse transform would give Eq. (2.20) instead of the desired 
Kq. (2.22)). 
We illustrate the behavior of a wave packet, using a Gaussian distri- 
bution function again, because of the convenience of its simple transform 


properties. Suppose that 

F(k — ko, t) = Ben th—ko)* /2Ak? g—tvt (2.23) 
Equation (2.23) is the weighting function of a group of waves whose integral 
over k (the Fourier transform) will yield E(z,t): 


ie8) 
E(z,t) = nm B en (k—ko!" Ak) eilka—wt) di (2.24) 

2n —oO 
Since w is a function of k one must include it in the integral, and hence one 
can solve the integral exactly only for specific examples of w(k). Fortunately, 
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if F(k — ko) is a reasonably narrow distribution function, one may solve 
(2.24) in terms of the derivatives of w to good approximation. In this case 
w is expanded in a Taylor’s series about k = ko, 


ow 1 


. Ow 
w(k) = eo(ko) + (=) seues = he) +5(5 


The first derivative with respect to k has a particularly useful and 
simple. physical interpretation. In a dispersive medium, n and therefore 
the phase velocity of a wave depend on the wavelength, and one cannot 
define a single phase velocity for the entire group of waves or wave packet 
given by Eq. (2.24). In detecting a wave packet one observes the intensity 
of the wave. One receives a maximum signal when the maximum amplitude 
of the wave arrives. Under these circumstances one does better to find the 
velocity of the maximum of the wave packet and call it the group velocity. 
The maximum of the wave packet in momentum space will occur for k = ko 
(because F(k — ko) is a maximum at k = ko). The wave packet will have a 
maximum in coordinate space as well, at that position where the least 


(k — ko)? (2.25) 
k=k, 


rapid phase variation with k occurs, yielding maximal constructive inter- 
ference in the integral given in Kq. (2.24) for the wave amplitude. That is, 
the extremum in the phase of the integrand in Eq. (2.24) must be sought: 


ta) Ow 
—(kx — wt) = x —-—-t=0 (2.26) 
ok ok 


The position of maximal constructive interference is seen therefore to 
propagate with a velocity @w/0k called the group velocity vg. 

The difference between phase and group velocity of a wave packet 
may be illustrated by a rotating barber pole with helical stripes moving 
with a translational velocity parallel to its axis. Even when the “group 
velocity” (translational velocity) of the pole is zero, a colored portion of the 
pole is observed to “move” if the pole rotates, with a ‘“‘phase velocity” 
given by sv where s is the pitch of the stripes (distance along the pole that 
a stripe moves in one rotation) and v is the number of rotations per second. 
The phase velocity would be different if the pole moved with a velocity 
Vg, namely, it would be vg + sv. 

Another frequently cited example of differing phase and group 
velocities is that of wavelets caused by a stone dropped in water. The 
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outermost ring of ripples propagates outward with a group velocity Vg 
but ripples within this outer ring are observed to propagate with a higher 
velocity and to disappear when they reach the outer, slower moving edge 
of the ripples. 

Labeling @w/ék as vg and @2w/dk? as a, substituting Eq. (2.25) into 
Kq. (2.24), and letting k’ = k — ko, we obtain 
1 (x — vgt)? 


B 
E(z,t) = ie exp {i[kox — w(ko)t] exp | pa (Ak)-2 + iat. 


as i(x — Ugt)? 72 
x | exp {- 3[(Ak)-? + tat] E - ane dk’ 


=o (Ak)-2 + iat 
B : (x — Ugt)? 
= Vab= ial exp {i[kox — w(ko)t}} exp {- : (aby? + iat aa 
w a — iat 1/2 er f E a at(x — Ugt)? |} 
(Ak)-4 + a2? 2[(Ak)-4 + a2é?] 


: p| | (2.27) 


2 (Ak)-4 + ae 


which is illustrated in Figure 2.5. 


Figure 2.5 The real part of the amplitude of a wave packet as a function 
of spatial coordinate x, which has a Gaussian distribution in k and x. The 
dashed line is the Gaussian envelope of the packet. 
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The observed intensity of the wave packet is the square of the absolute 
value of the wave amplitude E(z,t), 


Be rare noes 
I = E(x,t)E* (x,t) = V(ab= ee er Seer al gaia 


The expression on the right-hand side of Eq. (2.28) is simply a Gaussian 
function in « about a mean value of vgf whose root mean square deviation 
in x, Az, is given by 

Nimes pumas aby a bre a/1 + a2t2(Ak)4 (2.29) 

(Ak)~? Ak 

Hence a wave packet in a dispersive medium (a # 0) spreads out in time, 
as would be expected since then different elements of the wave packet 
(waves of differing frequency) propagate with different velocities. 


Problem 2.8 Radio waves in the ionosphere propagate with an index 

of refraction given approximately by 
wy? /2 
n= Ls —— 

wp? — wo + [2 /(wp? — 0) 
where wz» is the natural frequency of electron oscillations, equal to a maxi- 
mum of 5 x 10? radians/sec in the F layer where the electron density is a 
maximum. If y = 1015 (radians/sec)?, what are the phase and group velocities 
of a wave of frequency 3 x 107 radians/sec? 7 x 107 radians/sec?. Within 
how great a distance will a pulse 104 meters long, with wp = 3 x 107 
radians/sec, have lengthened 10°? (A pulse of this length would be required 
to broadcast high audio frequencies and a change in the length would result 
in distortion.) (Hint: First find the time in which the pulse lengthens by 
10%.) 

Problem 2.9 The velocity of crests of gravitational waves on water 
is related to their wavelength X as follows: 


erry 
where g is 980 cm/sec?. What is the group velocity? 


Problem 2.10 If the group velocity of a wave is given by vg = 3uy 
where v» is the phase velocity, how does vp depend on w? 
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DIFFRACTION AND INTERFERENCE 
OF PHOTONS AND PARTICLES 


3 


FROM OUR STUDY of black body radiation we saw that Planck obtained a 
satisfactory theoretical prediction of black body radiation by assuming, 
instead of an arbitrary energy of oscillation, that the modes of oscillation in 
a black body could possess only discrete amounts of energy. The basis for 
this assumption was no more nor less than that the experimentally observed 
spectrum may be interpreted in this way. This discrete, quantized behavior 
of electromagnetic radiation strongly suggests that light waves are transmit- 
ted as packets or quanta of energy. This chapter will be devoted to exploring 
further particle-like characteristics of electromagnetic waves and the wave- 
like characteristics of particles. 

Atoms emit and absorb light energy in discrete amounts or quanta, 
as was initially pointed out by Einstein in his interpretation of the photo- 
electric effect and has subsequently been confirmed by many diverse experi- 
mental observations. The light is emitted and absorbed, in the volume of a 
single atom, as light quanta called photons. The position and motion of the 
photons are determined by means of wave packets localized in space and time 
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but much less precisely localized than the atoms themselves. Our discussion 
of diffraction and interference phenomena in terms of wave packets will prove 
very suggestive and illuminating for an understanding of diffraction and 
interference phenomena of particles, which phenomena in turn require an 
inherent space-time localization as the essence of the “common sense’’ 
model of a particle. 

This chapter will further review those aspects of particle behavior 
which cannot be explained by a model of particle behavior requiring in- 
finitely precise space-time localization. The uncertainty or indeterminacy 
in complementary variables, such as frequency (or energy) and time, which is 
a fundamental characteristic of wave motion, will be shown to characterize 
particle behavior as well. The discreteness or noncontinuity of available 
values of normally continuous physical observables of radiation (for example, 
the frequency of a confined wave) is observed also for closely confined 
particles (for example, the energy of electrons in an atom). Finally, dif- 
fraction and interference phenomena, which are the sole basis for the 
credibility of the wave theory of light, will be discussed for particle experi- 
ments where they are also realized. 


3.1 THE PHOTOELECTRIC EFFECT 


When light is incident on the atoms of a gas, a liquid, or a solid, electrons 
are instantaneously emitted. The remarkable feature about this phenomenon, 
called the photoelectric effect, is that the energy of the electrons is observed 
to be unaffected by changes in the intensity of the incident radiation. An 
increase in light intensity only increases the number of electrons released. 
However, the kinetic energy of the electrons is observed to decrease when 
the frequency of the incident radiation is lowered. Indeed, no photoelectrons 
whatever are observed if the frequency is less than some critical value unique 
for each substance. 

It is impossible to explain these observations by means of the wave 
theory of light. The wave theory of light leads one to anticipate that a 
long radio wave incident on an atom could cause enough energy to be ab- 
sorbed (over sufficiently long radiation times) for an electron to be released. 
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Moreover, when electrons are emitted, an increase in radiated power for a 
particular wave should cause an emitted electron to have more kinetic energy 
rather than more electrons of the same average energy to be emitted. One 
would further expect the rate of electron emission to increase during the 
radiation time, being greatest at the end of the radiation pulse, rather than 
the observed electron emission rate which is constant, beginning instan- 
taneously at the moment the radiation is turned on. Also the wave theory 
does not explain how the energy of radiation having a wavelength of thou- 
sands of atomic diameters may be concentrated in a single atomic electron. 

Einstein theorized that the radiation itself consists of discrete 
quantities of energy, called quanta, which are localized in space and time. 
Photon is the specific name given to a light quantum. If the radiation is 
quantized, then the least possible energy of an electromagnetic wave will 
be iw. The energy of n photons associated with a particular mode of oscil- 
lation in a black body, i.e., the energy of this mode of oscillation, is nhw. 
The intensity of electromagnetic radiation is given equally well by either 
the absolute square of the electric field intensity times the velocity of light, 
or the number of photons arriving per cm?-sec times the energy of each 
photon, iw. This is very different from Planck’s initial interpretation, 
which suggested that the material oscillators in the walls of the box had 
quantized energies, rather than the radiation field itself. 

Conservation of energy requires that, if no energy is lost due to col- 
lisions with atoms in the metal, an electron ejected from a metal surface 
by the absorption of an electromagnetic wave of frequency w will have 
a kinetic energy determined from Einstein’s simple equation 


E =hw—W (3.1) 


where W is the work function or energy required to free an electron from the 
attractive force field of the metal. Millikan and others quickly confirmed this 
relationship between electron energy and radiation frequency experimentally, 
and observed that no matter how intense the incident radiation, no electrons 
were released by incident waves of frequency less than W/h. 

Conversely, Franck and Hertz observed that in a gaseous discharge 
tube atoms bombarded by an electron beam remain unexcited until the 
electron kinetic energy is made greater than fw for the atomic spectra of 
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the excited atoms. Until excitation, the electron beam is not absorbed nor 
deflected from the detector, showing that the electrons behave as though in 
a vacuum and the gas atoms were not there. But as soon as hw of a spectral 
line is exceeded, the electron beam disappears and light of this frequency 
is produced, showing that electron kinetic energy can be accepted by the 
atoms only if it produces a quantum jump, and that de-excitation occurs 
with the creation of a quantum of radiant energy. (The atoms could not be 
excited by successive smaller nudges, for example.) Therefore, the inter- 
action of radiation with matter occurs by the loss or gain of discrete 
amounts of radiation energy called photons. Electromagnetic waves behave 
in this regard like little lumps or packets of energy. 


Problem 3.1 Mercury vapor has two strong absorption lines, at 
\ = 2537 A and A = 1849 A. At what voltages would you expect a current 
drop in a Franck—Hertz experiment on mercury vapor? 


3.2 THE COMPTON EFFECT 


A. H. Compton observed experimentally that monochromatic x-rays in- 
cident on a scattering target are scattered at all angles from the atoms and 
from the atomic electrons in two frequency components, the component 
being scattered from the entire atom has the original frequency of the 
radiation and the other has a slightly lower frequency, decreasing with 
larger observed scattering angles. He successfully interpreted his result in 
terms of scattering by electrons in which momentum and energy were 
conserved. 

As a consequence of his electromagnetic theory of light Maxwell 
showed that a beam of radiation has momentum, equal to the energy trans- 
ported by the beam divided by the velocity of light. This is well confirmed, 
for example, by observing the spinning of a radiometer vane, mounted in a 
vacuum, due to radiation reflected from its arms, or by a more recent example, 
the orbital changes of the artificial earth satellite Echo I brought about by 
solar radiation pressure. The minimum altitude of Echo I above the earth 
decreases and increases periodically by hundreds of kilometers due to solar 
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radiation pressure. Hence, each photon should have a momentum whose 
magnitude is given by the quantum energy divided by its velocity, hw/c. 
If a photon were scattered by an electron in a target material, momentum 
would be exchanged, and since the electron is essentially stationary, the 
photon would leave the scattering volume with the speed of light, but with 
less momentum or energy. 


Figure 3.1 Illustration of a collision between a quantum and an electron 
initially at rest, showing momenta exchanged. 


If a photon is deflected through an angle @ by collision with an electron 
at rest as illustrated in Figure 3.1, then conservation of momentum and 
energy require 


hw ho’ mv 

——-= — cosf + ———— cos p 
c c V/1 — (v/c)? 

a pe aa (3.2) 
c V1 — (v/c)? 


1 
hw =h ‘+ me( ——— - 1) 
ai V1 — wer 
three simultaneous equations in the unknowns w’, v, and ¢. Solving for w’ 


we find 
c c 


— — — = — (1 — cos) 
ho’ hw = me 
or using the wavelength c/w = A, 
h 
A’ — X = —(l1 — cos 8) (3.3) 
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Thus, in the scattering, the wavelength of the photon (or quantum of 
light energy) is lengthened while the frequency or energy is lessened. 
hi/me has the dimensions of length and is called the Compton wavelength 
for the particle of mass m. The Compton wavelength of the electron is 
3.86 x 10-11 em. The recoil electrons have been observed in cloud chambers, 
and the momentum and energy of the recoil electrons have been measured 
and found to agree with Compton’s predictions. It is especially important 
to note here that the precise accounting of the photon frequency and wave- 
length implicit in Eqs. (3.2) and (3.3) is possible only for long times 
(f > |w — w’|-) and over large volumes (v > [d’ — AIS). 


Problem 3.2 What is the average pressure on an interplanetary solar 
sail at the earth’s orbit where 1.374 x 10® ergs/em?-see of solar radiation 
power is incident? 


Problem 3.3 What is the Compton wavelength of a piece of chalk 
having a mass of 100 gm? a uranium-238 nucleus? a proton? a 7 meson, 
whose mass is 264 electron masses? How does this last value compare with 
the range of nuclear forces, 1.7 x 10- cm? 


3.3 RECONCILIATION OF THE PHOTON AND WAVE 
THEORIES OF LIGHT 


The preceding discussion makes it apparent that light frequently exhibits 
particle-like behavior. That is, it travels and interacts with matter as a 
small bundle of energy and momentum well localized in space and time. 
Indeed, in any medium where the absorption and index of refraction change 
negligibly within a radiation wavelength, the wave nature of light is not 
apparent and ray optics becomes an excellent approximation. Newton, 
as is well known, was able to explain many of his observations by a corpuscu- 
lar theory of light. 

Yet when the pertinent dimensions of an obstruction to a photon 
become sufficiently small, diffraction and interference phenomena are ob- 
served which have been successfully interpreted only on the basis of a wave 
theory (see Fig. 3.2). We here undertake a discussion of interference 


Figure 3.2 X-ray diffraction pattern of polycrystalline aluminum. 
(Courtesy of Mrs. M. H. Read, Bell Telephone Laboratories, Murray Hull, 
New Jersey.) 
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in terms of photons whose average position and motion are determined by 
means of wave packets extending over large volumes of space and long 
times. In the wave theory of light the light intensity or light energy/em?-sec, 
which is necessarily always the observed quantity, is computed by taking 
the square of the absolute value of a complex quantity called the wave 
amplitude. (In Maxwell’s electromagnetic theory of light the wave amplitude 
is the electric or magnetic field vector of the wave.) First the phase of any 
particular part of the total wave disturbance at a given point is computed 
along the wave path up to the given point. The total wave amplitude at 
any particular point is then computed by summing or integrating all the 
contributions from all possible wave paths. The square of the absolute 
value of this quantity is the intensity. (See the texts on optics listed in the 
Bibliography of this chapter.) 

The frequency spectrum of any particular atomic bright-line radiation 
(which can be observed, incidentally, only in experiments involving the 
emission of many photons) shows a bright center with monotonically de- 
creasing intensity as a function of frequency difference with the frequency 
of the center of the line. The finite frequency breadth of the line causes the 
Fourier transform of the frequency spectrum to represent (as it must) a 
sharp pulse in time of very short duration At = (Aw)! where Aw represents 
the difference in frequencies at which the intensity is at a maximum and at 
half maximum value (~ 10-8 sec for ordinary atomic spectra). The spatial 
extent of the radiation, or rather the length within which there is an appreci- 
able probability of finding a photon, would be the velocity of light times the 
time duration of the probability of emission (~3 meters for atomic spectra 
in a vacuum). A representative wavelength of the radiation might be 
5 x 10-7 m (i.e., about 5000 atomic diameters). 

The light intensity may be expressed alternatively as the energy of 
a photon (whose position is represented by a wave packet) times the number 
of photons of that frequency arriving per cm?-sec. The average number of 
photons per cm2-sec or probability of finding one photon per cm?-sec at 
any particular point is found, as just stated, by computing the amplitude 
of the light intensity. Suitably normalized, the amplitude of the light 
intensity (the electric field vector) may be considered as proportional to a 
probability amplitude (which in general is complex), whose absolute value 
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squared gives the probability of counting a photon within, say, the volume 
of a silver grain in a photographic plate. A diffraction experiment could be 
performed, in principle, by a source which emitted one photon per minute. 
A detector placed behind a diffraction grating would then count one photon 
per minute, each photon being absorbed by a particular detector atom 
at a particular position. The average counting rate, or total observed 
counting rate at any position, results from the interference of the probability 


)? 
| P 


Figure 3.3 Illustration of a photon being registered at c (indicated by 
a star) after the plane wave incident on the slits at b is diffracted and expands 
in concentric circles beyond the slit openings. 


wave of each photon simultaneously transmitted through all the separate 
openings in the grating. Niels Bohr has given a very nice illustration of this 
phenomenon which is depicted in Figure 3.3. A more detailed treatment 
of diffraction of probability waves will be presented in Chapter 4. 


3.4 WAVE CHARACTERISTICS OF PARTICLES 


Uncertainty Principle In Chapter 2 we discussed the fundamental 
relationship between the timing of an electromagnetic signal and its fre- 
quency. Equation (2.16) expresses the fact that if we attempt to specify the 
duration of an electromagnetic wave, we are unable to assign the wave a unique 
frequency. Ifa light signal has a finite duration (not infinitesimal), we are un- 
able to know precisely when the light wave is absorbed in a detector. Further- 
more, if the light signal has a finite duration (not infinite), the frequencies of the 
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photons which are absorbed are also not precisely known, since the Fourier 
analyzed frequency components of the signal consists of many frequencies. 
Rephrased, Eq. (2.16) says that the uncertainty in the timing of a light signal 
(or change in amplitude of a wave) times the uncertainty in specifying the 
frequency can never be less than unity. Equation (3.3), expressing the 
Compton effect in which the scattered light gives an unknown momentum 


Figure 3.4 Illustration of path of photon (dashed line) scattered from an 
electron into a microscope. 


to a particle, enables us to illustrate that that same uncertainty is necessarily 
with us in any and all measurements on particles. Suppose we attempt to 
measure the position and velocity of an electron simultaneously with an 
optical microscope (see Figure 3.4). The position of the electron will be un- 
certain due to the diffraction of light. A photon will be reflected from the 
electron and travel through the microscope to our eye but its point of 
origin, the electron, will be uncertain due to the wave-like diffraction of the 
photon by the microscope aperture. The total uncertainty in position, or 
reciprocal of the resolving power of the microscope, is found from elementary 
physical optics to be Aw = 1.22A/ sin @ where @ is the angle made by the 
microscope aperture with the axis of the instrument at the electron. Knowing 
that the momentum of a photon is hy/c = h/A, we know that the amount 
of momentum exchanged by the electron and photon is p sin y where @ is the 
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angle the photon is scattered into by the electron. The maximum angle 
of scattering is 8, y is unknown between the limits + 6, and therefore the 
momentum acquired by the electron is equal to or less than p sin 6. Hence, 
the product of the uncertainty in position and momentum of the electron 
parallel to a particular direction, say the x axis, after observation would be 


ArApz = (1.22A/sin 6)(h sin @/A) > h (3.4) 


AzApy, however, can be zero. We may obtain the same relation for photons 
if Eq. (2.16) is rewritten [A(hv/c)](cAt) > h, since cAt is the uncertainty in 
Position of a photon. Many ingenious experiments have been proposed in 
an attempt to disprove this relation, but none has met with success. This 
relationship between complementary physical variables, in this case 
position and momentum, is a well substantiated property of nature. Similarly, 
the uncertainty in the energy of a particle and in the length of time it has 
that energy has been shown to satisfy the identical condition Eq. (2.17). 
Heisenberg enunciated the uncertainty principle and has discussed the 
intimate relation between it and wave mechanics. By methods beyond 
the scope of this text, one could state the uncertainty principle as a fun- 
damental postulate and derive quantum mechanics therefrom. 


Problem 3.4 What is the approximate expected lifetime of an atomic 
state whose emission wavelength of ~5000 A can be determined with a 
precision of one part in 103, i.e., AA/A = 0.001? 


Problem 3.5 If the lifetime of a state is 10-9 seconds, what is the line 
width or uncertainty in the energy of the emitted radiation? 


3.5 THE DISCRETENESS OF ATOMIC ENERGY LEVELS 


Another characteristic shared by particles and waves confined within a 
small volume is the discreteness of the energies or frequencies which the 
system may have. A great many diverse observations, such as the photo- 
electric or Compton effects or, in general, the emission of electrons by material 
particles, have well confirmed the fact that atoms contain electrons having 
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mass negligible compared to observed atomic masses, and electromagnetic 
radiation emitted by atoms has long been identified with the motion of 
atomic electrons. Zeeman observed that if atoms were placed in a strong 
magnetic field, the frequency of the emitted radiation was shifted by an 
amount which is an integral multiple of eH/2m where H is the magnetic 
field intensity and e/m is the ratio of the charge on the electron to the mass 
of the electron. nfieH/2m is the magnetic energy, in the applied field H, of a 
circular electron current. By observing the sign of the shift in frequency 
and the circular polarization of the radiation parallel to the magnetic field 
axis, Zeeman and Lorentz determined that the charge, which was the 
evident source of the radiation, was negative and circulating in the magnetic 
field. This is known as the normal Zeeman effect. 

The size of the entire atom is obtained from the density of the material 
and Avogadro’s number; that is, by determining the volume per atom of a 
macroscopic quantity of a given material. Atomic radii are thus determined 
to be of the order of 10-8cm. By scattering alpha particles from thin 
films of metal, however, Rutherford and subsequent experimenters observed 
unequivocally that virtually all the atomic mass and positive charge are 
concentrated within a radius of the order of 10-12cm. The observed few, 
large-angle deflections of the alpha particles cannot be interpreted in any 
other way. 

It was natural for physicists of Rutherford’s era to attempt to 
construct a theoretical atomic model resembling the solar system, the analogy 
resulting from electromagnetic forces acting between orbiting electrons and 
positive nuclei replacing the gravitational forces acting between the planets 
and thesun. One of the main difficulties with this theory is that the centrip- 
etal acceleration of the electrons would cause them to radiate electro- 
magnetic radiation copiously, which would be observed as a “‘broad-band”’ 
frequency source, not as a single “‘bright-line” source. Moreover, this theory 
would predict a rapid energy loss by radiation; thus atoms would not be 
stable and would lose all their potential energy of charge separation in a 
small fraction of a second in collapsing to a volume only 10-12 cm in radius. 

Since atoms are observed to be stable and to emit light of only a 
few discrete frequencies unique to each atom, one must conclude that atomic 
electrons can have only certain discrete energies, which suggests that 
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their behavior too is quantized and may be satisfactorily predicted from 
solutions of a wave equation which satisfy certain boundary conditions 
resulting from the small confinement of the electrons in the nuclear elec- 
trostatic field of force. That is, the potential and kinetic energies of electrons 
in the atomic electric field are limited somehow to only a few particular 
values, as are the energies of photons confined in a black body. Semiclassi- 
cally, one has to conclude that only those electron orbital radii are possible 
consistent with the energy values theoretically inferred from the observed 
discrete atomic energy levels. How such limitations on the electron energies 
could arise was not understood; but the existence of these limitations 
certainly constitutes wave-like behavior of the electrons. 


Problem 3.6 Calculate the classical lifetime of a circularly moving 
electron in the hydrogen atom on the Rutherford model if the electron is 
originally at 5 -10-cm from the nucleus. (Hint: The total energy of a 
particle in a circular orbit in an attractive central force field with radial 
dependence 1/r2 is equal to minus one-half the absolute value of its 
potential energy. The power radiated is 0H/ét = 3(e?/c3)a2 in cgs units 
where a is the particle acceleration, or }(e2/c3)(a?/47e9) in mks units. The 
centripetal acceleration may be obtained nonrelativistically by equating 
mwr = e?/47 egr?.) 


3.6 THE DAVISSON-GERMER EXPERIMENT 


The old corpuscular theory of light was suggested by observations that light 
traveled in straight lines in a homogeneous medium just as particles do 
when moving in any force-free field. This theory was proven to be in- 
complete by the fundamental observation that light shows interference 
effects and experiences diffraction. Only wave motion may result in these 
phenomena; hence diffraction observations permanently established the 
wave nature of light. 

Just as electromagnetic radiation exhibits corpuscular characteristics, 
so also do material particles appear wave-like in their behavior. The 
analogous behavior of particles and photons led de Broglie to suggest that 
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associated with particles there might be a wave whose length is given by 
A= hip 


Here p is the particle momentum corresponding to the momentum of a 
photon in the Compton effect, paignt), which is given by 


A= clv = h/(hv[c) = h/paignty 


Here \ is the wavelength of the electromagnetic radiation and y its fre- 
quency in cycles per second. 

Niels Bohr determined theoretically the allowed planetary orbits 
of the electrons by placing appropriate conditions on the solar system atomic 
model described in the previous section. de Broglie showed that the path 
lengths over one period of the Bohr orbits of atomic electrons were all integral 
multiples of h/p, suggesting that electrons in these allowed orbits were in 
actuality characterized by standing waves. 

Davisson and Germer subsequently studied the reflection of 200 ev 
electrons from a nickel crystal and observed a diffraction pattern for the 
reflected electrons identical to the Bragg reflection pattern for x-rays from 
crystals. (See Figure 3.5 and compare with Figure 3.2 for photon diffraction 
on a different crystal.) The number of reflected electrons at any point 
could be successfully predicted if one assumed the electrons diffracted like 
x-radiation with a wavelength equal to the de Broglie wavelength of 200 ev 
electrons (~ 0.027 A). Many subsequent experiments on the reflection and 
transmission of atomic particles, protons, and neutrons through crystals 
have abundantly confirmed that particles experience wave diffraction and 
interference. These observations are as fundamental to a wave theory of 
particles as a Young slit experiment or ordinary diffraction grating experi- 
ments are to a wave theory of light. How one may construct a wave theory 
of particles to correspond in success with the Huygens wave theory of light 
will be undertaken in the following chapter; the necessity for such a theory 
is established absolutely by these experiments. 


Problem 3.7 What are the de Broglie wave lengths for a 10 ev 
electron? 1 mev electron? A 10 ev proton? A 100g rifle bullet moving 
3000 feet per sec? 


Figure 3.5 Electron diffraction pattern of polycrystalline tellurium 
chloride. (Courtesy of RCA Laboratories, Princeton, New Jersey.) 
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THE FEYNMAN PATH INTEGRALS 
AND THE SCHROEDINGER EQUATION 


4 


4.1 ELECTRON DIFFRACTION 


SINCE THE ORIGINAL Davisson and Germer experiment, electron diffraction 
has become a very common laboratory phenomenon. Diffraction is peculiar 
to wave motion; the observation of it is central to our understanding of 
particle behavior. Figure 4.1 illustrates a simple electron diffraction 
experiment. A monoergic source of electrons at a emits electrons which pass 
through two slits at b to be counted on a photographic plate c. The two curves 
at the right of c represent respectively the actual wave-like result obtained, 
entailing diffraction and interference effects, and the classically predicted 
result. 

A is a graph illustrating the changes in grain density in the photo- 
graphic film at ¢ as a function of distance parallel to the plane containing 
the slit openings. While the electrons arrive at the film one at a time, as 
could be proved by using a scintillation detector at c, the counting rate or 
film density at the point c; in the figure is as much a function of whether 
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the lower slit is open as of whether the upper slit is open. That is, an 
electron arriving at ci, for example, is simultaneously influenced in its 
motion by both slit openings. What is wrong with the classical prediction 
illustrated by the curve B? It says that the electrons will go through either 
the upper or lower slit before being counted at the plate. Those electrons 


~ 
ae ee 


a b Cc A B 


Figure 4.1 Symbolic illustration of a simple electron diffraction experi- 
ment showing monoergic electron source at a, two slits at b, and photographic 
plate c. A is a graph representing the actual photographic result obtained on 
c, showing typical wave diffraction and interference maxima and minima. 
B represents the classically predicted result. 


passed by the upper slit will be expected to contribute to the upper classical 
counting peak and those passed by the lower slit, to the lower classical peak. 
The presence of the two peaks would imply that the electrons went through 
one slit or the other, the electrons in the upper counting peak, for example, 
having traveled via the upper slit. But if the two slits should be located a 
distance less than h/Ap apart where Ap is the uncertainty in the component 
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of the electron momentum parallel to the slit opening (each slit presumably 
being less than h/Ap wide), then specifying by means of the photographic 
result which of the two slits the particles went through would mean locating 
the electrons within a distance less than h/Ap, in violation of the uncertainty 
principle. Since we cannot say which of the slits any particular electron 


A 


Figure 4.2 Illustration of a diffraction experiment (a, b, c) and a graph 
of the counting rate or film density (A) as a function of distance up the screen 
at c for only one narrow slit open. 


or group of electrons went through, the classical description of an electron 
going through a particular hole is meaningless. 

If the experiment were performed with only one slit open, the curve 
illustrated in Figure 4.2 would result. A broad, almost uniform distribution 
(A) results if the slit opening Az is small. Since the electron penetrates the 
slit its position at the slit is known with a precision of Ax. Therefore, its 
momentum in the x direction, Apz, can be known to a precision no better 


52 THE FEYNMAN PATH INTEGRALS 


than h/Az. In traveling a distance be from b to c, therefore, for a time 
i= mbe|py it will move in the x direction a distance roughly equal to or less 
than +Apzt/m = +hbe/Aapy as A(be/Az). It is the interference between 
these broad diffraction distributions from the separate slits which results 
in the familiar diffraction grating pattern in ordinary physical optics. 

A more elegant description of the classical prediction, which has been 
discussed by Feynman, is the following: The probability of observing an 
electron.at a particular point c emitted from a source at a, Pac, is given by 
the probability of observing an electron at one of the slits at 6, Pap, times the 
subsequent chance of finding the electron at c, Pye, and then summing 
over all the slits at ), i.e., 


Pac = > PavP ve (4.1) 
b 


As we know, this expression is incorrect since it treats the electrons as 
though they travel from the source a to a particular opening 6 and then from 
this particular opening b to the spot c, and we know it is wrong to state that 
the electrons travel via any one particular opening. 


4.2 DIFFRACTION OF LIGHT 


From previous courses the student is quite familiar with a situation similar 
to the diffraction of electrons, namely, the diffraction of light. A correct 
particle theory must predict an electron diffraction pattern identical to that for 
light. We will briefly review the theory for the preceding diffraction experi- 
ment, using photons instead of electrons. 

In this case, the number of photons arriving at a point cy on screen c 
is proportional to the intensity of the light wave, given by the absolute 
square of the electric field of the wave. The electric field may be expressed 
as a complex amplitude e**-“t) where k = 27/A = 1/A (A = wavelength). 
The phase of the wave passed by each slit is given by an integral over the 
path of the wave. In the case of two slits, the relative number of photons 
arriving at ¢1, or the probability of a photon arriving at cy, is then given by 


e-ttlexp i i | kas) + exp(i ii kdz)| 


2 


Pac, = (4.2) 
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where the two integrals are taken over respective paths through the two 
slits. If the two paths differ by an odd multiple of 4/2, then Fee, = 0, o 
familiar condition for destructive interference. For more than two slits, 
we have 

P ac, = 


2 
kas) (4.3) 


e-tw > ex(i | 


or in the case of finite slit openings, say in the case of a lens opening or an 
astronomical mirror, the summation for all the path contributions must 
be replaced by an areal integration, 


ete | dz fay exp ( | kas) 
biz,y) 


Straight line paths through points in the lens or mirror are assumed 


bj 


2 


Prue, = (4.4) 


for the integrations, since it can be shown that the contribution to the in- 
tensity from the summation over the other paths is zero. In general, 


e—tat | exp (i { kde) db 
all b 


possible 
paths 


2 


Pac, = (4.5) 


The phase j,k dz in (4.5) is computed along a particular path 6 in order 
to obtain that path’s contribution to the total amplitude of the wave originat- 
ing at a and arriving at c. One must then obtain the total wave amplitude 
by integrating the contributions from all the separate paths over the lens, 
mirror, or slit openings. Let 


Cy b; \ 
Paci = exp(i | kde), Pab, = exp(; | kdz), 
\ a a 
C 
Poe, = exp(i | kas) 
bs 


Since the sum in an exponential argument may be represented as a product 
of exponentials, Eq. (4.3) may be rewritten 


Pac, ea | Pace,” ay | 2 Pads bic, fr (4.6) 
if 


and 
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which is not equal to the classical equivalent for particles which is 
Pre, = Ds |Pav, |2 lPo,¢, |2 = De Pav,Po,¢, (4.7) 
j j 
The phase of our complex probability amplitudes Yac, for computing 
the probability of a photon arriving at ci, is given by the path integral J k dx 
where k may be better written for our purpose 
i 27: 2av 2hv p 
We ue nen h 


Similarly, 


Thus if we express the physical optics treatment of light diffraction in terms 
of physical quantities possessed by particles (i.e., energy or momentum 
instead of frequency or wave length) we arrive at the following description 
of the diffraction of light: 

The probability of a photon arriving to be counted at a particular 
place c; from an origin a is given by the square of the absolute value of the 
integral, over all contributing paths, of a complex quantity which is a 
function of the path. The complex quantity of unit modulus has a phase 
given by (1/h){ pdx where p is the photon momentum and the integral 
is taken over the path. The complex quantity exp {(i/h)(px — Ht)} is a 
probability amplitude or wave function, and in customary discussions of 
diffraction of electromagnetic waves it is given as a factor in the expression 
for the electric field. 

If the polarization of light waves is neglected, the probability of 
counting a photon on a photographic plate or any other detector is given 
by the intensity of the wave within the detector volume, which is propor- 
tional to {|y?| dr, where 9 is defined following Eq. (4.5) and dr represents a 
differential element of the detector volume. 


4.3 PARTICLE PROBABILITY AMPLITUDES 


In constructing a wave theory for the motion of particles too minute to be 
directly observed in a microscope, we are presented with the great difficulty 
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of having to extrapolate observed macroscopic models of physical behavior 
to a totally different realm of observation. Our conceptual difficulty is 
comparable to the problem Huygens might have faced if he had never 
observed waves in water, strings, or other substances in deriving a wave 
theory of light. Here we must refrain from applying too closely a physical 
model or mental picture of submicroscopic particle motion based on macro- 
scopic objects, and refer always only to what are observed, those physical 
consequences of the particle motion which may be detected in laboratory 
apparatus. 

In view of the similar characteristics of light and particles, and 
particularly since our objective is to obtain the same diffraction pattern for 
particles as is obtained for light, we introduce a theory for particle motion 
identical to that for electromagnetic wave propagation. That is, we take 
over complete the methods, functions, and interpretation of the preceding 
section, substituting particles for photons, with but one modification which 
concerns the space integral in the argument of the wave function. In optics, 
a space integral { p dq is taken along the path in order to obtain the phase of 
the wave function. This integral is well known in advanced classical 
mechanics where it is given the name “action.”’ A closely related integral 
over the time, having the same units and called Hamilton’s principle function, 
must be used instead in those physical circumstances where the time- 
dependent part of the wave function is not independent of the path. Since 
w for a light wave is independent of coordinates, and in our discussion of 
optics we were concerned with equal time intervals for all our paths, e-‘* 
was simply excluded from the integration; but more generally e~?#t/? 
may be included in the integration, the space integral may be made a time 
integral by substituting (dz/dt) dt for dz, and the entire argument of the 
wave may be integrated over the time along the wave path. That is, 


i te 
Vac = exp if (pz — E) a| (4.8) 

ta 
where t, and f, are the times at the ends of the path and p and E£ are here 
the momentum and total energy of a particle rather than of a photon as in 
the previous section. We will use ¥ for particle wave functions instead of 
g which we have been using for optical wave functions. If we had to evaluate 
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the integral in (4.8) for a particular example, we would express the momen- 
tum, velocity, and total energy of the particle as a function of time and 
integrate over the time of the particle motion from point @ to point c. For 
nonrelativistic motion in Cartesian coordinates, which we have been using, 
pe —E=2T-T-V=T-V=L (4.9) 
where 7’ is the particle kinetic energy, V the potential energy, and the dif- 
ference, L, is called the Lagrangian. Therefore, the phase of the probability 
amplitude for the particle taken over a particular path is given by Hamilton’s 
principle function, the time integral of the Lagrangian for the particle taken 
along the path of the wave. Hence we may write 
jemets i [te 
Vac = exp eal (px — E) ay = oxp es | Lt aj (4.8a) 
We id 

We may summarize the entire proceedure by quoting Feynman*: 
“In quantum mechanics the probability of an event which can happen in 
several different ways is the absolute square of a sum of complex contribu- 
tions, one from each alternative way. The probability that a particle will be 
found to have a path x(t) lying somewhere within a region of space-time 
is the square of a sum of contributions, one from each path in the region. 
The contribution from a single path is postulated to be an exponential 
whose (imaginary) phase is the classical action (in units of h) for the path in 
question. The total contribution from all paths reaching x,t from the past 
is the wave function V(z,t)... A probability amplitude is associated 
with an entire motion of a particle as a function of time, rather than simply 
with a position of the particle at a particular time.”’ 

Thus the probability of finding a particle at ¢ which was initially 
at a is given by the absolute square of the wave function Wg- given in 
Kq. (4.8), where the integral in (4.8) is evaluated along the classical path 
of the particle between points a and c. 

Equation (4.8) assumes that the particle was known to be at @ so 
that the wave function or probability amplitude of finding the particle at 
a was something like a delta function. At some time t, later than tg the wave 
function or probability amplitude for finding the particle at any point c 


* See Bibliography of this chapter. 
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is given by Eq. (4.8) for Wac. If we wished to know the wave function at 
some later time fg in terms of the wave function at c, Kq. (4.6) tells us it 
would be 
a: Te i ta 
Vaca = Wae¥ea = exp | | (ni — 8) at} exp \— | (pr — B) a 
‘ t 


c 


vavenee 
a aac, [> (px — EF) a (4.10) 
te 

Equation (4.10) treats only one of many possible intermediate points ¢ 
(on the many possible paths) between a and d. If we wish to know the 
total wave function or probability amplitude for finding the particle at d, 
having known the particle was once at a, we must sum over all intermediate 
points c as given in Kq. (4.6), 


oe. 5 
Yaa > Vac exp = | (p# — B) at} (4.11) 


> 


For a particle “diffraction grating,” we would sum over the slits c in the 
grating. For an opening (like an optical lens) we would integrate over the 
area c of the opening. 

The argument in the phase integral of Eqs. (4.10) and (4.11), px — E, 
is the Lagrangian function given in Kq. (4.9), so that Eq. (4.11) may also be 


written 


wai 
Yaa = > Vac exp F i Lat} (4.11a) 
c h te 
This expression is similar to the expression inside the absolute value signs 
in Eqs. (4.24.5) for the optical wave function. The chief difference between 
Eqs. (4.10, 4.11) and the optical wave functions in homogeneous media 
is that wt = Ht/h is taken outside the integral over space or time in comput- 
ing the optical wave functions (4.2-4.5). 

In general, our initial wave function is not the special case of 6(a — a) 
at t = tg, and we will not be concerned with the special example of a particle 
“diffraction grating” or “lens opening.” Hence, in general, we must integrate 
over the volume elements dx dy dz rather than the grating or lens surface 
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elements dy dz. To simplify the discussion and expressions in the following 
we will assume a one-dimensional space in # and eliminate the y and z 
coordinates. We then see that if the probability amplitude for finding the 
particle at position a at time f; is ¥(a1,f1), then the probability amplitude 
for finding the particle at xz at time tz is given by 


Y’ (x2, te) 


; te 
= | exp \- [ (pa = E) a WV (a1,h) dx, (4.12) 


1 4 ee 
of { exp — I a WY (a1,h) dx, 


which must be integrated over all the values x1 may assume (i.e., over all 
one-dimensional x-space). A is a normalization constant, to be determined 
later, which makes V'(xe,t2) = Y(a1,f1) when vg = a and tg = f. 


Problem 4.1 What is the exact expression for the relative number of 
electrons detected in a photographic plate as a function of distance along the 
plate in a direction perpendicular to the beam and the crystal axis when a . 
beam of 400 ev electrons bombard a thin crystal of KF N atoms wide, placed 
perpendicular to the beam, if the plate is also placed perpendicular to the 
beam one meter beyond the crystal? Assume the crystal cut parallel to the 
crystal axes. Potassium and fluorine have identical atomic radii of 1.33 A, 
and KF forms a simple cubic lattice similar to the NaCl crystal. 


Problem 4.2. What is the probability of observing a neutron at an 
angle of @ radians from the normal to the face of an atomic pile in a 
plane perpendicular to a long straight crack in the face of the pile, if 
the neutron is emerging from the crack with energy 0.025 ev and the 
crack is 2° 10-4m wide? (Hint: In integrating e“/”)?% over the area of the 
opening (J dy) use the Fraunhofer diffraction formulas approximation, 
that is, the length « of a path through the point y in the opening is given by 
xo — ysin @ where xo is the path length of a ray passing through the cen- 
ter of the opening and y is measured from the center of the opening.) 


Problem 4.3 Determine where a particle is most likely to be found 
whose wave function is given by 


wy = (1 + tx)/(1 + ia?) 
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Solution: The probability of finding a particle within a volume V 
has already been said to be given by the integral of { |,|2 dz over the volume. 
The average value of any property of a state, for example the position z, 

_is defined to be the sum or integral of the product of each possible value of 
the property times the probability that the state has this value. For 
example, the probability that a particle is at a position between x and 
a + dx is |yp(x)|?dx. The average value of x is found by integrating the 
expression 2|y|? dx over all values of a, and is indicated by <2). 


Problem 4.4 If % = C/(a? + x2), where C is found by requiring 
J|%|? dr = 1, what is the average value of x, (x)? Of (x — <x))?? 


Problem 4.5 A linear harmonic oscillator, for example a mass on a 
spring, oscillates classically so that the probability of finding the particle 
at x is given by P(x) dx = C|(cos mr)/Z|, where L is the amplitude of the 
vibration and C is found by requiring 


L 
I P(x) dz =1 


-L 
Calculate the expectation of x, x2, andV (=, 8 fae 


Problem 4.6 Calculate the expectation, that is, average value of 
x, x2, and (cos zx)/a for a plane wave whose wave function is # = O(sin 7x)/a 
for 0 < x < a. C is found by requiring that 


[ve dz =1 


4.4 THE SCHROEDINGER WAVE EQUATION 


In the previous section we attained our objective of formulating a particle 
theory which would predict a wave diffraction pattern for particles identical 
with that obtained in the wave theory of light. We have not yet arrived, 
however, at the stage where we can solve or explain one other confusing 
breakdown in the classical theory of particles. Specifically, the free particle 
wave function or probability amplitude we used in the previous section 
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to calculate the interference or diffraction patterns of particles incident 
on crystals or openings will not help us to predict the bright line spectra 
from atoms or the experimental consequences of a host of other spherically 
or cylindrically symmetric, bound state particle problems in which the 
particles are pretty well confined in regions less than or of the order of their 
wavelengths. We could, for example, calculate the wave function 


a 
exp ; { L dt 

for all the possible electron orbits in an atomic potential subject to appro- 
priate boundary conditions, and use this function to pxedict bright line 
spectra and other experimental observations, but in many instances it 
would be an unnecessarily difficult task. The integral approach expressed 
by Eq. (4.8), being a recent theoretical development, is not the method by 
which standard problems have been handled, and the reader will find 
virtually no examples of this method in the literature on the standard 
problems. The method he will find in the literature, which is frequently 
more convenient, involves a differential equation instead. In discussing 
black body radiation in Chapter 1, where we had electromagnetic radiation 
bound or confined in a box, we were able to derive the correct wave functions 
for the photons by using Maxwell’s electromagnetic wave equation and 
finding solutions which satisfied the boundary conditions. We could proceed 
with particle problems in the same way if we had a similar but not necessarily 
identical wave equation (i.e., a second-order differential equation) for par- 
ticles. Because of the simplicity of the differential wave equation and its 
frequent use in the literature, we will now undertake the transformation 
of (4.12), involving an integration over the paths, to a differential equation, 
and in later chapters we will stress its use. 

If we know the wave function at time ¢ as a function of position 
x’, then the wave function at a slightly later time t + «¢ as a function of 
position x will be given by 


1 
¥@, t+6) = — { eM Le W(x! t) da’ (4.12a) 


where the integral must be taken over all the values 2’ may assume. In 
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Cartesian coordinates the Lagrangian may be written 


, 


x—a'\2 
L= TV = In ) =r 


€ 


Substituting Z and 
é=2-2', dé = —dr' 


in (4.12a) and reversing the limits of integration, we obtain 


V(z,§+ «) = - | etm? /2he e—teVia)/h W(x — E,t) dé (4.13) 
In the limit as « approaches zero, the first factor oscillates rapidly from 
positive to negative values as a function of & for all € much different from 
zero. Therefore only from € near zero, where the first factor in the integrand 
does not oscillate rapidly, do contributions to the integrand for small ¢ occur. 
That is, only points near x at time ¢ contribute appreciably to the wave 
function at x at time ¢ + «. Since we are concerned only with € and e« 
near zero, ¥(a — €, t) may be expanded in a Taylor’s series: 


OW (x,t) 


1 
Risitck eh erin | ime? /2Re | et)—¢ 


Eo o'r, t) 
a |e (4.14) 
Fe Ox? 
Now 
io) SE 
/ eims? /2he dé = \/2helim 
and | 


io a) 
| eimé/2he £ dé = 0) 
—oO 


since the integrand is odd, and 


too) ————— 
[ eimé?/2Ne £2 dé = (heilm)V 2hei/m 


« —O 


Expanding the left-hand side of Eq. (4.14) also ina Taylor’s series and keeping 
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only the first two terms, we finally obtain 


OW (x,t) V 2rhei|m 


W(a,t) +e— a g=teVinnih 
ees ot A 
(4.15) 
her 0?¥'(z,t) 
x | Feat) + +... 
m Car? 


By expanding our wave function ¥(z, t + e) in a Taylor’s series in powers 
of ¢ we have obtained an equation in partial differentials. We will now obtain 
the second-order partial differential wave equation we seek by equating 
terms multiplied by similar powers of «. Equating the terms which are of 
zero order in e, we find the normalization constant to be 


A = V2rhei/m (4.16) 


In order to obtain the first-order terms in « we must first expand the 
exponential containing V(x), and we find that 


or ve hei OY 
Y(x,t) +e— = ~ Va] ve +— (4.17) 
ot h } 
The zero-orderms ter in « now cancel, and comparing the remaining terms 
which are first order in « (the «2 term can be dropped since we care about 
« < 1) and multiplying both sides by A/i, we obtain . 
h ov h2 oy 
-—- = — — - V(x)¥ (4.18) 
a dt 2m dx 
which is the differential equation we sought. Equation (4.18) is the time- 
dependent Schroedinger equation. 
If the space and time variables are separable, product wave functions 
may be used. Let 


W (x,t) = b(x)T(t) (4.19) 


If we substitute Eq. (4.19) into Eq. (4.18) and divide through by ¥(x)7'\(t) 
we obtain 


hob @i6 he 1 ab(x) 
i Tbh i — V(x) (4.20) 
CLOT 0 2m w(x) dx 
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since 
1 a@r) er) 


w(x) at reer 
and 

1 QY(a)T() p(n) 

T(t) a2 oxt 


The left-hand side of this equation is independent of x and the right-hand 
side is independent of ¢t. Since the equation is to be valid for all x and ¢, 
both sides must be equal to a constant which is independent of both # and 
t. Call the constant —Z; then 


h 1 07 (t) 
SS ee 
i T(t) at 
whose solution is 
T(t) = e-t/Met (4.21) 


and the time-independent equation in «, the time-independent Schroedinger 


equation, is 


h? p(x) 
ne ee + V(x)b(x) = Eyb(z) 
2m Gx? 
or 
Op 2m 4,22 
gb — Vix) (a) = 0 aes) 


The extension of the theory to three dimensions is trivial. The result is 
V2b + B - Vir)jy = 0 (4.23) 


for the time-independent Schroedinger equation, and 
h OV (x,t) 


he 
— — ——— = — — VF (2,t) + V(x) P (2, t) (4.24) 
a ot 2m 


for the time-dependent Shroedinger equation. 
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Problem 4.7. Letting 


£ 
[ veae= | pdx 
to Xo 


in Eq. (4.8), show that the one-dimensional wave function (4.8) for V(z,t), 


satisfies Eq. (4.24), if energy is conserved. 


4.5 PARTICLE WAVES 


There are differences between photons and particles having mass. Just as 
the nonrelativistic expression for particle kinetic energy, p?/2m, differs 
from the expression for photon energy, Rw, Eq. (1.5) differs from Eq. (4.24) 
in the important matter of being second-order instead of first-order in the 
time derivative. Equations (1.5, 4.24) are, however, both wave equations 
for the probability amplitudes of photons and particles and, when employed 
properly, they satisfactorily predict all experimentally observed phenomena 
to which they have been applied. Whenever the particle position must be 
defined more closely than permitted by the uncertainty principle, Eq. (4.24) 
must replace the classical description of particle behavior in which momen- 
tum and position are exact and which has proved so useful in analyzing the 
motion of macroscopic objects. In other words, classical mechanics must 
be replaced by quantum mechanics whenever critical distances (such as the 
distance in which particle potential energy changes appreciably, the distance 
of closest approach of a positively charged particle to an atomic nucleus, 
or any other distance which the particle must be confined in or excluded from) 
become less than, or of the order of, the particle wavelength h/mv. The 
classical equations of motion are still valid, but as we shall see in later chap- 
ters their interpretation is different, for Newton’s second law, etc., now 
refer only to the average behavior of the particle. Quantum mechanics 
is the more general and completely correct theory, to which no exception 
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has so far been found. Classical particle motion is a satisfactory approxima- 
tion to quantum mechanics whenever the particle wavelength is less than 
any of the relevant dimensions of the problem. In the limit of very 
short wavelengths or large energies, the classical result must always be 
obtained. Similar approximations are possible in the theory of light, as is 
well known. Newton, for example, was able to explain many of his obser- 
vations on light by means of a corpuscular or ray theory. Similarly, radio 
engineers are able to analyze the reflection of radio waves in the ionosphere, 
where the electron density changes slowly, by means of ray optics, since 
in this example (or for paths of light, e.g., mirages over a hot desert or 
sunsets) the refractive properties of the medium change little within a wave- 
length. 

Comparison of Eq. (4.23) with Eq. (1.22) leads to the interesting 
observation that in a constant potential, particle probability waves follow 
the same path as light waves in a constant or uniform medium, the effective 
indices of refraction for particles and light being given respectively by 
E w/ez — eg? 


E-—V ke ke 


where kp is the wave number of the optical radiation in a vacuum, equal to 
w/c, and 2mE and 2m(H — V) are the square of the particle momentum 
when the potential is zero and different from zero respectively. This com- 
parison of light wave paths to particle paths is not a uniquely quantum mech- 
anical result; indeed Newton’s corpuscular theory of light correctly des- 
cribed the path of light. The difference lies in that the index of refraction 
for a particle theory is the ratio of group velocity in the mediwm to group 
velocity in the vacuum, 


n = po/pi = VE|(E — V); 


for light waves, on the other hand, n is the ratio of velocity in the vacuum 
to velocity in the medium. 

The entire discussion of wave packets for photons in Chapter 3 
applies with the same validity to particle wave packets. The extension of 
the particle wave packet in space, Ax, for a corresponding spread in momen- 
tum Ap, is clearly given by Ax = h/Ap. Identically, a Gaussian wave packet 
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in momentum space with mean square deviation Ap/h would, under trans- 
formation, yield a Gaussian wave packet in coordinate space with mean 
square deviation Ax = h/Ap. Instead of Eq. (2.24) we would now have 
ae ke 
Y(a,t) = —— Be-p—pov (Ap? e(t/h\(px—-Ed dip (4.26) 
Qrh —0oo 
where the phase velocity of the wave is now given by Z/p. The group velocity 
is given by @E/é@p. Note that the group velocity of the wave packet is 
equal to the classical velocity of the particle. 


Problem 4.8 If the number of remaining excited atoms at t seconds 
after their excitation at t = 0 is No e~1¢, what will be the energy spectrum 
of a measurement of the excited state? Assume the center of the line has an 
energy of hwo. 


Problem 4.9 Find the group velocity vg of a wave packet which de- 
scribes the motion of a nonrelativistic electron in free space. How does it 
differ from the velocity of light in a vacuum, c? (That is, is the group velocity 
for electrons having different momenta, and therefore wavelength, a 
constant, as it is for light of different wavelengths?) 


Problem 4.10 An electron with 2 ev total energy moves in a potential 
field as follows: z < 0, V = 0;z > 0, V = 1 volt. Find the phase and group 
velocities of the wave packet above and below the zy plane. 


Problem 4.11 Find the two lowest energy levels for an electron in a 
rectangular box measuring 1 x 2 x 3 A. 
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USE OF THE WAVE FUNCTION 
TO OBTAIN PHYSICAL PROPERTIES 


OF A SYSTEM 


5.1 OBSERVABLES 


OUR ENTIRE THEORETICAL KNOWLEDGE of any physical system is now 
contained in the wave function, and we must find operators which operate 
on the wave function to give us values for the different properties of the 
system which we can observe experimentally. Every physical observable 
(e.g. energy, position, or angular momentum) may be represented by an 
operator, Q in an eigenvalue equation Qyn = qnn whose eigenvalues, qn, 
are possible results of a measurement of the physical observable. We have 
previously encountered an example of the important operator V? in Chapter 1 
and have examined some of its properties. This brings up an important 
point about operators. They have no meaning unless they operate on some- 
thing. 

If we wish to calculate a particle’s position we find it is impossible 
to obtain a unique value for it in terms of any previous value, because of 
the uncertainty principle. Classically a later measurement would yield a 
position given by x2 = x; + (p/m)t but the uncertainty principle requires 
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an uncertainty in momentum. We may calculate only the average value 
or the expected value for any measurement. If we consider only a one- 
dimensional space, for simplicity, the mean value of « or the expectation of 
x is given by 


<a> = [P(aap(a) de (5.1) 


integrated over all space. In this case the order in which we write # and % 
does not matter, although, as detailed in a later section, in general the order 
in which the operator representing a physical observable (position, velocity, 
or whatever) and the wave functions are written does matter. Thus, the 
reader may think of this integrand as a/*(x)b(x), that is, the position times 
the probability that the particle has that position, in concordance with the 
usual definition of mean value in mathematics or classical statistics. 

The particle positions at two different times cannot be calculated 
precisely since this would require a precise knowledge of the particle’s position 
and momentum at one time; therefore the particle velocity cannot be 
computed directly from values of x. We must use an operator which by 
operating on the particle total wave function gives us the velocity or momen- 
tum of the particle. (The particle velocity and momentum are linearly 
related, as we assume here, only in nonrelativistic motion.) If Eq. (4.8) is 
written (see Problem 4.7) as 


Wait) ="exp . ne pdx — I, E a|| (4.8a) 
Va t 


a 


it is clear that the momentum operator is 


Pa er (5.2) 
It is also true, in general, when we must sum over all possible paths between 


(a,ta) and (a, ft). 
Similarly, the energy operator is given by 


B= -~~— (5.3) 


From this it follows that the Schroedinger time-dependent equation (4.24) 
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pe (Ene 
2m 


in which p? and E are eeanaiel as operators. The operator p? = pz? + p,2+4 pz2. 
The sum of two operators A, B is taken: (A + B)Y = AV + BY. The 
product of two operators is taken: ABY = A(BY). 

In classical mechanics the Hamiltonian is the name given to the 
sum of the kinetic and potential energy written as a function of position 
and momentum H = p?/2m + V(x). The operator expression on the 
right-hand side of Eq. (4.24) —(h?/2m)vV2 + V, occurs so often that we 
will frequently refer to this operator on the wave function by the symbol 
H. Hereafter we will use the letter Z to represent the eigenvalue of the H 
operator. Thus Eqs. (4.23) and (4.24) could be written 


may be written as 


Hwee: sey (5.4) 


The second equality is true only if the energy is a constant and £ is an 
eigenvalue of the H operator when operating on ¥’. 

The mean value of the momentum, or expectation of any measure- 
ment of the momentum, may be found by taking the average value or 
expectation of the momentum operator, Eq. (5.2), which is given by 


ob(x 
ree ees | U*(x)pabla) dex =o fm 2) (5.5) 


In general, the expectation of any operator @ we can find to represent a 
physical observable is given by 
<Q> = | vQbar (5.6) 


Note that this is not f Qb* dr or f Y*hQ dr. 

If ¥ is an eigenfunction of the operator Q, QW = ¢¥ where q is an 
eigenvalue of the state or eigenfunction of the operator Q. q is just a number 
and is a possible result of the measurement of the physical property of the 
state represented by the operator Q. For example, in Chapter 1 we found 
that the operator V? had the eigenvalue w?/c? when operating on the wave 
functions of the radiation in a box. The operator V2 represents the reciprocal 
of the square of the wavelength of the radiation (x (27)?), and any given 
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value of w/c which satisfies Eq. (1.11) for integral k, 1, and m is a possible 
result of the measurement of 27 times the inverse of the wavelength of the 
radiation in the box. A particle plane wave would yield no definite position 
of the particle; therefore the momentum could be uniquely specified without 
violating the uncertainty principle. Thus if 4 = A elt/h)po.%, where A is 
a normalization constant, 


h o é 
px = | A |2 | et /M poz — e(t/R)porX dx 
a 


560 Ox 
h be a 
= -—|A[? | e-t/M) port (= Poe] elt/h) Doze dx (5.7) 
v —cO 
= Pox 


The integral in Eq. (5.7) is linearly infinite but identical to |A|-? whereas 
<>, being a definite integral over 2, would give no specific well-defined 
location of the particle, since <x > = (| A |?/2)[00? —(—00)?]. Throughout the 
later sections of this book whenever we complete a discussion of a new 
physical observable we will have to find an operator to represent it, so 
that its expectation may be found by operating with it on the wave 
function. 

A measurement of the relative number of single systems in a particular 
energy level gives the probability of finding each system in the corresponding 
group of states. For example, the intensity of light of a particular frequency 
emitted by a hot (optically thin) vapor, coupled with the transition probability 
for the atomic emission, would tell us what fraction of the vapor atoms 
were in the state or group of states having the energy from which the transi- 
tion was made. If several states have the same energy, the energy level is 
said to be degenerate. If the level is degenerate, the relative probability 
of finding the system in any one particular state must be found by means 
of an operator which has a different eigenvalue for each state in the same 
energy level. 

In three dimensions, the momentum operator in coordinate space 
operating on the wave function is 


h 
pp = ae (5.8) 
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The reader is already familiar with the use of alternative representations 
in either one of a pair of complementary variables in Chapter 2. The 
momentum-—space wave function is defined as the Fourier transform of the 
coordinate-space wave function. When the wave function is a function 
of momentum rather than space it is said to be expressed in the momentum 
representation. If the momentum rather than coordinate space is the in- 
dependent variable in which the probability amplitude is expressed, then 
we have, corresponding to Eqs. (5.2, 5.8), 


h @ 
x® = ——~—_® 
t Op 
or 
h 
rd = —_V,0 (5.9) 
v 


where © is the wave function expressed in momentum space (the momentum 
_ transform of Y(z,t)) and V, is the gradient in momentum space, the deriv- 
atives being taken with respect to the degrees of freedom in momentum 
space (€.g., Pr, Py, Pz). In this connection it might be noted that 


h 0y(pz) 
P2@(P2) # -——— 
% Ox 


because ¢(pz) is a function of pz only and the right-hand side is meaningless. 


(®(p,t), p(p) are analogous to (r,t), ¥(r).) 
The probability of finding a particle in a given volume of momentum 


space is given by 
[ e*()e() dp (5.10) 


where the region of integration is the given volume. 


5.2 COMMUTATION RELATIONS 


Commutation consists in reversing the order of two quantities in an algebraic 
operation. For example, the scalar product of two vectors is the same 
when the order of the two vectors is reversed. That is, since A: B = B: A, 
A is said to commute with B in this operation. In the vector product of 
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two vectors, on the other hand, the two quantities do not commute: 
AxBABxA (5.11) 


Application of commutation relations between appropriate operators 
reveals a great deal about the relationships between various physical 
observables. Commutation relations are of considerable utility and furnish 
a powerful tool for the further elucidation of our subject. 

The average value or expectation value of any operator f is calculated 
in the coordinate representation from 


<f> = P(x) f(x) dr (5.12) 


As we have already seen 


<a> = | Y*(w)mp(x) dr 


Ga C= [me (oy ae 


where the operator must be expressed in coordinate space since the state is 
represented in coordinate space. We can now easily demonstrate that 


operators may not commute, so that the order in which they are written 
is important. 


(5.13) 


px} = * ay) = ; “(2 + ‘) 


: Ox 
= (; a ve) 


F xpath 


Therefore, a coordinate and its complementary momentum do not commute. 
The commutator of x and p; is defined as 


[, Px] = epz — Por (5.14) 


and is a nonzero operator on the wave function, with the expectation 
h Os a 
devel) = 5{ [ wear — furan — [yee al 
4 0x ox 
h 


at 0G, (5.15) 
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This is not too surprising, however, since <x pz) is a meaningless symbol 
anyway, because x and pz cannot be measured simultaneously with infinite 
precision. (On the other hand, a quantity such as (f/x) + pz can be measured 
in principle even if h/x and pz cannot be measured separately.) In general, 
only operators of simultaneously measurable physical observables commute. x 
and py are not simultaneously measurable, for example, and as we have 
just seen, they do not commute. 

It is possible to know the value of a sum A + B without knowing 
the separate terms. In fact, it may not be possible to measure both terms 
simultaneously. For example, the energy may have a precise value even 
though p?/2m and V(x) are not separately simultaneously measurable and 
cannot both have a precise value since they do not commute with one another. 
The expectation value of the energy is found, from the relation 


Besa vie 


2m 
to be 
h2 
CH) = | | — — V2 + vir) dr (5.16) 
2m 
We now show how to compute the time derivative of an expectation 
value. 
d<A» d 
= — | TAY dr 
dt dt 
or oA oY 
= [=4¥ dr+ fey dr+ [eras dr 
ét ot ot 
and 
h ov h ov* 
AY = —-—-—; YH = —- — 
a ot a at 


where the operator on the complex conjugate wave function is written on 
the right of the wave function. Therefore, after substituting for partial 
derivatives, 


had 
a ae ~ | wenay ~ YAHY 4. —P* —¥ dr 
dt h 1 ot 


(5.17) 
. -<{H, 41> + <aA/éaty 
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If in particular the operator A does not have an explicit time dependence we 


have for example, 


—— =- <[H, A]> 
ep << 
es Dey 
—¢> se 
dt h 
4 he 02 ay 
poem 
h 2m Ox? - Ox? 
a he 02 2 ey ey 
Ss | eae + —(c¥) -— x— — “| dr 
h 2m oy? 022 dy? a2 
a 
=F i [ eetrenae — «V (x,y,z) |V dr (5.18) © 
Since x commutes with 
(a 0 
Ree ee and V X,Y,2 
oP oe (X,Y,2) 


only the first integral yields a nonzero result. 


Since 


np 
= 2S ee (5.19) 


d 0 ey 
— <x» = — [pw = We ve Na 
dt 2, x Ox? Oa 
or 
=e Y*— dr 
um Cx 
1 
= — <pz ) (5.20) 
m 


a result which is not surprising. 
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As a second example let us find the time derivative of the expectation 
of pz: 


d a 
Ry Seo EG» 
dt <pz> ; < Pz —prH > 


a 
= 5 Pe —pzV» 


since pz commutes with p?. The rest of the commutation operation is 
given by 


d V or 
= Pen [( eve ely wv) dr 


Ox Ox 
yer 
= Ee; = —<(grad V)c> = <F2> (5.21) 


where F, is the x component of the applied force, the force of gravity, for 
example, or an electrostatic force. Equation (5.21) is the quantum-mechan- 
ical version of Newton’s second law. . 

The equivalence of operating on the term to the left of the operator, 
and operating on the term to the right, (for example, in Kq. (5.18), it could be 
shown that the operator 62/éx2 has the same expectation when operating 
on %* as when it operated on xy), is a generally valid result for all operators 
representing physical observables, provided the complex conjugate of the 
operator is taken when the operator operates on the term to the right. 
Such operators as can be used in this way are called Hermitian operators 
and they are defined as fulfilling the equality 


f PerVLQdy(n)] de = [ dale \LQp4(r) I dr (5.22) 


where ys, * are eigenfunctions of the operator denoted Q. All operators Q 
which represent physical observables are Hermitian. We will prove this 
equality valid for expectation values of all operators representing physical 
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observables. The eigenvalue of the operator Q or Q* must be a real number 
since the eigenvalue has a direct physical interpretation. The proof of their 
being Hermitian consists in first noting that 


(Qy)* = (gb)* = ay" 


and 


Qt = of 


Multiplying on the left both sides of the first of these equalities by % and 
the third equality by ¥%*, subtracting one equation from the other, re- 
arranging and integrating over all space, we find that 


[ oQp de — [Wr de = 9 | rde —¢ f Yrpar = 0 


Usually we will use the notation f (%;*Q)%; dr for the quantity we have 
written in (5.22) as f ¥4(r)[Qy;(r)]* dr. 


Problem 5.1 Show that <pz;> may be found in momentum space 
from the equation 


Pa) = | * prep) dpxdpydpz 
where the g’s are the Fourier transforms of the %’s into momentum space. 


Problem 5.2 Show that p,; and py commute. Show that x and py, 
commute. Show that x and y commute. Show that x and f(z, y, z) commute. 


Problem 5.3 Show that 


h of 
[f(pz, Py, Pz), x] = - — 
t Opz 
and 
h of 
[pa f(x, Y, z)] Sa ee 
4 Ox 


(Hint: Use the momentum representation to prove the first relation.) 


5.3 PARTICLE CURRENTS ‘ith 


Problem 5.4 Determine which of the following operators are Her- 
mitian : 


d2 d3 
x, 2, =, aaa rc) ES 
dx dx dz 
d d d d d d 
t= FS SS vy, 2 Se eS 
dx dx dx dz | dx dx 


5.3 PARTICLE CURRENTS 


In discussing scattering problems or particle motion it is necessary to find 
a suitable operator to represent the particle current or flow density. We 
will next discuss exactly what the particle current density is in terms of the 
particle wave functions. The complete Schroedinger wave equation is 


dY i 
th— = —-—V?¥V + V¥ (5.23) 
dt 2m 
The equation for the complex conjugate wave function is 
ov* h? 
— th = — —Vvyr + VY* (5.24) 
ot 2m 


Multiplying Eq. (5.23) by ‘* and Eq. (5.24) by ¥ and subtracting (5.24) 
from (5.23), we find 
ov oet) i? 
in( ye 4 ee rrp — PVE") = 0 
ot ot 2m 
or 
é h 
—(¥*¥) + —V(P*FV¥P — YVP*) = 0 (5.25) 
ot 2im 


W*Y is the expected particle density. The conservation of particle number 
is expressed by saying that the time derivative of the particle density p 
plus the divergence of the particle current density j must add up to zero; 
that is, 

+Vj=0 (5.26) 


21 
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Equation (5.26) is known as the equation of continuity. From Eqs. (5.25) 
and (5.26) we are led to postulate that the average value of particle current 
density j is given by 
h 
j= —(Y*VP — YVYP*) (52.7) 
2im 


Free particles are represented by the plane wave solutions 
We A : “| 
= Aexp{+-p-r—- 
Pjyt i Pp i 


of the Schroedinger equation when the potential energy V = 0. By substitut- 
ing the plane wave solutions into Eq. (5.27), we find that 


j= male p) — (~ p) [yey = P pap =vTYrFy (5.28) 
2im L\h h m 


Thus the particle current density is given by the particle velocity v times 
the particle density ‘Y’*'Y’. If the z direction is taken parallel to the incident 
beam of particles, the beam is represented by a plane wave e‘*2, In case 
the beam has a finite width it might be represented by a Gaussian wave 
packet 


a2 


exp Gz _ 
where a? is the mean square deviation of (x? + y?)1/2, 


Problem 5.5 Find the flux of particles through a sphere of radius 
a concentric with the origin if the wave function is given by 


A up-:r— Ht 
Y= — exp | —" 
r h 
5.4 CENTER OF MASS COORDINATES 


In atomic physics, the nucleus has essentially infinite mass compared with 
the electrons and one may ignore the negligible part of an electron’s energy 
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which is required to conserve the translational momentum of the complete 
interacting system. That is, the translational energy and momentum 
of the atom is negligible compared with the potential and kinetic energy 
of the electron in the atom. In nuclear physics, where the interacting 
particles may have equal masses, the translational energy and momentum 
of the complete system in the laboratory frame of coordinates may not be 
neglected, and the problem is handled best in a center of mass coordinate 
frame, in which the translational momentum of the complete system is 
zero. For two particles of mass m, and mz having laboratory momenta 
Pi and py, the total kinetic energy is 


pi? Pp2? 
ao 


2m, 2me2 


T = 


(5.29a) 


while the potential energy of their interaction is a function of (r, — re); 
that is, 


v= f(ti —T12) (5.29b) 
. Let 
P=pi+Ppe, Pp=Pi-—P2 
mim 
aD ge IAT be pie agp (5.30a) 
mi + Me 


where v is the relative velocity of one particle with respect to the other 
and m is the reduced mass of the particles. The position of the origin of the 
center of mass coordinate frame is given by 
ry + mor: 
R= nee (5.30b) 
my + m2 
while the separation of the two particles is given by 
r= r} — fre (5.30c) 


By substituting Eqs. (5.30) into Eqs. (5.29), we may represent the Hamil- 
tonian in the new coordinate frame: 


P p 
H = oe SF) 
2(mi +mz2) 2m 
h2 h 
ee eye VAT Vir) (5.31) 
2(m1 + m2) 2m 
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where Vz2 means that the derivatives in the Laplacian V? are taken with 
respect to the coordinates of the point R and V,? means derivatives with 
respect to r. 

Since the variables are separable we may write the wave function as 
the product of the two wave functions in R and r coordinates. That is, we 
let 


¥(R,r) = x(R)¥(r) (5.32) 
By inserting Eq. (5.32) into the wave equation and then dividing by x(R)x(r), 
we find that 


] — he CR 
ane (Herea) nex(R)b(1) 


(R)p(r) \ 20mm + ma) 
ya) eee) 
zt fi r) + ———V(r r 
(Rr) 2m "* RE) 
] 
= Hy(R 
an RO 


Noting that Vp? operates only on y(R) and V,? only on ¢(r), rearranging 
terms, and making cancellations wherever possible, we obtain 
h2 1 V2y(R) h2 
2(m + mez) x(R) 2m p(r) 
The left-hand side of this equation is a function of R but not r while the 
right-hand side is not a function of R. If this equation is to be valid for any 


value of R or r, either side must be equal to a constant. Call it Hem, and let 
Ey TSS E—Eem. Then 


V2u(r) — V(r) + E (5.33) 


2 

Vr2X + EomX = 0 5.34 
2 (m + ma) R cm ( ) 
is the equation for the center of mass motion, which is the same as that for 
a free particle having a mass m, + me, and 


2 
Vl + (Er — Virylb = 0 (5.35) 


is the equation dealing with the interaction of the particles and their relative 
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motion. Equation (5.34) is of no further interest and Eq. (5.35) will be our 
only concern. In all of the following, the center of mass coordinate system 
is assumed and only the relative motion of the particles will be treated. 
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THE CONSEQUENCES OF 
ABRUPT CHANGES IN POTENTIAL ENERGY 


6 


TO EMPHASIZE THE DIFFERENCES between our new description of particle 
behavior and the older, more familiar classical description, we take up in 
this chapter the extreme wave-mechanical particle behavior which occurs, 
just as it does for light, where significant changes (in potential energy) occur 
within a distance comparable to a wavelength. The simplest potential 
of this type which we could examine is a so-called square well, that is, a 
potential which is constant everywhere except at only two points where it 
changes suddenly from one constant value to another constant value (see 
Fig. 6.6). Such a potential is extremely useful for many problems in physics, 
particularly in low-energy nuclear physics where the wavelengths of the 
particles are much longer than the distance in which large changes occur 
in the nuclear force field. In such cases the details of the shape of the force 
field cannot be resolved by means of particles whose wavelength is too long 
to distinguish any short-range potential, and the square well will frequently 
yield answers just as correct as, in fact indistinguishable from, answers 


obtained with more complicated shapes. 
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Geometrical optics, that is, corpuscular or ray optics, yields excellent 
approximations for many studies of electromagnetic radiation. For example, 
light waves passing through the atmosphere, or radio waves traveling through 
slowly varying changes in index of refraction caused by the slowly varying 
electron concentration in the ionosphere, follow ray-like paths. Geometrical 
optics is incomplete, however, when applied to such sharp changes in the 
index of refraction as occur when light is transmitted through a glass lens 
or a drop of water. It is well known that the path of the ray may be correctly 
described by ray optics, as Newton first showed, but the reflection of a frac- 
tion of the light by a glass-air surface can be predicted only by wave theory. 
Coated lenses, for example, are a practical application of wave or physical 
optics. 

Force is deduced from the gradient of a potential, and we note that a 
square well will lead to an infinite force at one point and no force at all in 
the rest of space. (Such abrupt changes in potential energy do not occur in 
macroscopic force fields.) When the total energy is conserved, an infinite 
force resulting from an abrupt change in potential energy causes an abrupt 
change in kinetic energy and thus an abrupt change in momentum for 
particles or in wave number for waves. A similar abrupt change in kinetic 
energy caused by an infinite force acting for an infinitesimal distance would 
result if a baseball were thrown through a window. (The analogy to a particle 
experiencing a sudden change in potential energy is incomplete in that the 
potential energy of the ball is unchanged by penetrating the window, but 
the kinetic energy in both instances is abruptly lessened as a result of an 
infinite opposing force acting for an infinitesimal distance.) A similar sudden 
decrease in wave number occurs when light penetrates into glass, water, or 
some other solid medium having an index of refraction different from air. In 
the absence of a gravitational or other force field the path of the baseball 
thrown through the window could be shown classically to be the same as the 
path of the light ray in the parallel circumstance of a sudden change in 
refractive index. The wave-theoretical difference (from ray optics) is that 
even though the “breaking strength” of the glass may be exceeded, the 


baseball will have a finite (although minute) probability of being 
reflected. 
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6.1 PARTICLES INCIDENT ON A SQUARE BARRIER 


Example 1 Reflection of a particle at a square barrier infinite in 
extent (see Fig. 6.1). The barrier may be represented by 
z <0: V=0 


6.1 
= >0: V = Vo ee 


V 
Vo 


0 
0 


Figure 6.1 Illustration of a square one-dimensional barrier of infinite 
extent. 


We further assume the particle energy H to be > Vo and that the 
particle is incident on the barrier from the left. The potential energies are 
constant in the two regions on either side of x = 0 so that Eq. (4.8) im- 
mediately leads to simple plane wave solutions. Since # is a constant we 
may neglect the time-dependent part of the wave, e~“ Et, Letting the 
particle momenta on the two sides of the barrier be 


Pi V2mE 
and 
[Vena / 2m(E — Vo) 
we find the solutions 
eal | hs p= A et/Mpr + Be“t/Mpix 


6.2 
ty 0: Yb =C elt /Mprx (6.2) 


where e/n)?,7 represents the incident wave, e~“/”)?:* the reflected wave, 
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and e“/")?.% the transmitted wave. Equations (6.2) are presented, in custom- 
ary treatments of this problem, as solutions of the time-independent 
Schroedinger wave equation, Eq. (4.22), which is 
tate 8 - Vyp = 0 (6.3) 
a2 
and since the total probability is never greater than one and a particle’s 
energy must be finite, Eq. (6.3) may be satisfied only if the second derivative 
of the wave function is finite everywhere. Hence a further boundary condition 
is obtained by requiring that both the wave function and its first derivative 
be everywhere continuous. Thus at x = 0, this boundary condition by use 
of Eq. (6.2) yields 


A+B=C (6.4a) 
and 
(t/h)peC = (a/h)piA — (1/h)piB (6.4b) 
whence 
— 2 
Bee een ae ee (6.5) 
pi + pe pit pe 


The reflection and transmission are obtained from the currents to 
the left and right of 2 = 0. These are given by the particle velocity in the 
medium, p/m, times the relative density of particles or the probability 
per unit volume of finding the particle to the left or right of the potential 
change. Since the density of particles moving to the left per unit volume is 
proportional to |Be“/"":"|2 = Be, 

Pie, (* — 
Pi Pi + pe 


pe 4ni pe 


Pi (pr + pe)? 


Reflected current 
Incident current - 


CP 


A 


Transmitted current 


Incident current 


Note that if there is no potential change, pp = pi, and no reflection 
takes place; that in this case EH = Vo, pe = 0, and the particle is 100% 
reflected; that particle probability current (cf. Section 5.3) is conserved, 
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for the sum of Eqs. (6.6) is unity; and that Eqs. (6.6) exactly correspond 
to formulas for the same quantities when electromagnetic radiation is 
perpendicularly incident on a sharp boundary between media of different 
indices of refraction. In this case the reflection, for example, is given by 


R = (nz —74)?/(n1 + ne)? 


where 72/n; is the ratio of the velocity of light in medium one to medium 
two just as p;/p2 is the same ratio for particles. 

If the particle energy £ is less than V9 we obtain different expressions 
on the right of the barrier. The particle momentum 2m(E — Vo) on the 
right of the barrier is imaginary. Letting gg = V/2m(Vo — E), we find the 
solution of Eq. (4.8) to the right of the barrier to be 


a>0: = Cele (6.7) 


That is, the exponent is real and no longer represents an oscillating wave 
function. (Note that e+%:”/7 is also a solution of Eq. (6.3) in customary 
solutions of this problem which use Eq. (6.3), but since % must be finite 
everywhere and Eq. (6.7) must hold at x = +, this added solution must 
have a zero coefficient.) Fitting solutions (6.2) for negative x and (6.7) for 
positive x as we did in obtaining Eq. (6.5), we find in place of (6.5) that for 
He«< Vo 


pu® rey 
1 
game (6.5a) 
eA) 
i papa 
q2 + Up 
and 
Br 
Reflection = |—| = 1 
(6.6a) 
CP Piq2 
Transmission= |— ey Ne SCIONS 
(pi + qe) 


Since the transmission is zero at x = oo and no particle absorption 
has been included in the problem, 100% reflection is also required by particle 
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conservation. Although there is no transmitted current, note that there is 
a finite probability of finding the particle on the right of the barrier, where 
classically it cannot be. 


Example 2 Reflection and transmission through a finite square 


barrier depicted in Figure 6.2. 


Vo 


0 a 


Figure 6.2 Illustration of a square one-dimensional barrier of limited 


extent. 


In this case the potential is given by 


ca V =O 
On ar enh ag (6.8) 
Catan) 


Again we first assume H! > Vo and that the wave is incident from the 
left, and find the following wave solutions in the three regions representing 
incident and reflected waves in the left and center regions and only a trans- 
mitted wave in the right region: 


a<0: *= AetiMp.t 4+ Be-t/Mpix 
0O<a<a: P= Celt/Mpr 4 De-G/Mprx (6.9) 


a<«: p= Kei/Mniz 


The reflected amplitude B (made up of a wave reflected at both = 0 and a) 
and the transmitted amplitude # may be found by requiring again that the 
wave functions and their first derivatives be continuous at « = 0 and a = a. 
The solution requires considerable tedious algebraic manipulation, with the 
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result that 


Br 4912002 -1 
Reflection = - = [ BA 8 aa] 
A (pi? — po)? h 
(6.10) 
, ele EP | (pi2 — po?)? rl = 
Fansmission®==) -—) 7==) }l.4-- ———$— $= sin? 
A 4p1*p2 


Note that if there is no barrier and p: = 11, there is 100°%, transmis- 
sion. There is the further very interesting circumstance that if a, the barrier 
width, is equal to an integral number of half wavelengths, 100° transmission 
occurs, analogous to the behavior of coated lenses in optics. Otherwise 
we have the nonclassical result of partial reflection at the barrier. 

If E < Vo, then classically the particle does not have sufficient 
energy to jump the barrier, and is 100% reflected. In this case the second 
of Eqs. (6.9), for 0 < x < a, no longer represents the correct solution for 
that region. The correct solution when E < Vo is 


0O<a<a: P= CeHMz + De“a/Mx (6.9a) 


where go = V 2m(Vo — E). Equation (6.9a) represents exponentially 
increasing and decreasing solutions within the barrier. Solving the simul- 
taneous algebraic equations resulting from requiring that the wave function 
and its first derivatives be continuous at both boundaries, we find that 


Br 49,2q02 qoa 7} 
Reflection = = = I _ 2 ici: bin esch? =| (6.11) 
A (pi? +92")? 
EP iptv, G27 
Transmission = | = f + —————_ sinh? =| (6.12) 
A 4p2qo" 


If a > h/qz, then the transmission coefficient is asymptotically given by 


—2 20 * 
E + =| 16 exp (-2) 
Poe h 


Note that the transmission is nonzero if a is not very many wavelengths 
thick. Gamow has made an amusing illustration of this situation to a 


90 CONSEQUENCES OF ABRUPT CHANGES IN POTENTIAL ENERGY 


billiard ball which will not remain on the top of the billiard table but will 
eventually penetrate the sides of the table and drop onto the floor. Figure 
6.3 illustrates the wave behavior at the barrier for a roughly comparable 
to A and £ less than but comparable to Vo. 

The particle problem in which Vo > EZ has an optical analog in an 
imaginary index of refraction such as can occur for radio waves in the 


Vo 


Figure 6.3 Illustration of the wave behavior at a finite barrier for 
barrier width roughly comparable to particle wavelength and particle kinetic 
energy less than but comparable to the barrier height. The particle has in- 
sufficient energy, classically, to surmount the barrier. The sum of the incident 
and reflected waves is shown to the left of « =0; the transmitted wave is 
illustrated to the right of x = a. 


ionosphere or for light waves incident at greater than the critical angle in 
an optically dense medium. Prism surfaces in binoculars, for example, are 
arranged so that light is incident on the reflecting surface at greater than the 
critical angle for glass to air transmission, so that 100°{% internal reflection 
will occur for.light incident on the air back of the prism. 

If an optically flat surface were placed close to the optically flat 
reflecting surface of the prism, however, some of the light would be trans- 
mitted, as could be readily calculated by a formula analogous to Eq. (6.12). 
This was the principle of an ingenious device composed of two prisms by 
which, during the Second World War, German scientists attempted to 
audiomodulate a light beam. One of the prisms in Figure 6.4 was attached 
to a solenoid activated by an audiofrequency current signal so that the 
space between the two prisms changed at audiofrequency as the prism was 
made to vibrate. When the prisms were close together and the separation 
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distance a was small, the system transmitted light to the right across the 
barrier presented by the air space of thickness a; conversely, when a was 
large light was reflected from the barrier presented by the air space. Un- 
fortunately the prism could not be made to vibrate well at audio-frequencies. 

Equations (6.11) and (6.12) have a useful application in the estimation 
of radioactive nuclei lifetimes from alpha particle decay. Alpha particles 


hinge 


Pg < BX solenoid 


Figure 6.4 Illustration of the utilization of the optical analog of penetra- 
tion through a square barrier in quantum mechanics. The transmitted light is 
modulated in intensity by varying the width (barrier thickness) of the air space 
between the prisms. 


within radioactive nuclei have a negative binding energy, so that when the 
alpha particle is separated from the nucleus several Mev of negative binding 
energy are released. Outside the notably short range of attractive nuclear 
forces, however, the alpha particle’s electrostatic potential energy, due to 
repulsion by the Coulomb field of the nucleus, far exceeds its total energy. 
This situation corresponds to a ball on a billiard table which is able to release 
energy in falling to the floor but does not do so, classically, since it has 
insufficient energy to surmount the barrier surrounding the table. 
Quantum mechanically, particles have a finite probability of penetrating 
finite barriers according to Eq. (6.12) and we should expect some alpha 
particles to penetrate the barrier illustrated in Figure 6.5. 

An alpha particle with a kinetic energy of a few Mev within the nucleus 
has a velocity of roughly 109 cm/sec and strikes the nuclear wall on the 
order of 1021 times per second, since heavy nuclei have a radius of about 
10-12 em. Equation (6.12) gives the probability of transmission at each 
encounter of a particle with the nuclear surface. The thickness of the barrier 


92 CoNSEQUENCES OF ABRUPT CHANGES IN POTENTIAL ENERGY 


is energy-dependent and is very roughly 2 x 10-1? cm; the height of the 
barrier is of the order of 20 Mev so that for an alpha particle having a 
negative binding energy of 5 Mev (i.e., an energy of 5 Mev greater than 
the potential energy at infinity), by use of Eq. (6.12) the probability of trans- 
mission is 

4-10-12 
10-27 


T ~ 16 exp ( = / 2°6.7-10-24(20 — 5) -1.6- 10-5) 


~ l6e —72 
autre! (6.13) 
~ 10-30 
The probability of decay per second would be 
1021 x 10-30 = 10-9/sec 


which corresponds roughly to a decay time of 109 seconds or 30 years. 
That the answer at all resembles the lifetimes of actual nuclei is fortuitous 


E 


alpha-particle 


Figure 6.5 Illustration of total energy (- —) and potential energy ( ) 
in alpha particle radioactive decay. The wave function is also plotted as a 
solid line. 


in view of the enormous crudities in estimating the exponent from Eq. 
(6.12), but the procedure at least serves to illustrate the essential features 
of alpha decay. A more precise calculation (first made by Gamow and 
Condon) requires the use of the Coulomb barrier rather than a square 
barrier, and we will make a better estimate in the next chapter. 
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Problem 6.1 Compute the barrier penetration for electrons having a 
kinetic energy of 4 ev for a rectangular (one-dimensional) barrier 10 A wide 
and 5ev high. (This problem is analogous to electron tunnelling in the 
reverse direction in a crystal rectifier.) 


6.2 UNBOUND AND BOUND PARTICLES IN A 
SQUARE WELL 


For this case, as illustrated in Figure 6.6, 


e<h VY = 0 

ie men Preeti o Vig 

Zz <- 0 

V 

0 zx 
—Vq 


Figure 6.6 Illustration of square well potential. 


We might examine first the case of H > 0. This case is similar to the 


case of a square barrier with EF > Vo except that here pp = V2m(E + Vo). 
Again we should and do obtain transmission resonances at wavelengths 
equal to twice the well thickness divided by an integer, or, expressed alter- 
natively in terms of the wavelength (i/mv), we obtain transmission resonances 
for wells which are an integral number of half wavelengths thick. In this 
case we do not have to go to optical applications such as coated lenses or 
a Fabry-Perot interferometer for illustration, for particle physics furnishes 
us with an example which is another signal triumph of the wave theory 
for particles. Before the development of quantum mechanics, Ramsauer 
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observed experimentally that in the scattering of hot electrons from gas 
atoms, transmissions or zero-scattering resonances occurred for some atoms 
at particular electron energies. Instead of increasing with decreasing 
electron energy as expected, the total collision cross sections of the gas 
atoms decreased remarkably for the atoms of some elements, as illustrated 
in Figure 6.7. Quantum mechanics cleared up the mystery of this pheno- 
menon. Basically, a careful, three-dimensional calculation using a screened 


total collision cross-section 


OL 253456 aa See Ol O 
electron velocity in /volts 


Figure 6.7 Graph of total collision cross section of gas atoms to incident 
electrons having energies up to 100 ev. 


Coulomb field can be interpreted as predicting transmission resonances 
whenever the effective diameter of atoms is an integral number of electron 
wavelengths (the wavelengths to be taken while the electron is in the screened 
Coulomb potential). 

For the case E < 0,q1 =q3 = V—2mE = V2mW where E = —W, 
and the wave functions to the left and right of the well vary exponentially. 
Only inside the well is a sinusoidal wave possible. Therefore, for 


0O<xa<a: p= Beli/Mpxt + C e-t/Mpax (6.14) 
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where po = V2m(Vo + E) = V2m(Vo — W). Since ¢ is finite at +00, 
for 


r<0: P= A elai/Mx 


15 
“=< 2 MT = D e-(a/r)x (6.15) 


representing exponentially decaying functions to the left and right. In 
this case there is no transmission out of the well, and we are not interested 
in the values of the coefficients which represent a standing wave within the 
well. We are interested, however, in finding any further conditions on our 
solutions necessary to make them acceptable solutions satisfying the usual 
boundary conditions. Requiring continuity of functions and their first 
derivatives at the boundaries, we find 


. P2 


A=B+C; A=i—(B-O) (6.16) 
71 
D e-“Qalh) = B eli/Mp.a + CO e-lt/h)pza (6.17) 
D e—(qia/h) = aye elt/h)poa <a CG e~ (i/h) p2a) (6.18) 
71 
—4 +i 
ry Peet Sta pes (6.19) 
2p2 2p2 


Dividing (6.18) by (6.17) and substituting (6.19) in the result, we find that 


_p2 (p2 — igi) e@/MP24 — (po + igy) e~U/h) p20 
— 1— eee eee 


= (6.20) 
1 (p2 — 1qi) e(t/Mpsa -+- (p2 + 791) e—(t/N) psa 
which with the indicated algebraic manipulation becomes 
qi pa sin(pe/h)a —qi cos(p2/h)ja tan (pe/h)a — (91/2) 6.21) 
pz qSin(p2/h)a + ps cos(ps/fija 1 + (qi/pe) tan (po/h)a 
Let g = tan—1(qi/p2), then Eq. (6.21) becomes 
tang = tan (Fa - 2) (6.22) 


This equation can be satisfied only when p = (p2/h)a — p + nm where n 
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is an integer. That is, 


het 2 (6.23) 


Substituting Eq. (6.23) into the definition of gy and using the definitions of 
p, and pz in terms of W and Vo, we obtain the necessary relation between 
E, Vo, and a in order for the boundary conditions to be satisfied : 


for even 7: de = tan V2m(Vo — W) ss (6.24a) 
Vo—W 2h 
for odd n: pated = —cot V2m(Vo — W) Be (6.24b) 
Vo—W 2h 
Equation (6.24) illustrates the vital quantum mechanical result that 
the energy of a bound particle can have only certain discrete values. The result 
is similar to the familiar condition in wave motion for standing waves. 
For example, if a wave in a string is constrained between two fixed points, 
standing waves of discrete frequencies occur in the string. The reader may 
readily surmise that this result contains the essence of the explanation for 
the discrete energies possessed by electrons in atoms, as revealed by the 
bright-line spectra they radiate. Every bound particle can exist only in 
discrete energy states, similar to the constraints Planck discovered for the 
radiation waves in a black body. In the case of the massive planets bound to 
the sun, these different energy levels are so close together in value as to be 
totally undiscernible to any experimenter, and classical theory, which would 
predict a continuum for planetary motion, can thus certainly be thought 
of as exact. If h were much larger than it is, however, and classical physics 
thus did not apply, collision with another astronomical body would result 
in no disturbance of the earth’s motion unless enough energy was exchanged 
for the earth to make a quantum jump to another energy state. For sub- 
microscopic systems, the prediction that no collisional excitation takes place 
unless the energy transferred is greater than some minimum value is well 
brought out by the Frank and Hertz experiments on electron beams in a 
gaseous discharge tube, discussed in Section 3.1. 
Equation (6.24) results because the derivative as well as the wave 
function must be continuous at the boundaries of the well. Only for unique 
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values of the energy (or the wavelength) can the wave functions inside be 
smoothly joined to the decaying exponential functions outside the well. 
Figure 6.8 illustrates the three lowest energy wave functions inside the well 
which satisfy the boundary conditions. 


Figure 6.8 Jilustration of the three lowest energy wave functions 
possible in a square well potential and a fourth impossible wave function 
requiring a physically unrealizable exponentially increasing wave function 
outside the well on the right for continuity at the well boundary. 


We can apply Eq. (6.24) to find the energy binding the neutron and 
the proton in a deuteron. As mentioned earlier, at low energies as in this 
case the shape of the potential describing nuclear interacticns is indistin- 
guishable from a square well. The deuteron interaction occurs in three 
dimensions and thus will be treated in spherical coordinates. 

The deuteron ground state is a spherically symmetric state. A spheri- 
cally symmetric standing wave depends only on the radial coordinate and is 
given by the spherical form of Eq. (4.8). This is analogous to a spherically 
expanding wave in physical optics emanating from a pinhole. 


r<a: = Ajfet/Mper/r] + Aofe—@/Mper/r] 


r>a: = Be-ulrly 


where a is the range of nuclear forces between neutron and proton in the 
deuteron, pp = VM(Vo — W),andq = MW. M isthe mass of a nucleon, 
being nearly identical for neutron and proton, and W is the binding energy 
equal to — £, where E£ is negative for a bound state. Since % must be finite 
at r = 0, Ay = —Ap, and Eq. (6.25) may be written 

r<a: u=Asin(per/h) 


6.25a 
r>a: u= Be-urih 
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where u(r) = rp(r). Equation (6.25) may also be obtained from the Schroe- 
dinger wave equation in spherical coordinates. 

In Chapter 8 it will be shown how a spherically symmetric problem 
may be rigorously reduced to a one-dimensional problem by making the 
substitution u(r) = r(r). Borrowing this result, we obtain the following wave 


equations: 


d2u 
r<a: —+—(Vo—W)u=0 
dr2 h2 
(6.26) 
d2u 
PSs je a A), 
dr2 2 


The solutions are as given in Eqs. (6.25a) for boundary conditions requiring 
% to be finite at the origin and at infinity. 

In order for uw and its derivative to be continuous at r = a, the 
derivatives with respect to r of the logarithm of u on both sides of the 
boundary must be equal. Therefore 


pod 
pe oe =-q (6.27a) 

that is, 
—VW/(Vo — W) = cot (WM(Vo — W)a/h) (6.27b) 


If W < Vo, as in the lowest energy state, then 


VMVoalh ~ (7/2) -VW/Vo 


Inserting typical theoretical values into the preceding equation, 
a = 2.15 x 10-13cm and Vo =30 Mev, we find that —W = FE = —2.3 
Mev. Actually the binding energy of the deuteron has been known for some 
time to be 2.22 Mev. Application of Eq. (6.27) to obtain the best Vo and a 
compatible with W = 2.22 Mev gave some of the best early estimates of 
the size and range of the potential of the neutron—proton interaction. 


Problem 6.2. Determine the reflectivity and transmission for a 
particle with # > 0 incident from the left on a square well as illustrated 
in Figure 6.6. 
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Problem 6.3. Using Feynman probability amplitude wave functions 
as in Problem 4.1, determine the transmission for the example of Problem 
6.1 by first summing up all the probability amplitudes for the waves (1) 
transmitted at both surfaces (x = 0 and a), (2) transmitted at the front 
surface (x = 0), reflected from the back (2 = a), and then from the front, 
and finally transmitted at x = a, (3) transmitted at « = a after four internal 
reflections, (4) transmitted after six internal reflections, etc., for an infinite 
summation. Assume that the transmission and reflection coefficients for 
each encounter with a surface are given correctly by Eqs. (6.5). 


Problem 6.4. Find the energies available to an electron in a cube of 
metal 100 on a side if the work function for the metal is ie ev. Idealize 
the problem by working in only one dimension. 


Problem 6.5. For Vo > W, Eqs. (6.24) give the approximate result 
that 


where 7 is an integer. If the force exerted by a particle on the sides of 
a one-dimensional square well is given by F = ¢W/¢a, find the force that the 
particle exerts on a side of the well. 


Problem 6.6. Assuming the values for Vo and a given in the text, 
show whether a second bound state for the deuteron, i.e., the first excited 
state, is possible. How can an unbound transient state arise if # > 0? 
(See Problem 6.2.) 


6.3 THE BAND THEORY OF METALS 


One of the best and simplest applications of a square well potential in one 
dimension is the application to the problem of determining the possible 
energy levels available to electrons in solids. The simple one-dimensional 
Cartesian coordinate system is sufficient for the analysis, and the long wave- 
length of the electrons compared to the distance between atoms in a crystal 
causes the electronic behavior to be independent in many respects of the 
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exact shape of the potential. Hence, we should expect a simple square well 
potential to yield an excellent qualitative picture of the general behavior 
of electrons in solids. 

In Problem 6.4 the electronic wave functions in a metal were calculated 
by assuming that a metal could be represented as a simple square well 
potential having the dimensions of the piece of metal. Motion in any one 
of the x, y, or z directions is assumed independent of motion in the other 
two directions. Therefore, the problem could be idealized by studying each 
motion separately and thus the problem was reduced to motion in one 
dimension. The solution, similar to that for the radiation problem of Chapter 
1, consists of plane waves whose wave numbers (k = 1/A = p/h) must be 
proportional to an integral multiple of the reciprocal of the length of the 
sides of the piece of metal. Thus, the space-dependent parts of the possible 
electron wave functions are e+!**, where k is an integral multiple of a/d, d 
being the length of a side of the piece of metal. If the distance between metal 
atoms is a and there are N atoms along a side of length d (i.e., d = Na) 
then k must be equal to or less than 27/a in order for the electrons to be 
represented by unique wave functions. 

Figure 6.9 illustrates the problems one would encounter if one attemp- 
ted to describe the positions of the N electrons having N degrees of freedom 
in their motion about the NV atoms of the crystal by more than the N waves 
with wave numbers k < 27/a. The very concept of wave motion implies 
a continuous rather than a discrete medium, and therefore the wavelengths 
must be equal to or greater than, not less than, the discreteness of the medium, 
i.e., the atomic separations, in order for a wave description to be valid. 
Therefore, k = nx/Na where n is an integer less than 2N. For a three- 
dimensional piece of metal the frequencies or energies are determined by 
the condition that Hy = —(h?/2m) V24 = Hy. Therefore, 


h?n2 [ /n1\2 ‘N9\2 ng\2 
eC) 
2m L\ di ds ds 
where the subscripts refer to the three sides of the metal. (Note that since the 
Schroedinger wave equation is first order in time, E appears to the first 


power, rather than the frequency to the second power as for radiation in 
Chapter 1.) Thus, in close analogy to radiation in a box, the number of 
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electronic wave functions having an energy between E and £ + dE is given 
by 
Vi (2m \3/2 
N(E) dE = wal) EdE 
4n2\ 2 ig Me 


where V is the volume of the piece of metal. 
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Figure 6.9 (a) Illustration of the shortest wavelength that may be used 
to describe the motion of single valence electrons indicated above (a). If shorter 
wavelengths were permitted, the motion could be described by the wave (b) and an 
infinite number of higher frequency waves. 


The Pauli exclusion principle requires that only one electron at a time 
can occupy a single state described by a given wave function and spin 
polarization. (Since electrons may have spin with vector up or down, there 
are two directions of polarization just as for light, and when we include spin 
the total number of states is double the number given in Eq. 6.29.) The 
total number of electrons in the lowest total wave function is obtained by 
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integrating Eq. (6.29) up to a maximum energy Emax, with the result 


V (2m\3? 
nv =2(=") (2H3/2 (6.30) 


3°~max 


or 


Bn2h2 | N\ 2/8 Ny 2/3 
E = — = 36.1{— 
SG) =!) 


in units of electron volts if V is in cubic Angstroms. This maximum energy 
which electrons in the ground state of a metal may have is called the Fermi 
energy. An electron having this energy is in the Fermi level. Hence even in 
a metal at zero degrees absolute temperature, with all electrons in the lowest 
possible states, somie electrons will have kinetic energies of several electron 
volts. 

Solids are, in actuality, more complicated than they have been re- 
presented in the foregoing. They consist of a lattice of atomic nuclei; 
hence, in place of a square well of constant depth, the electron potential 
well is a periodic function of distance with a period given by the atomic 
separation in the lattice. It is still possible, however, to simplify the problem 
by assuming the variables separable (which in actuality thev are not) and 
then considering the wave motion in just one dimension. The Kronig— 
Penney potential energy model in one dimension for electrons in a crystal 
is illustrated in Figure 6.10. The crystal atoms form a periodic barrier of 
height Vo and widths b spaced a distance a apart. Due to the periodicity 
of the potential the wave function must have a coefficient periodic in 2. 
The x-dependent part of the wave function in Cartesian coordinates is made 
up of plane waves e’** (where k, an integral multiple of z/a, is less than 
twice the total number of atoms WN along a side of the crystal) times a periodic 
function of period a. Let 


pb = x(x) etka (6.31) 


where uxz(x) is a general periodic function called a Bloch wave function for 
periodic potentials of any shape in a crystal. 

Substitution of the potential into Eq. (4.8) yields time- sidlepehiient 
standing wave solutions which are: 
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For (n — l)a < x < na — 6, where n is an integer 0 < n < N: 


Ue = A etax + B e-tax 


Uz = A etla—k)x 4 B e-ilathx (6.32) 
where 


a = p/h = V2mE/h2 


(a—b) (5a—b) 


Figure 6.10 Illustration of the Kronig—Penney step-function barrier 
potential function representing the atoms in a crystal lattice. 


For na — 6 < x < na the electron potential energy is increased by 
Vo over the electron potential energy for (n — lja < x < na — b, and 


the electron wave number changes from V 2mE/h2 to iV2m(Vo — E)/h?. 
For na —6b < x < naoand Vo> EL: 
py = C eh + D eh 


i i e(f—-tk)x ao D e—(btik\x 


(6.33) 


where 


B = po/h = V2m(Vo — B)/f? 
Equations (6.32, 6.33) are customarily found as solutions to the complete 
wave equation in which the Bloch wave function Eq. (6.31) has been sub- 
stituted, which is 


ee ee PLY 18 aia 6.34 
~ + 2%ik—+ a V) | 0 (6.34) 
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The conditions requiring that u and its first derivative be continuous 
in general at 2 = (n — l)a and x = na — Bb and in particular at x = 0 and 
x = a,and the particular periodicity condition u(a) = u(0), Y(a +6) = ¥(—4), 
yield the four equations 

A+B=C+D 
i(a —k)A —i(a + k)B = (8 —1k)C — (8 + tk)D 
A ella—Wa—d) 4. B e-ilat+kXa—0) — ( e-(8-ik)D 4. |) elB+ikid 

i(a — k)A ella—Wla-0) — i(a, + k)B etlz+bXa-d) 

= (8 —ik)C e-é-tkib— (8 + ik)D elstino 
Either A, B, C, and D are all simultaneously zero or the determinant of the 
coefficients of these four simultaneous algebraic equations must vanish. 
Setting the determinant equal to zero, going through a great deal of algebraic 
manipulation and inserting sin «(a — 6) for (1/2i)(e#*@-0 — e-tala-d)), 
cos a(a — b) for 4(ef@-b) 4 ¢-izla-d)), sinh Bb for 4(e8 — e-), and 
cosh Bb for 3(e ° + e-), we find 


eee 


sinh 8b sina(a — b) + cosh 8b cosa(a — 6) = coska (6.35) 


2a8 


For simplicity, we may replace our potential barrier by a delta function 
so constructed that 
im B2ab = 
lim B2ab = 2P 
Bou 


where P is some constant, and use sin «(a — b) = sin aa, cos a(a — b) = 


cos aa, cosh fb = 1, and ((f2 — «?)/2a8) sinh 8b = (8/2«)Bb, so that Eq. 
(6.35) becomes 


(B/2«)(Bb) sinaa + cosaa = coska 
whence 


[(P sin aa)/xa] + cosaa = coska (6.36) 


The left-hand side of Eq. (6.36) must be less than or equal to one in order 
for k to be real and not give rise to rapidly decaying exponential wave 
functions. A plot of the left-hand side of (6.36) for P = 37/2 as a function 
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of aa is shown in Figure 6.11. The shaded regions are for those values of 
aa for which solutions do not exist. Figure 6.12 illustrates the allowed 
values of «2a? = 2mHa2/h2 in Eq. (6.36) as a function of ka. Note the 
energy gaps occurring at integral multiples of 7 = ka, separating the bands 
of allowed energy levels. Since E ~ k2, the allowed energies have a roughly 
parabolic dependence on ka. Portions of the three lowest eigenfunctions 
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Figure 6.11 Graph of [(P sin aa)/xa] + cos aa as a function of aa. 
The dashed lines +1 and —1 are the maximum values the function can have 
in possible solutions, hence the shaded areas are unallowed values for aa. 
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which occur in a Kronig—Penney potential are shown approximately in 
Figure 6.8. The exact wave functions in this potential are slightly shifted 
from those in the figure since the wave function in Eq. (6.33) includes an 
exponentially increasing term. 

The electrons in a metal about half fill the conduction band. An 
applied electric field causes the electrons to accelerate in the direction of the 
field, in between collisions with the lattice vibrations. In this way a net 
flow of electricity takes place in the metal. In other substances, however, 
the energy bands are either completely empty or completely filled at ordinary 
temperatures. An electric field applied to nonmetals cannot accelerate 
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the electrons, for acceleration or falling through the applied electric field 
would raise the energy of the electron, which is not permitted unless the 
energy is raised discontinuously so that the electron jumps to an unfilled 
energy band. (Note that the Pauli principle forbids the electron from enter- 
ing a state which is already occupied.) 


T Qa 3a 4n 
ka 


Figure 6.12 Graph of energy as a function of wave number for the 
Kronig—Penney potential. 


Problem 6.7. Derive Eq. (6.29) by the methods given in Chapter 1. 
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THE WKB APPROXIMATION AND THE 
BOHR-SOMMERFELD QUANTUM CONDITIONS 


7 


5 


IN THE LAST CHAPTER, to emphasize the nonclassical aspects of particle 
behavior revealed by quantum mechanics, we treated the extreme case of 
potentials which change discontinuously along a particle path, i.e., square 
potentials. Since classical physics is known to be an excellent approximation 
in many instances, it is instructive to see how classical mechanics may arise 
as an approximation to our more general theory. The wave behavior of 
particles has been shown to arise from the Heisenberg uncertainty principle, 
ApAz > h, which would agree with classical physics if h = 0. This suggests 
that we should look for a series expansion in powers of f# in our probability 
amplitude solutions to the wave equation. We should further expect this 
method of approximating wave equation solutions to be very useful when 
the potential energy of the particle changes slowly within a particle wave- 
length, in contrast to the discontinuous changes treated in the previous 
chapter. 

Up to this point we have examined solutions of the wave equation in 
regions where V (and therefore p) was a constant. In these circumstances the 
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particle wavelength could be and was unique. This was possible only because 
no questions were asked about the particle position. In regions where the 
potential energy is a function of position, however, the wave function 
clearly could not be written as a simple plane wave with unique momentum. 
The wave function exp{(i/h){ pdx} corresponds to a sort of frequency- 
modulated wave; and in a slowly varying potential the sum of this wave 
function over all possible paths might be approximated by the constant 
potential wave form times a more slowly varying fudge factor. We will now 
show that just such an approximate wave function will result from an attempt 
to expand our wave function in increasing powers of h. 


7.1 THE WENTZEL-KRAMERS-BRILLOUIN METHOD 


Letting p = V2m(H — V), we can rewrite the one-dimensional time- 
independent wave equation as 


—+—f = 0 (7.1) 


Since p is now a function of position, the solution is no longer of the form 
e’* but this form will be shown to be a reasonable first approximation 
when certain conditions are met. We first choose a new dependent variable, 
U: 


hid Os ais: 
“= nae yb = exp (4 nds) (7.2) 
so that Eq. (7.1) becomes 
h du ; : 
Ee deat) (7.3) 


We seek solutions whose first approximation give the classical results, by 
expanding u in powers of h/i, 


h h\2 
U = Up + —u + (=) Ugt+... (7.4) 
a a 


7.1 THE WENTZEL—KRAMERS-BRILLOUIN METHOD EE) 


Substituting (7.4) into (7.3) and keeping terms of order no higher than 
(A/i) we obtain 
h duo h 
nee p es U2 = 2—uyuo (7.5) 
t dx a 
The zero-order approximation amounts to neglecting (h du/i dx) in Kq. 
(7.3). Equating coefficients of equal powers of h/i we obtain 


Let duo 
uo = + ’ DY SS 
7 . ; 2 uo da 
leading to the two alternative solutions 
h 1 dp h 
iy =p ———— =p ———_ log vB 
t 2pdx 
(7.6) 
h ldp ; = 
_/ _-_ Oe OU CU — ——10 
t 2pdx . , ax & VP 


Substituting Eq. (7.6) into Eq. (7.2) we find the approximate wave function 


A ae al B + (? 
y = — exp (- | paz) + —~ exp ( - -| par) (7.7) 
VP hi es Vp h Xy 


In the limit of short wavelength, i.e., large momenta, Eq. (7.7) 
resembles a plane wave with phase given by the action, { pq dt = { p dq, in 
units of h. As h/p approaches zero, the wave function given in Eqs. (7.2, 
7.7) becomes a rapidly oscillating function of x so that noncancelling con- 
tributions to the total wave function from neighboring paths occur only 
in that region of x where the action varies least rapidly with change in path. 
This region, where the action is an extremum, is also the region for which 
Hamilton’s principal function, { L dt (where L is the Lagrangian, Chap. 4), 
is an extremum. The fact that a light ray follows that path for which the 
action is also either a minimum or a maximum is known as Fermat’s prin- 
ciple in optics. It is the classical path taken by a particle or a light ray. 
The Wentzel_-Kramers—Brillouin or WKB method has given us this solution 
plus additional terms beyond the classical expression, of which we have taken 
only the first. This additional term in the exponent results in a factor p-1/? 
in the wave function. With this change, the probability of finding a particle 
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per unit volume, ¢*y, becomes 1/p times the constant-potential probability. 
The time a particle spends in any one spot is inversely proportional to its 
velocity, and the first-order correction to the plane wave case has given us 
just this result, which is also entirely in accord with classical mechanics. 
For example, the bob in a clock pendulum is most likely to be found at any 
given instant at the end of its swing where its velocity is zero. 

The series expansion expressed in Eq. (7.4) is an asymptotic series 
which diverges after the first few terms. The first few terms give a good 
approximation, however, as long as 


This condition, which is seen to follow from requiring that the second term 
in Eq. (7.6) be much smaller than the first term, is the usual condition for 
validity in ray optics or classical physics ; namely that the wave number of the 
wave function (f/p for particles, w/nc for light where n is the index of re- 
fraction) experience little change over one wavelength. Put more precisely, 
the condition is that the fractional change in a wavelength within a distance 
equal to the wavelength be much less than unity. As the wavelength grows 
larger, that is, as p approaches zero, w1, we, and higher terms in the expansion 
all diverge, as is indicated in Eq. (7.6), and the approximation is no longer 
valid; in this case, in general, one does better to go to the other extreme and 
seek a long-wavelength or physical-optics type of solution to the Schroe- 
dinger equation. That is, it is preferable to solve a square well or barrier 
problem in first approximation. 

We now apply our method to the potential illustrated in Figure 
7.1, for which p = /2m(E — V) is imaginary in regions I and III and real 
in region IT. Since y must be finite everywhere and p; and pyy; are imaginary, 
u, is an unacceptable solution for x < # and u_ is unacceptable for x > xe. 
Only exponentially decreasing solutions are possible in regions I and III 
for which, respectively, Ay = 0 and By; = 0. In region II both positive 
and negative exponential solutions are acceptable and may be combined and 


rewritten as 

2C rr 1 2% 

o11 = —— cos (= | pdx + 5) (7.8) 
Vp h Ja, 
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with 
Ar = Cy etd and By = Oy ets 
whereas 
dr = (By/Vip) exp(< | ipdr), br = (Ay/Vip) exp(= | ipa) 
%, Xe 


Conditions will be imposed on these solutions in the next section, 


vy Lo, . a 


Figure 7.1 Energy graph for a particle with energy E bound in a 
potential well for which E < Vinx < x, and x > x. 


7.2 CONNECTION FORMULAS 


The solutions in the three regions must now be matched at x) and xz by the 
usual conditions of continuity. The difficulty is that at the points x; and 
x2, p = 0, and Eq. (7.7) becomes an unsatisfactory approximation to the 
wave equation. At these points V may be approximated as a linear function 
of x by the first term in a Taylor’s series expansion of V about the points 
x = 2, and x = x2. Hence the wave equation near x; may be written 
2 
aii + n(x — a%)p = 0 (7.9) 
dx? 
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where n is 2m/fh2 times the negative slope of the potential at x, that is, 
(2m/hi2)(—@V/éx), where —@V/éx is evaluated at x = 2. The solution 
of Kq. (7.9) is exact, and to the right of 2; it is 


b= Dz — HI (RValz — 1B?) + BY — mI a(3Vnlx — mP) (7.10) 


where J; is the Bessel function of order 4. A graph of J,(x) and J_,(z) is 
shown in Figure 7.2.* 


Jy, (x) and J, 


Figure 7.2. Graph of J:(x) and J_s(x). Note that for large x both 
functions become sinusoidal with slowly decreasing amplitude and with period 
equal to 27. (From Jahnke, Emde, and Lésch, Tables of Higher Functions, 
Stutigart : B. G. Teubner Verlagsgesellschaft, 1960). 


As x increases without limit, Eq. (7.10) asymptotically approaches 
a cosine function: 


ihe D 2 Be 


~ 


ylene “5 | WUT — 3/2 _ 
arate S| BV ( 1) | 


* For a description of Bessel functions see a calculus text such as Methods of 
Advanced Calculus, P. Franklin, McGraw-Hill, N.Y. (1944) or Applied Mathematics for 
Engineers and Physicists, L. A. Pipes, McGraw-Hill, N.Y. (1946). 
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To the left of x, the same solution (7.10) results except that the argument 
of the Bessel function is imaginary; their asymptotic expansion for large 
absolute value of (x — 21) includes positive and negative exponentials: 


3 a = 
——_[e2/3)Vnia.-2)*"? 4. 9-in/6 e~(2/3)Vnlx,—2)9/"] 
4rnll2 (x — 2)1/4 


i) E = > 
i ——_[e2/9)¥nla—2)*/* 4. 9-Sin/6 g-2/3)Vnt@,—2)*/"] 
4anW2 (x —2)1/4 
(7.11b) 


These asymptotic expressions (for the linear potential approximation at 
the turning points) must fit the solutions we have already found for regions 
I, UW, and II. In order for ¢ to be zero at —0oo, the WKB solution in region 
I must be 


b~ 


dx = (Br/-/=ip) exp ( -- i par] (7.12) 
where af 


p = V2m(E — V) 
This solution matches Eq. (7.11b) if 
V 4r/3h 
D = E = ————B, 
2 sin (7/3) 


since aT 
e-in/6 — e-5ix/6 — e-im/2 2; sin (7/3) 


For this value of D and E Eq. (7.1la) becomes 


2 cos (77/6) 


~ [nf2(x — 21)}/4 sin (7/3) 


5a 7 T T 
cos (a - =) + cos (a _ =) = 2 cos (a _ 4 me 


yb By cos livate ee | (7.13) 


since 


Equation (7.8) matches Eq. (7.13) if Cr = Br, giving 


2B 1 2 7 
ou = ae cos a) pdx — “| (7.14) 
/p h Eat 2 
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Similarly, if 


Ain ia ad 
SS ee, ex i" dx (7.15) 
tum ag Ga? 
then 
2Anr 1 2 7 
pu = —— cos (| pdx — 4 (7.16) 
/p h x 4 ; 


If Eqs. (7.14, 7.16) are to be the same solution, then By = Ayn and the 
absolute values of the arguments of the cosine must differ only by an integral 
multiple of 7. That is, 


Bf netfee jem 


ieee 2 Nema (7.17) 
E. dives ges) hale 1 le i Vi oA : 
7d? 4 Gl? ne 


Since this condition must be satisfied for all x the minus sign must be taken, 
and hence the permissible values of » and therefore H are given by 


or 


1 2 
-{ pdx = (n + 3)r (7.18) 


That is, the energy is quantized in accordance with Eq. (7.18); only certain 
discrete values are possible. As stated previously, only discrete values of the 
energy are ever possible for particles confined to a finite volume. 

The important consequence of the WKB method of solving the 
Schroedinger equation for a bound state problem is that simple quantum 
conditions are imposed on the possible energy states of the system. A simple 
formula, Eq. (7.18), has been found for obtaining them. Note that this 
result is valid only when the potential does not change much within a 
wavelength and in cases where we may obtain solutions far from the points 
where p = 0. This means, as we should expect, that the approximation is 
valid only for slowly varying potentials and in the limit of large quantum 
numbers where the classical result AH/H = 0, i.e., no uncertainty in the 
energy, is a reasonably good first approximation. 
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Equation (7.18) may be rewritten 


f pdx = (n + Yh. (7.19) 


since twice the path integral from 2, to x2 is equivalent to a complete cycle 
of the particle motion in its oscillation between the classical limits of its 
motion. This approximate quantization rule (for p and thus £) is identical, 
but for the extra term h/2, with the formula Bohr and Sommerfeld postulated 
a decade before the formulation of wave mechanics to predict the energy 
levels possible for a bound particle. For low quantum numbers the extra 
term h/2 gives a better approximation. 

As originally stated the Bohr-Sommerfeld rule was intended to apply to 
any periodic motion, including rotation, whereas the above derivation applies 
only to vibrational motion. The corresponding rule for rotation is that the in- 
tegral of the angular momentum over a complete cycle must yield an integer, 
not half an integer, since V and hence p, must have an angular period of 27 for 
rotational motion, where p, is everywhere real. That, is, for rotational motion 
where @ is the angular displacement and pg the angular momentum. 


f ppd = nh (7.19a) 


As an example of the utility of Eq. (7.19) we may compare the 
level density, or the number of energy levels per unit energy, for the most 
energetic nucleons in actual heavy nuclei having a diffuse wall, with the 
estimated level density in a square well. If the modification resulting from 
the three-dimensional aspect of the problem is neglected, the energy levels 
in a square well are given by the phase condition at the wall, Eq. (6.23): 


[2 (%e- We: ia Le (7.20) 
r= (fFinm9) +f) LE 


where Wy, = —E, and og = tan7} / Wnl( Vo — Wn). The right-hand side 
is an approximation valid when Wz is much less than Vo. The approximate 
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solution is 
Wn = Vo — (h2n2/8ma?) (7.21) 


The level density in the square well is given by the reciprocal of the level 
spacing, AZ, between levels of neighboring n: 


1 1 Smaz/h2 /2m alh 


AR He, O Bee Aas 


(7.22) 


since 
n = V8m(alh)VVo — Wn 


(Note that for large n, AH is given by AE ~ 0E/én.) 

For the high quantum numbers (resulting in Wy, < Vo) characteristic 
of the most energetic nucleons in heavy nuclei, the number of energy levels 
per unit energy in a square well would be V/2ma2/Voh2, a constant. In a 
realistic diffuse well, however, as has been deduced from nucleon scattering 
experiments, the nuclear potential is better described by an Eckart-Bethe 
or Woods-Saxon potential, 


V = —Vo(l + e(r—a)/b)—* 


Substitution of this potential into Eq. (7.19) leads to the result 


T2 
h(n + 4) = 2 | V2m[En + Vo(1 + er-a)/b)-1] dr 
0 


where rg is defined by 


1 + elte—a)/b — _ Vo/En 
Let 
x={1+ e(r—a)/b]-* 


from which 


ae 
r=a-+t bloge 
x 
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then 
h(n + 3) 


—En/Vo 


2vimb | 


(1te7*/ b= 


= — 42m | - VEn + Voj(l + e-2/®) 


+ VEn + Voll — (1 + et/?)-1] 


1 1 
x 


—@ 


+ V —E, tan“! V— 1 — Voj(1 + e-4/°)E,, 


V En + Voll — (1 + e2/%)-1] — VEn + Vo 
VEn + Voll — (1 — e#/6)-1] + V Ea + Vo 
(7.23) 


which can be approximated as 


B 
h(n + 3) Bal<Vo -4v2m [- a iVEn + Vol + (loge 4) =| 
Vo 


from which the energy level density in actual heavy nuclei for high quantum 
numbers may be readily deduced in the same way as that for « square well: 


1 én _ 42m b l le 1 
ae ae i ele 


AE a h 4/—E, V Vo 
C7; C2 
a (7.24) 
v— En v Vo 


which reduces to V2m/Vo a/h, the square well result, if 6 = 0. The 
constants ©; and C, are approximately 1.5 and 3.1 (Mev)-1/2, respectively, 
for the nuclear potential Vo ~ 42 Mev and |E,| < Vo for the region of 
interest. The square well result (~ C2/V Vo) is independent of energy. 
Hence a square well, which is such a useful approximation in many nuclear 
physics applications, turns out sometimes to be a very bad approximation, 
this time for the energy level densities in highly excited heavy nuclei, to which 
it has frequently been applied. The extra term C4/V — En which distin- 
guishes this calculation from that for a square well is significant for high 
quantum numbers where |E,| < Vo. One should expect that in the limit 
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of high quantum numbers and short wavelengths the square well approxi- 
mation, so useful for long wavelengths, would break down. The kinetic 
energies of nucleons in these levels is of the order of 40 Mev, giving them a 
wavelength of about 0.7 fermi (one fermi = 10-13 cm). While the core of the 
nucleus is indeed a region of constant potential, the distance in which the 
nuclear potential changes from this constant interior value to zero is about 
0.8 fermi, and thus the potential change will not appear square to particles 
havnig a wavelength of around 0.7 fermi. 


Problem 7.1 In the next chapter it will be shown that for central 
(angle-independent) potentials, the wave equation for the wave function 
for the radial coordinate may be written 
d2u 2m h2 ll + 1) 

[pro EME 


+ |B = V(r) — — 
dr2 he 2m 2 


(8.29) 


where / is an integer and wu is r times the radial wave function. (A21(1 + 1) 
is the eigenvalue of the square of the angular momentum operator, and 

h2 Ul + 1) 

Qn 
represents the rotational energy of a particle about the origin.) Using 
the WKB method (that is, the quantization condition resulting therefrom), 
compute the number of energy levels per unit energy available to a nucleon 
for a particular value of / = L in a nuclear square well of radius 10-12 cm 
and well depth 42 Mev. (Hint: the radial component of the momentum 
is given by p,? = 2m[E — V(r) — h2l(l + 1)/2mr?].) 


Problem 7.2 Using the WKB approximation, find the permissible 
levels for hydrogen for a particular value of / = L. The central potential 
is V(r) = —e2/r. What is the total number of bound state levels as a 
result of the great extent of the Coulomb potential? 


Problem 7.3. Using the WKB approximation, find the permissible 
levels for a harmonic oscillator in three dimensions, with V(r) = + 4Kr?, 
for a particular value of 1 = L. 


Problem 7.4 By the WKB method find the energy levels in a one- 
dimensional well with V(x) = Cla]. 
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We now turn our attention to another historical application of the WKB 
approximation. Instead of the valley shown in Figure 7.1 we now have the 
hill of Figure 7.3. As in the derivation of Eq. (7.18), we first find that to 
the right of the barrier (which we label region III) Byy = 0, with wir re- 
presenting a wave traveling to the right. The wave function inside the barrier, 


energy 
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Figure 7.3 Energy graph for a particle with energy E incident from 
the left on a barrier for which E < V forx, < x < 2. 


#1, is made up of exponentials of real positive and negative argument which 
must be matched to the incident and reflected wave in region I (see Chapter 
12 of Bohm, cited here in Chapter 6). Just as in Chapter 6, the transmission 
through the barrier is found from the ratio of the probability or intensity, 
%*s, of the transmitted wave to the intensity of the incident wave times the 
ratio of the velocity in region III to the velocity in region I. Since the 
velocities are the same, the result is that 


T = exp — (; [vas] (7.25) 


where 
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Note that except for the refractive-index-like factor (q2/p1 + pi/q2)~2 in 
front, which is negligible for the large values of the exponent that are 
required for the validity of the WKB approximation, Eq. (7.25) is similar 
to Eq. (6.12) used in calculating alpha particle decay. We should expect 
Eq. (7.25) to give a much better estimate of alpha particle half-lives than 
Eq. (6.12). We may approximate the barrier potential by a simple repulsive 
Coulomb potential beyond the attractive nuclear square well potential. 
That is, for an alpha particle of charge 2e and a residual nucleus of charge Ze, 


V = 2Z e/r, r> @) (7.26) 
where the radius of the alpha particle-nucleus attraction is given by 
a = (1.3 + 1.35A3) - 10-13 cm 


where A is the atomic mass number of the residual nucleus.* The point at 
which the alpha particle energy exceeds the Coulomb potential is 


xg = 2Ze2/E 
For these values of V, x1, and x2, Eq. (7.25) becomes 


ih 


exp = {" V2m[(2Ze2/r) — E] a| 


-o Sete E/E) 


(7.27) 


In the case of Po?10, T' ~ e-64 ~ 10-27. Ifthe estimated frequency of inter- 
action with the walls derived in Chapter 6, 1021/sec, is used, a half-life of 
(1/7) x 10-2! = 108 sec results. This is to be compared with the measured 
half-life of 138 days or ~107sec. Since the calculation is approximate 
(the estimated frequency of interaction with the wall is crude, and we have 
neglected the nuclear well shape and the reduction in transmission due to 
refractive-index-type factors), the results may be regarded as in rather good 
agreement with the observed half-life. 

Equation (7.25) has another similar application, to the theory of the 
Schottky effect, i.e., electron emission from metals under an applied potential. 


* J. O. Rasmusson, Revs. Modern Phys., 30, 424 (1958). 
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For this case V = W — eEx for x > 0 where E is the applied electric 
field, x is the distance measured from the surface of the metal, and W is the 
work function for the metal. From (7.25), the rate of electron evaporation 
is thus proportional to 


wae 
heE 


2 pt 
T — exp| — = [ V2m(W = eB) az| = exp | - vam | (7.28) 
0 


where x2 is the point where W = eEx. Cold emission of electrons from 
metals exhibits just such a sensitive dependence on the work function of the 
metal and the applied electric field. 


Problem 7.5 What are the half-lives of U?98, Np235, and Po213? 
Consult the General Electric Chart of the Nuclides for alpha particle energies, 
atomic mass numbers, and observed half-lives. Note that even if the absolute 
value of the result is only approximate, the ratio of one half-life to another 
fits the observed values rather well. 


Problem 7.6 What are the barrier penetrabilities of Li, Fe, and 
Pb for 10 Mev protons, of Fe for 2 Mev protons, and of Li, Fe, Pb, for 
10 Mev deuterons and alpha particles?) (Compare the estimates of the 
penetrability with the curves of P. Morrison (see Bibliography of this 
chapter).) 


Problem 7.7. If the work function in a metal is 3 ev and the applied 
electric fields are 103, 104, and 10° volts/m, what is the cold emission current 
for each case if 1028 conduction electrons arrive per cm2-sec at the surface? 


Problem 7.8 What is the penetrability of a particle through a barrier 
V = Vo — e|z|? 
Problem 7.9 What is the penetrability of an alpha particle with 


energy E through a nuclear square well and Coulomb barrier if the particle 
has an angular momentum of 10h (i.e., 1 = 10)? (See Problem 7.1.) 


Problem 7.10 Ordinarily the cold emission of metals is so affected 
by surface roughness that the simple WKB calculation is adequate. How- 
ever, the problem can be solved exactly. On the side of the barrier where 
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the potential changes rapidly, refractive-index-type factors result which 
may significantly improve the result. Obtain the exact expression for the 
transmission probability of an electron with wave number k = p/h incident 


from the left on a barrier changing abruptly at « = —d from a constant 
value, —Vo, for —d >a to V = — Ax for —d <a (HE = 0). 
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ELEMENTARY 
THREE-DIMENSIONAL WAVE FUNCTIONS 


IN SPHERICAL COORDINATES 


IN THE PREVIOUS CHAPTERS we restricted our attention to problems 
in one dimension, because of their mathematical simplicity. Relatively 
few problems can be treated realistically with this simplification, 
however, and to understand and be able to solve most of the basic 
and even elementary problems in atomic and nuclear physics it is 
necessary to put attention to the analysis of problems in three 
dimensions. In doing so we will immediately encounter differential equations 
different from any we have met previously, with solutions in terms 
of new functions which we must derive. The solutions for the fun- 
damental bound particle problems treated in this chapter (the rigid 
rotator, the spherically symmetric square well, the harmonic oscilla- 
tor, and Coulomb potentials) are simple polynomials, which we will 
derive in detail because of their recurring importance in the study of 
many other more complex problems. Indeed, these polynomial functions 
are the basic wave functions for the analysis of the more complicated 


problems. 
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8.1 GENERAL METHOD FOR SPHERICALLY 
SYMMETRIC POTENTIALS 


A great many problems in physics, having to do with the atom, the nucleus, 
or nuclear interactions, for example, may be calculated exactly by a spheri- 
cally symmetric potential, that is, by a potential function V(r) which 
depends only on r and does not involve any angle variables. For this impor- 
tant class of problems, the three-dimensional time-independent wave function 
may be separated into three product wave functions, 


v(r,8.~) = R(r)O(8)O(¢y) (8.1) 


The time-independent Schroedinger wave equation in three dimensions 
is in this case 
2m 
Vi + 1B — Vor) = 0 (8.2) 


where V2, the Laplacian operator in spherical coordinates, is given by 


Vb = s—(e=) ees (sino =) i en (8.3) 


v2 Or er r2 sin @ 06 00 rsin2@ ag? 


We proceed as in Chapter 1, treating the radiation in a rectangular 
box, and substitute Eqs. (8.3, 8.1) into Eq. (8.2) and multiply (8.2) by 
1/4, to find 
bri! @ éR 1 a 20 
ware (~—) =F sare 0 =) 

Or? sin @ 26 
¥ 1 1 aD 2m ae dole 

Se SS SS eS — ; = 0 5 
® rsin®?@ dg? he ")] (4) 


On multiplying all terms in Eq. (8.4) by r? sin?@ and placing the y-dependent 
term on the right, we find that while the left-hand side contains no @ depen- 
dence, the right-hand side contains no r or @ dependence, and hence 
1 &® 
® ag? 


= —m (8.5) 
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where m is an arbitrary constant. (For reasons which will appear later, 
m is the magnetic quantum number; it must not be confused with the 
mass of a particle, also written m.) 

The solution of Eq. (8.5) may be recognized to be 


® = Aeime + Be-ime (8.6) 


In order for ® to be single-valued (i.e., to have the same value at y + 2 
as at gm), m must be an integer. By substituting Eq. (8.5) into Eq. (8.4) 
and multiplying (8.4) by r? we obtain 


1 @ oR 2m are Vir) 
——(r°—) + —°E - Vir 
R @ (- er h2 ; 


1 é a0) m2 
— (sin o—) CEA PPE 
Osiné@ 26 26 sin26 
where K, like m, is an arbitrary constant independent of r and @. 
Note that ©(@) does not depend on the sign but only on the magnitude 
or absolute value of m. Letting x = cos @ and noting that 


é 2 
—=-V1l-2# — 
06 x 
we find 
C ac) m2 
: t = 2)—| + (x - Je = 0 (8.8) 
ox Ox 1 — x2 
Let 
6% = (1 eat x2)im!/2F' (x) (8.9) 
then 
ae) or 
—— = — |m|x(1 — 22)\mi2-DF (x) + (1 — a2) |m|/2 —__ 
ox Ox 


“Ja a 2) | = (m2x2 —|m|+|m|x2)(1 — a2)(\ml/2-DF (x) 
ax 


D By) 


é 
be — y2)lmi/2 (1 — 2) tm /24) 
2a(|m| + 1)(1 — 2?) ree ( ) ae 
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Making this substitution into Eq. (8.8) and dividing the result by 
(1 — x2)!mi/2 


we obtain a differential equation for F: 


d2F dF 
(1 — x2)— — 2({m| + 1)e— + [K — |m|(|m| + 1)]F = 0 (8.10) 
; dx? dx 


To find a satisfactory solution of Eq. (8.10) we try expanding F(x) in a series 
of ascending powers of 2, 


ice) 
F(a) => a (8.11) 
i=0 
and. substitute Eq. (8.11) into Eq. (8.10) to obtain 


2 2) 
(1 — 22) > ai — L)ayat2 — 2({m| + 1) > taat 
i=0 i=0 


fe) 
+ [K — |m|(\m| + 1)] > ai = 0 (8.12) 
i=0 
In order for Eq. (8.12) to hold for any arbitrary value of x it must 
hold separately for each power of x in the infinite summations. That is, 
for the coefficients of a particular power of x, say the jth power, we find 


(j + 2)(9 + L)aj4ox? — j(9 — Maja! 
— 2(|m| + 1)jajxi + [K — |m|(\m| + 1)]ajx7 = 0 
Thus 
(j + |m|)(j + |m| + 1) -K 


eS FP AG — Hee ae 


For the start of the series where K > (j + |m|)(j + |m| + 1) the coefficients 
of xi in Eq. (8.11) alternate in sign. We now apply a boundary condition 
that the solution must satisfy, namely, that the solution must be finite 
over all possible values the variables may assume. The higher terms in the 
series all have the same sign, and for ~ = +1 the series diverges unless it 
can be terminated. Therefore the resulting wave function can be finite 
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only for a finite series, and this can be obtained only if for some highest 
value of 7 


K = (j+ |m|)(j+ |m| +1) (8.14a) 


or by letting 7 + |m| = l, whence the condition on K yielding a finite series 
is 


R= it +1) (8.14b) 


where / is of course a positive integer since j and |m| are positive integers. 
Note that the series expansion really consists of two series, an even one 
starting off with ap and an odd series starting with a. Both series build 
up in steps of two to a; where / is an even integer for the ao series and odd 
for the a, series, aj+2 being expressible in terms of aj. These two series 
may not be terminated simultaneously by the same value of K, and therefore 
a solution consists of only one of the two series and contains only even powers 
of cos 6 or only odd powers but not both. The angular wave functions, Eqs. 
(8.6) and (8.9), are called spherical harmonic functions. 

Referring back to Eq. (8.7), we find for the radial wave equation 


1 @ oR 2m he Ul + 1) 
=r _ + E ~ V(r) — =P =0 (8.15) 


h2 m r 


Note that R(r) depends on / but not on m. 


8.2 ANGULAR MOMENTUM 


The angular momentum of an isolated physical system is conserved. 
That is, like the energy it is a constant of the motion of an isolated system. 
Hence the eigenvalues of the angular momentum operators are very impor- 
tant quantities which may be used to identify a state. This is especially true 
for those cases when there is more than one state having the same energy and 
the Hamiltonian or energy operator alone is not sufficient to completely 
specify a state in terms of its eigenvalue, the energy. Moreover, the angular 
momentum operators can be used to separate that part of the particle 
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As & BRO ep te understanding the erucial significance of angular 
mementam tw & theeretical interpretation of three-dimensional systems, 
we wal express the angular momentum operator and its axial components 
Se. Sq sad Ly im spherical coordinates. 

The wasl angular momentum sk defined as 


L=rxp (8.16) 
The was! sagular momentum eperador expressed in coordinate space is 


a 
L=xV (8.17) 


(8.18) 
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This expression may be transformed to spherical coordinates by noting that 


r=Ve+y+ 2, tand= V(x + y)/z, tan p= y/x 


and 
é or @ 06 @ op @ 
éz éér 0200 bx dp 
za xz 7] y 7] 
meen aeigy =n ne — (8.19) 
ror rea/g2 + y200 a + ¥? Op 
eo ogd YZ 7] x 7 
ee ee ree (8.20) 
Cy ror rf? + y2 00 =a + y* Op 
Hence Eq. (8.18) becomes 
L Pe (: + _) eh Ba 8.21 
ei e+ y? a ap i bp Co, 


The other components of the total angular momentum operator may be 
found in spherical coordinates in a similar way. Since 


@ 20 Vaer+y® o 
ee ee (8.22) 
os ror r2 06 
h[{ o é h -y é wm 60 
Lz = -(¥— a -—| = (Fs = -) 
| &z oy i\ far-+y200 2% + 2 dp 
h 7) é 
= -( — sing — — cotd cos p— | (8.23) 
1 a Op 
hi @ 0 h x A A 0 
Ly = -(2— - r—) = (=> Ses =—5,} 
i\ ox G2; i\ Yar + y2 006 w+ y lp 
h é é 
= -(cos p= — sing cot 0) (8.24) 
a ay Op 


From the operators representing L,, Ly, and Lz we may now readily 
find the operator for the total magnitude of the angular momentum, or 
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rather the operator representing the square of the total angular momentum: 


g2 
Ee 
og? 
92 g2 g2 
L,2 = — h2{ sin? @—— + cot?@ cos? ep —— + 2 sing cos¢ coté 
7 ( ary ge Ce tee EVD 


é a é 
— cot? @ cose sing— — esc? @ sing cosp— + coté cost =| 
op op 06 


ge g2 
L,2 = — h2{ cos?@— + sing cot? @—— — 2 sing cosqg cot 0 
: ( arr oo aie ee eae 


é a é 
+ cot? @ cose sing— + ese? é@ sing cosp— + sin?» cot =) 
&p op 00 


2 @ @2 
BP= 12 + Le + LZ = m( + cot@— + csc? —| (8.25) 
062 260 og? 
or, by rearranging the derivatives in this expression, 
kL - @ é Leao- 
P= — | : = (895) ae =a ee (8.25a) 
sin 00 a) sin? dg 


Equation (8.25a) comprises the angular derivative expressions in the 
Laplacian operator V2: 


a/.a é 1 @& 
rye = =(*5) + — = (sine) ene 

ar\ ar, sin@ 06 06 sin? @ dg? 

When spherical harmonic wave functions are used, the operator for 

the z component of the angular momentum, given in Kq. (8.21), has the 

eigenvalue +m since the m-dependent part of the wave function is given by 

one of the terms in Eq. (8.6). The square of the total angular momentum 

has the operator given by Eq. (8.25a), which from Eq. (8.7) and (8.14b) 

was found to have the eigenvalue 2l(! + 1). That is, when spherical har- 
monic wave functions are used, 


Ly = RUL+ Vb, Lab = + mh (8.26) 
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Thus aside from the energy eigenvalue EZ, the system also has angular mo- 
mentum and angular momentum axial projection eigenvalues, 1 and m. 
Further, the eigenvalue h2l(l + 1) corresponds to the square of the total angular 
momentum of the system. Classically, the rotational energy of a point mass 


at radius r is given in terms of the angular velocity, w, and moment of 
inertia, J, by 


P22 FU + 1) 
—> —<—___.. 


Iw? = 
2mr2 2mr2 


which is the rotational energy of a rigid rotator, to be discussed in the next 
section. 

The angular motion about the axis from which @ is measured, the 
rotational axis, is given by the dependence of the wave function on 9. 
If, for example, j were zero in Eq. (8.14a) |m| would be equal to / and the 
magnitude of the total angular momentum would be &V|ml(|m| + 1). 
In general, m is the projection of the total angular momentum vector on 
this polar axis (see Figure 8.1). The angular momentum about this axis, Py 
is given by 


Po = -— = hm} (8.26a) 


Note that the eigenvalue of the operator for the angular momentum pro- 
jection on the polar axis is m, not + |m|(|m| + 1) which, in general, is 


larger than m. (Note that we cannot have the total angular momentum 
vector absolutely parallel to the polar axis and satisfy the uncertainty 
principle since then pz, py, z, and y = 0. m is called the magnetic quantum 
number since the polar axis is frequently chosen parallel to the magnetic 
field in problems where an external magnetic field is applied, as in the Zeeman 
effect. 1 is called the azimuthal quantum number. Since m is integral, the 
projection of the angular momentum vector on the polar axis is quantized ; 
for a given 1, m may take on all 2/ + 1 different values from —/ to +1. 
All of these states will have the same energy, and hence are called degenerate, 
unless a magnetic field is present in which case the energies will differ. 


In a magnetic field the electrons or nuclei will line up their angular momenta 
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parallel or antiparallel to the magnetic field and their energy will be larger 
or smaller depending on their alignment in the magnetic field. 

When m = 0, ©(0) = F(x) and the series defined by Eq. (8.11) is 
comprised of Legendre polynomials, the number of terms in each poly- 
nomial depending on the highest possible value of ¢ in Eq. (8.11), which is J 
by the condition in Eq. (8.14) for the termination of the series. When m # 0, 


Figure 8.1 Illustration of the quantized projection of the angular 
momentum vector lh on the Z axis for an example for which | = 2. Note that 
the length of the vector is AVU(L+ 1) = V6h = 2.45h which is greater than 


the maximum value m may have in this case and remain integral. 


@(9) is called the associated Legendre function and the product ©(@)®(~) 
is frequently expressed as Y;™(8,q) and called a surface harmonic. A very 
lucid discussion and detailed table of these functions is given in Chapter 5 
of Pauling and Wilson (see Bibliography of this chapter). If these functions 
are normalized, that is 


bls 


2 


Y"(8,p)| sin @d@ dp = 1 
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then they are given by 


1 
Yy"(8,p) = —— etime@,'mi(9) 
V 20 


aime) = (—1ye,/ OE E+ how sil ( d 


1 —\m\ 
2(U — |m))! 24! sin'm(4) \d(cos = sin *1(8) 


Graphs of the first few associated Legendre polynomials are illustrated 
in Figures 8.2 and 8.3. A short table is presented in Section 8.4. Note from 
Table 8.1 and Figures 8.2 and 8.3 that the associated Legendre functions 


—L0 -0.5 ac 0.5 1.0 z 


Figure 8.2 Zero-order (m = 0) associated Legendre functions Q1m(z) 
up to the fourth degree (| = 4). x = cos 6. Note that the odd-degree functions 
are odd functions of x while the even-degree functions are even functions of x. 
(From Jahnke, Emde, and Losch, Tables of Higher Functions, Fig. 69. 
Stuttgart: B. G. Teubner Verlagsgesellshaft, 1960). 


are even or odd functions about @ = 7/2 depending on whether (m + 1) is 
even or odd. Since also e!m? is even or odd about p = a (e#m™O+7™ = (—1)™ 
e’™?) depending on whether m is even or odd, the surface harmonic Y;™(0, °), 
is even or odd over the range of the 9 and @ variables depending on whether 
(m + 1 + m) is even or odd. Therefore, since 2” is always even, the surface 
harmonics are even or odd functions (with respect to changing 0 to 7 — 0 
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(c) 
Figure 8.4 Polar graphs of the probability of finding a particle at 0 


if its wave function is O3m(0) (l = 3) form = 0,1, 2, and 3. (The projection 
of the total angular momentum vector on the z axis is 0,1, 2, and 3 respectively 


in the four cases.) 
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momentum, its components, and operators representing position and linear 
momentum. 


Problem 8.1 Prove that [Z,z, Ly] = ihLz, where [A, B] means the 
commutation operation of the two operators A and B; that is [A, B] = 
AB — BA. Prove also that [Ly, Dz] = ikLz, and [Lz, Lz] = thLy, that is, 
prove that in general L x L = tkL. 


The significance of the commutation properties of two operators 
is that the two physical quantities they represent may be simultaneously 
measured and their eigenvalues used to label the same wave function, if the 
operators commute. 


Problem 8.2 Find [Z;, x], (Zz, y] and [Lz, pz]. 


The components of L do not commute with one another, and thus 
we see that only one component of the angular momentum can be measured 
at a time (Ly, and Ly, for example, cannot be measured simultaneously). 
The operator for the square of the total angular momentum does commute, 
however, with any component of the angular momentum. Thus, L,, for 
example, and J? may be measured simultaneously for a given system: 


[L, Dz) —- D,°L, a LL? = is [L,?, Lz) +[L?, Dz) 


Using the theorem of Problem 8.1 the first three terms on the right may be 
shown to add up to zero 


thus [Le Lz] = — ih(Lgly + LyLz) 

[Ly?, L,) = th(Lely si LyLz) 
Also, Lz commutes with D;°, and thus L? is proved to commute with Lz. 
Similarly, Ly and Ly commute with Z®, or in general, L commutes with 
L?, Although no two components of L may be measured simultaneously, 
we know that when JZ; is a maximum (that is, when <L,> = m = 1), 


(Lyz> = <Ly> = 0; in this case, however, Zz and Ly are not completely 
determined since 


Chi? > = (Ly?> = 42 — D2) = All + 1) — m2] = Bh? (8.27) 
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Problem 8.3 What is the possible result of a measurement of L, 
and L? on the state represented by y = R(r) sin 6 cos w? 


8.4 THE RIGID ROTATOR 


We shall treat rigid rotation which means that the radial position of every 
point is fixed, but much of the discussion is also valid for many problems 
in spherical coordinates. In the case of rigid rotation all the energy is 
rotational and 


= ++ —_—— (8.28) 


The rigid rotator wave functions are simply the angle-dependent 
wave functions, i.e., the spherical harmonic wave functions discussed in the 
previous section : 


b= Yrm(6, p) = Oyn(8) P(g) 


A few of these functions are listed in Table 8.1. 


Table 8.1 The associated Legendre functions of the first kind, ©1m(6), 
up tol =m = 3. The functions for m = 0 are proportional to the ordinary 
Legendre functions. Note that the evenness or oddness of the functions about 
6 = x/2 depends on the evenness or oddness of (m + 1). 
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Whee: @ metating amlkeuine secteur alcorbs er emits photons, the 
pauses Sail Ino a Feeaey Sueeecumt at the overwhelmingly mest probable 
wae whee D Ganges lr gee umit (Giseusced Inter iin Section 1Q4) given by 


¥F 
=> je + WE + RP -— E+ LE} 
* wad 
~ = 


wee De Geetmum Gequemcies axe pregertiemal te the integer series |, 
23 4...- The prowarcteery BobrSommertld quantum rales (which 
we hase Sen 2 et Gem te Gine-order WKB appreciation to the wave 


eure’ weediess 3 equeney spectrum of 
ee = —Oa + IF — EP —HH+ YD ELS, 
ae = -—— | = — = ee &. Pa 
a *” 27 


Rumntens) msosiives ae iequentiy coupled with vibrational transitions 
~ Geo when = witrtene! transtien as well as a rotational transition 
qeews tadiasiom may be emitted and energy conserved if! either decreases 
am nema Thus the emitted or absorbed photons have a frequency 
SQeetsum: Deke ss bewad as fer pure rotational transitions in which / can 
wn Geemase. Hemee the spectrum is proportional te $1, +2, $3, +4... 
am Ge bess of the ware theery an $1, $3, 435... an the basis of the 
ReirSommerfi@ quantum conditions. Thus the wave theory predicts 
awn weced tequemcies with a double space in the center between +1 
anni — | witereas the pre-wave theory prediets evenly spaced lines everywhere, 
The qdserwed spectrum Hlustrated im Figure 85 consists of evenly spaced 
Tes wath & gap a0 the cemter which was once a big pusale, as the Bohr- 
Simmer quantum conditions did not predict the beaktiont wees ob. 
~weved gap 


Prediem &4 Represent the voltage ona sphere by a series of spherical 
Qammeniks up te the fourth term for voltages on the two hemispheres of 
2QW welts fe Q < F < w/P and O volts for #/2Q < @ < wm (The cooffcionta of 
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the spherical harmonics which are orthogonal functions are obtained as 
for the Fourier series coefficients in Chapter 2. 


Aj = f S(9)O/9(6) sin 6 dé 
0 


(a) (b) 
@ Ww 
Figure 8.5 (a) Illustration of rotational—vibrational spectrum predicted 
by the Bohr-Sommerfeld quantum conditions. (b) Illustration of rotational- 
vibrational spectrum observed and predicted by quantum mechanics. 


Problem 8.5 Find the energy levels of the HCl molecule at tempera- 
tures too low for vibration to be important, assuming that only rotation 
occurs. The moment of inertia in the appropriate coordinate system (center 
of mass) is given by I = [mymc/(my + mc))]ro2 where ro is 1.27 A. 

Problem 8.6 The voltage on the surface of a sphere is 100 volts on 
one octant and 0 elsewhere. Express the voltage approximately as a sum of 
spherical harmonics with 1 < 2. 


Problem 8.7 Express the function x? — 1 as a series of Legendre 
polynomials for —1 <a“ <1. 


8.5 THE SQUARE WELL 


For many potentials a change is frequently made in the dependent variable 
in Eq. (8.15) by letting 
R(r) = u(r) 
r 
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Thus we obtain 


3 + aa E — V(r) - =I (8.29) 
The reader will readily recognize Eq. (8.29) as the one-dimensional wave 
equation in r which was used to treat the deuteron in Section 6.2 with 1 = 0 
for the ground state and V(r) a square well. In general, if the potential 
is spherically symmetric and there is no rotation (that is, when J is zero), the 
substitution of « for R will change the radial equation into one resembling 
a simple one-dimensional problem in Cartesian coordinates. When J is 
not zero, the problem may be handled by treating the term in /(/ + 1) as 
an additional potential function. The effective potential is then given by 
h2 Ul + 1) 


V(r) = V(r) + Ea Sa (8.30) 


au = a2 Ul +1) 
he O 
2 


The term in / which represents the rotational energy is frequently referred to 
as the centrifugal potential or centrifugal barrier since it acts as the potential 
of a repulsive force, tending to prevent particles of high angular momentum 
(that is, large 1) from approaching very close to the center of force (r = 0). 
In classical physics, only particles with energy greater than 


h? il + 1) 
2m ry 


may approach to within r = r; if energy is to be conserved. In quantum 
mechanics the particle wave function falls off as r’ in regions where 
the centrifugal potential exceeds the particle energy, thus decreasing but not 
eliminating the probability of finding the particle at small r. The relevant 
energy diagram is shown in Figure 8.6. 

For a square well potential of depth —Vo and arbitrary /, Eq. (8.15) 
becomes for r < a 
@2R 2 OR & Wd + 1) 


or ——)r =X (8.31) 
x 


where p12 = 2m(H + Vo). Let p = (pi/A)r and R = F/V p: then 
er 1 oF 1+ 4)2 
- (: aa a" \r =0 
p2 


+ 
ore r or 
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which is Bessel’s differential equation of order J + 3. Thus for r < a the 
radial wave function is 


R= Arte (pir/h) + Br-V/?J_a,y(pir/h) (8.32) 
The solutions are spherical Bessel and Neumann functions, the latter being 
essentially Bessel functions of negative order (see Morse and Feshbach, and 
Schiff, cited in Bibliography of this chapter). A graph of a few of these 
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Figure 8.6 Energy graphs of a square well potential V(r) and the 


effective potential V'(r) which includes the centrifugal barrier in addition to 
the square well for two different cases, one in which bound states are possible 


(——) and the other for larger | where V' is everywhere positive and no bound 
states are possible (—-). 


functions is presented in Figure 8.7. (The Neumann function is not, in 


general, a Bessel function of negative order; this is true only for half- 
integral order.) 


For r > a and negative Z, p? is negative and spherical Bessel and Neu- 
mann functions of imaginary argument result, which rearranged are called 
spherical Hankel functions which depend exponentially on r. The permissible 
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values for the energy of the bound particle are found by requiring the wave 
function and its derivative to be continuous at the boundary: 


ip SS Ope 


ve Ji ,4(pir/h) 


(8.32a) 


Figure 8.7 The first two spherical Bessel and Newmann functions as 


diminishing amplitude, at x ~ 7. 


function of x. Note that the Neumann functions are infinite at the origin. 
The behavior of all the functions begins to approach sinusoidal, with slowly 


where p) = V2m(Vo + E) and E < 0, and 


CG 
r>a: R= — 


a/r 


lim 


(Jisa(par/h) — J_ayy(per/h)] 


(—1)mt1 2p . 
TO N 


— e-par/h 
in 1 


(8.32b) 
where pg = V2m(—E). The Neumann function which would appear in 
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Kq. (8.32a) has been eliminated by requiring a finite wave function at the 
origin. One of the two integration constants in the solution for r < a has 
been chosen so that we obtain a combination of J, +; and J_(;41) whose 
asymptotic form does not include an increasing exponential function of r 
as r increases without limit. Equations (8.32a,b) and their first derivatives 
must be equal at r = a; therefore R is continuous: 

dR d(log R) 1 dR 


—— is continuous; ———— = — — is continuous 
dr dr R adr 


Hence 


[(pi/h)Jr.3(pia/h) — (2a), 4(pra/h)]/J1,3(pia/h) 
= {(p2/h)[Jr,3(p2a/h) — J’_a,y(p2a/h)] — (2a) [J1,,(pea/h) — Ja.y(pea/h)}} 

x {iss(p2a/h) — J_a,y(pea/h)}+ (8.33) 
where the prime on the Bessel function denotes the derivative with respect 
to the entire argument of the Bessel function. Thus a discrete energy 
spectrum results, for only those values of p; and pg (and therefore only 
certain values of £) satisfying Eq. (8.33) are possible. For many problems 
the energy determination may be satisfactorily simplified by making the 
well infinite, in which case R must vanish identically at r = a. The energy 
spectrum is then determined by examining the nodes of the spherical Bessel 
functions, which are 

Its(pialh) = 0 


A convenient approximation for the higher eigenvalues is given by 


(p,r/h)>1 ah pir 7 
mf lh ——/ cos ( — -(I a ») 
143(P1r/h) ae i 9 


so that for pya/h > 1 
a 
ee = +1) + Qn t UI 


where n is an integer, and 
E ~ —Vo + (h?/32ma?)(2n + 1 + 2)? (8.34) 


Note that states of either even / or odd / are degenerate in this approximate 
expression in that different pairs of values of / and n yield the same energy. 
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Problem 8.8 An electron moves in an infinite spherical square well, 
that is, inside a hollow sphere with impenetrable walls of radius 1 A. Find 
the lowest energy level with 1 = 1. (Note that the approximate result is 
not valid for the lowest energy level.) 


8.6 THE HYDROGEN ATOM 


If the potential energy of a particle consists of the electrostatic attraction 
between a positive charge Ze and a negative charge —e, Eq. (8.15) becomes 
ldj/ dk 2m Ze he Ul + 1) 

ss") E +—-— =| = 0 (8.35) 
v2 dr\ dr a 2m 72 

We now attempt to solve this equation by making a series expansion in 
positive powers of 7, similar to the way we generated the associated Legendre 
functions. To simplify Eq: (8.35) let 


n = [m(Ze?)?/2h2(—E)]? = [(Ze)?/2(—E)ao}\? (8.36a) 


where the constant a9 = h2/me? is called the first Bohr radius, for historical 
reasons. Also, let 


p = V8m(—E)/h2 r (8.36b) 


and 


R = e-Pl2F(p) (8.36c) 
We then obtain from (8.35) 


er 2 oF w A Wd + 1) 
ie ( - ae <r = (8.37) 


6p? Pe p? 


Op 


where £ is negative for the bound electron which this problem assumes. 
Equation (8.36c) is suggested by the solution of the equation to which 
Kq. (8.35) reduces in the limit of infinitely large r where (8.35) may be written 
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Let 
F(p) = > agp (8.38) 
s=0 


where the sum is taken over only positive values of s if the wave function 
is to be well-behaved at the origin. Substitution of Eq. (8.38) into (8.37) 
enables us to obtain 


@ 
> {s(s — l)asp*-2 + 2sasp*-2 — sasps—1 
s=0 
+ (n — l)asps-1 — Il + 1)asps-2} = 0 (8.39) 


Since this equation must hold for every value of s it must hold for each 
power of s taken individually. Hence for the coefficients of a particular 
power p/-! we obtain 


HG + Maga + 2(9 + Magyar — jag + (m — Vaz — Ul + Vayu = 0 


(8.40) 

from which we obtain the recursion relation in the coefficients of the series, 
S ae erate 9) 

1 = ———_____———_ a (8.41) 


j(9 +1) + 29 +1) —Ul + 1) 


Since j and / are both integers, the denominator will be zero for that value 
of s for which (s + 1)(s + 2) = Ul +1), that is for s=/—1. Unless 
the coefficients of p* are identically zero for s < ] — 1, the coefficients of 
p* in Eq. (8.38) will be infinite for s > 1 — 1. Therefore the first nonvanish- 
ing term in a series representing an acceptable wave function must be 
ajp'. On the other hand the series must be terminated, since for large 
8, 8 greater than some large integer N, ds+1 ~ 45/8 ~ Niay/s!, and the 
summation becomes approximately 


: ee) 
N p* 
F'(p) = > asp? + Nilay > a= 
oe = 8! 

s= 


N 
N ps 
= 4 asp’ + NlaneP — op (8.42) 
st 
sl 
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At large p the first and third terms © asp*, & p*/s! when multiplied 
by e-?/2 lead to an acceptable wave function, but the second term blows 
up too rapidly. Hence only a finite series leads to an acceptable wave 
function for a bound electron. The series can be terminated only by re- 
quiring that 

n=k+1 (8.43) 


where k is the highest term in the series and n is defined by Eq. (8.36a). 
Thus 
m(Ze?)2 1 
= a (8.44) 
Qn =n? 
where n must be an integer from the condition expressed by Kq. (8.43). 
It is more convenient to redefine F'(p) as 


n—(I+) 


F(p) =p! > asp* = p'L(p) (8.45) 
s=0 


The finite summation over s, L(p), is called an associated Laguerre poly- 
nomial. n is called the total quantum number and n — (J + 1) the radial 


Table 8.2 The associated Laguerre functions Lp_q41)(p) up ton — 
(AL et ee 


Ly = 1 eal D322 = 1 
LIa9 = 2 — p I31 = 4 — p Ing = 6 — p 
L30 = 6 — 6p + p2 La, = 20 — 10p + p?2 Lsg = 42 — 14p + p? 


quantum number; (2/ + 1) is the order of the associated Laguerre poly- 
nomial, and n — (J + 1), its highest power, is called its degree. A short table 
of Laguerre polynomials is presented in Table 8.2. The radial distribution 
of an electron in the hydrogen atom is presented in Figure (8.8) for the 
ground state and first few excited states. Note that the number of nodes 
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occurring in the radial wave function is given by n —1.— 1. (A node is 
defined as a point where the wave function is zero.) The normalization of 
the radial wave functions may be found from the requirement that 


0 


Equation (8.44) is the well-known empirical Balmer formula giving 
the spectral lines of hydrogen. Note that for a simple Coulomb potential 


2 
Rya(r)| dr =1 


4rr” [Rr] 


Figure 8.8 Graph of the probability of finding an electron at radius 
r in a hydrogen atom for various radial wave functions Ry;. The dashed lines 
give the spread in radial position for the ground state as predicted by the old 
Bohr theory. The vertical lines are for the average value of r ((r > = Jrp*pdr). 
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the energy depends only on the total quantum number . For a given 
energy there are 2] + 1 wave functions having the same n and J, and a 
total number of n2 wave functions having the same n and giving the same 
value for the electron energy, 


, n—-1 


(2+1)=(n-—l1ln+n=n? 
since 
l 
Pon Bet Oe aati acnal) 


The degeneracy in / is a special feature of the Coulomb field alone. This 
degeneracy is broken up by any small additional effects, for example a 
small magnetic interaction between the electron spin and its orbital motion. 
An externally applied magnetic field or the nuclear magnetic moment causes 
a further slight difference in energy between states of the same n and 1 
but different m. 


Problem 8.9 Draw the wave function of the hydrogen atom for 
n= 4,1 = 2,m =0. Draw |p|?r? as a function of r. 


Problem 8.10 What is the expectation of r and r? in the ground state 
of the hydrogen atom? In the first excited state for which / = 0? 


8.7 THE HARMONIC OSCILLATOR 


As well as the infinite square well, the harmonic oscillator is of great interest 
because of the fairly recent revival of interest in the individual particle or 
shell model of the atomic nucleus. In this model the individual neutrons 
and protons move freely in a modified square well or, more commonly, a 
modified harmonic oscillator potential, and the harmonic oscillator energy 
levels and wave functions are frequently taken as a first approximation 
to nucleon energy levels and wave functions. Despite the similarity of the 
solution of this problem to that of the hydrogen atom we undertake the 
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solution because of its great interest. The harmonic oscillator potential 
may be written 
V = tkr (8.46) 


where & is a spring constant = mw? for frequency of oscillation w. 
Thus the radial wave equation for a central harmonic oscillator 
potential is 


12/, oR 2m h(t + 1) 
s>("—) + =| — thr? — oF =0 (8.47) 
r2 Or ér i? 2m i 


At large r only the oscillator potential contributes effectively to the energy, 
so that the wave equation becomes 


1a/_aR mk 
=—("~}) Senitigdty ey (8.48) 
r2 Or or h2 


whose solution is 

R = Ae-(Vmk/2n)r: 
This form of the solution of the wave equation for large r suggests that we 
make the substitution 


R = e-#*/2F (p) (8.49) 
where 


p = (Vmk/h)}r 
Equation (8.48) then becomes, after multiplication by (// V/ mk)er*! 2, 


er [2 aF [2 fm Ul + 1) 
ase F ¥ 2 | — a F Pe ke “|r =0 (8,50) 
Op? p op AN k p” 


ie a) 
F = p> apt (8.51a) 
i=0 


Let 


where t is a parameter to be determined later (¢ must be positive in order 
for the solution to be finite at the origin). If Eq. (8.5la) is substituted 
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into Eq. (8.50) we obtain 
2) 
iy \e + i)(t +4 — Ljagptti-2 


=0 
(2 : 2 [m Wi + 1) \ 

— — 2p) (t + i)ajptti ry pees 8 See let = 
ed a eee Caf eer 


or if we group coefficients of the same power of p: 


s 


{e(é — 1) + 2t — Ul + 1)}aop'-2 + {(t + LE + 2 +1) —10 + Yap 


+> (e+ pe +i -—1) + t+ 4) -—Ul + Va 
i=2 


+ [— 2(f + i — 2) + 2/m/KE/h — 3)a;_s}pt**2 = 0 


If Eq. (8.52) is to be true for all r (= p(V mk/h)-/2), it must hold 
independently for all coefficients of the same atte of r. Ifthe coefficients 
of the lowest two powers of p are to be zero, then either 

t(t¢+1)—-ll+1)=0 and qa=0 
or 
(¢+ 1\(¢+ 2) —Ul+1)=0 and a=0 
In other words, either t = / for a series which starts with @g or ¢ =] — 1 
for a series which starts with a,. In order for the higher terms in Eq. (8.52) 
to be valid, 
2(0 + t) — 2Vm/k E/h + 3 
Qi.2 = SS ee eee ag (8.53) 
(¢+%+ 2)¢+7+4 3) —Ul4+1) 

The series diverges for infinite 7, behaving like e?* at large r, so that 
R will not be a satisfactory wave function unless the series is terminated, 
as in previous problems in this chapter. Therefore, as in any bound state 
problem, only certain discrete values of the energy are permitted: 


E = hvk/m(j+t + 3) = ho(j + t + §) (8.54a) 


where w? has been substituted for k/m and j is the highest term in the 
series. From Eq. (8.53) and the condition that either a@p or a; must be 


8.7 THE HARMONIC OSCILLATOR 153 


zero, we conclude that there can only be either an even series in 7 starting 
with ao or an odd i series starting with a,. The solution cannot include 
both odd and even powers of p times pt. If a, = 0 and we let s = 1/2 and 
n = j/2, Eq. (8.51a) and (8.54a) become 


n 

Fy, = p! ” Azsp*6 (8.51b) 
s=0 

E = he(2n +1 +4 8) (8.54b) 


where the subscripts on F are now necessary to distinguish between the 
various solutions or eigenfunctions having different eigenvalues n and 1. 
If ap = 0 and we let s = (i — 1)/2 and n = (j — 1)/2, then 


n 


j 
Pr = ph > aipt = pl BS A2s.1p"8 
i=l s=0 


E = ho(2n +1+1—1 + 3) = hw(2n + 1 4 3) 


Note that the oddness or evenness of the series is entirely dependent onl. It may 
be seen at once that either series (odd or even 7) yields the same two formulas, 
Eqs. (8.51b, 8.54b). 
Utilizing the fact that we need work with only one of the two series 
(the other being identical) and choosing even 7 for which t = 1, we may 
rewrite Eq. (8.53) as 
2(2n — 7) 


4142 = ae ee eee (8.53a 
9G + 2)e421 3) ! 


The polynomial F,,; is called the spherical Hermite polynomial. Table 8.3 
lists the first few spherical Hermite polynomials up to n = 1 = 3. n here 
is the radial quantum number. (n is usually used for the radial quantum 
number; however, for the hydrogen atom where a special degeneracy between 
the radial and orbital quantum numbers occurs, it is more convenient to 
work with the total quantum number instead, which is also usually labeled 
n.) In the case of hydrogen the total quantum number giving the energy 
eigenvalue is given by the sum of the radial quantum number plus the 


orbital quantum number. 
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Table 8.3 The spherical Hermite polynomials Fy; (unnormalized) up 
ion= 1 = 3. 


Foo = 1 Foi = p Fos = p? Fos = p? 

Fy =1-—%p2 Fu =p(l—p?) Fis = p®(1—#p%) Fis = p%(1 — &p?) 
Feo = 1 — sp? + isp4 Fu = p(l — 3p? + s'sp4) 

Faz = p21 — 7p? + esp*) Fos = p31 — tp? + vsp4) 

F39 = 1 — 2p? + #p4 — resp Fs: = p (1 — $92 + Hp4 — sis ps) 
Fs2 = p(1 — tp? + stp — sézp®) Fss = p\1 — $p? + 3%p4 — ri'srp8) 


Note that degeneracy also occurs in Hq. (8.54b); that is, for a given 
energy, different even / states or odd / states are possible for differing n. 
Thus the first few energy levels of the spherical harmonic oscillator may have 
the following number of independent eigenfunctions: (n = 0, 1 = 0), only 
one independent wave function; (n=1, J=1), 21+1=3 different 
values of m are possible and therefore three independent wave functions; 
in the third level (n = 1, J = 0) and (x = 0, 7 = 2), a state of 1 + 5 = 6 
or sixfold degeneracy; and for 2n + / = 3atenfold degeneracy. If 2n + 1=k, 
then the total degeneracy is given by 

(2k+1)/4 
> (2k +1- 4n) 


m=0 


Thus, the total degeneracy is given by 


k , gy 
+ 0(5 +1) ~ (+5) [2 
2 2 


Including the fact that two particles of spin +4 and —} may occupy states 
having the same spatial wave function, we would expect nuclei with 2, 
2+6=8, 8+ 12 = 20, and 20 + 20 = 40 protons or neutrons to be 
especially stable if the harmonic oscillator potential is a reasonably good 
approximation to the nuclear potential. Nuclei having 2, 8, 20, 28, 50, 82, 
and 126 nucleons of the same kind are indeed found to have especially high 
binding energy. The discrepancy for numbers greater than twenty, present 
for any reasonable assumed potential (harmonic oscillator, square well, or 
whatever), was a big stumbling block to the early development of the theory. 
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and was finally resolved by introducing an interaction between the spin and 
orbital angular momentum of a nucleon, which will be discussed in more 
detail in Chapter 9. 

The harmonic oscillator in one dimension is also of great interest 
because of its application to electromagnetic radiation in a rectangular box 
and other problems. Pauling and Wilson have presented a very lucid deriva- 
tion of the one-dimensional harmonic oscillator which closely parallels the 
treatment here for a radial harmonic oscillator.* The wave equation for a 
one-dimensional harmonic oscillator is given by Eq. (8.47) with J = 0, 
r = x, and R(r) = x1Y(x). The solution is identical with Eq. (8.49) where 
F(x) is taken to be an ordinary Hermite polynomial instead of a spherical 
Hermite polynomial. The energy eigenvalues are 


E = hw(n + 34) (8.55) 
The wave functions are 


mw\V2 1 4721/2 woe 
Yn(x) = (=) | e- mux 2B, (/mw/h x) 


ah 2ny! 
where 
ey n ee 
Fr(Vma/h x)= > ailVme/fi x)! 
t=0,1 
Efia — 2 = 1 


ai+2 = ee 1g 
. (i+ Ii + 2) 


The summation starts with 0 if n is even, 1 if n is odd. 


Problem 8.11 Find the average values or expectations for x and x? 
in a one-dimensional oscillator and r in a spherically symmetric oscillator. 


Problem 8.12 What is the probability of finding a particle of energy 
E within a distance less than a from the origin in a spherically symmetric 
harmonic oscillator potential if the particle’s orbital momentum is zero? 


Problem 8.13 Express f(x) = e-2z" as a sum of harmonic oscillator 
wave functions in one dimension using the first five terms. (See the hint 
given in parentheses in Problem 8.4.) 


* Pauling, L., and E. B. Wilson, Chap. 3, Section 11 (cited in Bibliography of this 
chapter). 
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Problem 8.14 A linear oscillator of mass m and angular frequency 
w has its state represented by 


ob = e—mox? /h? 


What are the relative probabilities that its energy will be measured as 
hw/2, 3hw/2, and 5hw/2? (See Problem 8.4.) 


Problem 8.15 A linear oscillator of mass m and angular frequency w 
has its state represented by 


ob = e-mux? /N? 


What is the probability that its momentum is larger than Vimw? 
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PERTURBATION THEORY 


IN THE PREVIOUS CHAPTER we solved the Schroedinger equation exactly for 
several simple potential energy functions. In general, for any arbitrary 
potential, it is not possible to do this, of course, and we wish to take up in 
this chapter approximation methods of particular utility for problems in 
which the potential energy function does not differ much (i.e., is only slightly 
perturbed) from that in a simple, previously solved problem. There are many 
cases that may be handled by perturbation theory, such as (i) the electrons 
in a helium atom whose wave functions would exactly correspond to the 
wave function of the electron in a helium ion but for the slight disturbance 
or perturbation caused by the added repulsive interaction of the twoelectrons; 
(ii) an anharmonic oscillator for which the potential energy might contain 
a small dependence on powers of r higher than the second; (ili) the super- 
position of an externally applied electric or magnetic field on the usual 
Coulomb interaction between a proton and electron in the hydrogen atom; 
or (iv) two nucleons having a slight mutual interaction in a field of force 
caused by the combined effect of all the other nucleons in the nucleus. 
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In developing the perturbation theory we will have occasion to express 
various wave functions in the following manner: 


=> Cron, 
n 


where the C’s are constants and where the g’s form a complete set of orthog- 
onal functions like the trigonometric functions discussed earlier in con- 
nection with Fourier series. The orthogonality property, it will be recalled, 
is 

| Pn om-dr = 0, ifn £m, 


where the integration is extended over all space, and the completeness 
property means that any arbitrary % can be put into this form (If one of 
the n’s, say gi, were missing, the others would not form a complete set, 
since g, itself could not be expressed in terms of them; for if it were, we 
would have 
00 
Pl = Cn fn> 


n=2 
and consequently 


i lpil? dr = > Cn | 71*gn dr = 0, 
n=2 


because of the orthogonal property. But this is impossible, since g; would 
then be identically zero.) Let us agree to multiply each o by a suitable 
constant so as to make it satisfy the condition 


i lpn? dr = 1 


which is called the normalization condition. Then, for any %, we may cal- 
culate the coefficients C, as follows: multiply the equation for % given above 
by om* and integrate over all space. 


| emp ar = >i Cn | om® gn dr = On, 
n 


where use has been made of the orthogonality and normalization conditions. 
Thus, given the function %, we can easily calculate Cn, by evaluating the 
integral. 
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Let A be any Hermitian operator, with eigenvalues ay and eigenfunc- 
tions gn: 


Agn = GnGn 


It can then be shown, using the Hermitian property, that any two eigen- 
functions, yy and pm, are orthogonal, provided that the eigenvalues ay and 
Gm are distinct. If, however, pn and gm are two distinct eigenfunctions 
belonging to a single eigenvalue (the eigenvalue is degenerate in this case), 
then they need not be orthogonal, but they can be made so by a procedure to 
be explained presently. Thus, for any Hermitian operator, one obtains a 
set of orthogonal eigenfunctions, and in every case of interest it turns out 
to be a complete set. This applies in particular to the Hamiltonian operator, 
in which case the operator equation above is the time-independent Schroe- 
dinger equation. Thus the various sets of spherical wave functions derived 
in Chapter 8 all provide examples of complete orthogonal sets. A complete 
orthogonal set which has been normalized is called a complete orthonormal 
set. 

Expression of the solution to a given wave equation in terms of a 
sum of wave functions which are solutions to a different wave equation is 
similar to the superposition of plane waves in simple Fourier analysis. Any 
function may be represented by a sum of sinusoidal functions having specified 
amplitudes. A single complicated electromagnetic disturbance can be 
represented as a sum or superposition of many simple plane waves of differing 
frequency whose amplitudes are found by the procedures given in Chapter 
2. Any attempt to measure the intensity of a single wave present in the 
summation representing the single complicated disturbance would yield 
a positive result with a relative intensity identical with the square of the 
absolute value of the computed amplitude. Similarly we may represent a 
given quantum mechanical state by a superposition of states of the complete 
orthonormal set of solutions to a wave equation. It is most convenient to 
choose solutions to a wave equation closely corresponding to the actual 
wave equation we wish to solve or discuss. It would involve an unnecessary 
amount of labor to attempt, for example, to represent solutions to the wave 
equation for the electron in the hydrogen atom as a superposition of solutions 
to the wave equation for a particle in a rectangular box. 
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Eigenfunctions of the wave equation having different energy eigen- 
values are necessarily orthogonal, as we will now show. Let $; and #; be 


solutions of 


2m 
V2; + a = Vi) bi = 0 
sh (9.1) 
V2uby* + 7, (EZ; — V)pb;* = 0 


Multiplying the terms in the first equation by #;* and the terms in the second 
by ¥; on the right, and subtracting the second equation from the first, we 
obtain 


2 
wby* V2 — (V2y* be + Bi — Eye = 0 (9.2) 


Integrating over the particle coordinates after representing the system in 
Cartesian coordinates, we obtain 


[Ei wG+o+S) 
é fee Pi hs - Se dy dz 


Ox? dy? Oz 
2m 

+ =o (EZ; — Ej) ie (is bj*dy dxdydz = 0 (9.3) 
h —0 J—0 J—« 


Since 


[prt tt ae Bante a 


= e a Oypj* 4] anh 


vi —0o Ox 


(9.4) 


because of the boundary conditions on %, Eq. (9.3) reduces to 


2m 


[oe @) foo} co 
(Bi — By) [ [ erianayieeto (9.5) 
—0 J—co J—c0 
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Therefore the wave functions are orthogonal, for either i = j and 


Ff vrmae = 


or i #j in which case E; ¥ E; and 


[formar =o 


The important case for which more than one state exists having the same 
energy eigenvalue will be treated later in Section 9.4. 


9.1 FIRST-ORDER PERTURBATION THEORY 


The Schroedinger wave equation 
2m 
Ahi fee yrcin0 (9.6) 


may contain a potential energy term V which is only slightly different from 
the potential energy V°® of a problem already solved. Since we should 
expect the solutions of Eq. (9.6) in a perturbation problem to differ very 
little from the solution found with V°, we will use the wave functions for V® 
in attempting to expand the solutions to Eq. (9.6) in terms of known func- 
tions. For a given wave function y;, let 


V=V°+)’ 
E, = EY + EH; 
i i i (9.7) 
wi = Wi + YW’ 
2 
H® = ——_Vy2 + ye 
2m 


where ¥;° and H;° are the solutions (eigenfunctions) and permitted energy 
values (eigenvalues) of the unperturbed Schroedinger equation 


2m 
BAN a Mes YOO = 
V2yi® + re 4° — Vs (9.8) 
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which may be written more compactly as 
H%p,0 = B,p,° 


The subscript i, distinguishing the i independent energy eigenvalues for the 
system, takes on different values with any change in the separate eigenvalues 
(e.g., 2, 1, m) of the wave function. (We are assuming here that there is only 
one eigenfunction corresponding to each energy eigenvalue and hence we 
need only one subscript; we will remove this restriction in a later section 
on degenerate levels.) The subscript i is necessary, as we have seen in 
Chapter 8, since each allowed value of H, H;, results in a different y (for 
example, in a Hermite polynomial of different order, in the case of the 
harmonic oscillator). Substituting Eqs. (9.7) into Eq. (9.6) and grouping 
the result in ascending order of approximation, we obtain 


[H° — Elo + [(H° — Bi)! + (V! — Bi’) 


+ second-order terms such as (V;’ — E,’)p4’] = 0 


(9.9) 


The first bracket of terms is zero by Eq. (9.8), leaving us with only 
the second bracket of terms for a first-order approximation: 


(H°— E94’ + (V’ — Ei’) = 0 (9.10) 


We now expand ¥;’ in terms of the complete orthonormal set of solutions 
to Eq. (9.8), 479. That is, we let 


bi’ = > aaj? (9.11) 
j=0 
which, with (9.10), gives 
foe) 
> (H° — B,9)ai;h;9 + (V’ — Ey’)i® = 0 (9.12a) 


S. 
ll 
Co 


Note that from the second of Eqs. (9.8), Eq. (9.12a) may be rewritten 


2 (E;° — E,)aas;° + (V’ — By’) = 0 (9.12b) 
=0 
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Multiplying Eq. (9.12b) by yx on the left and integrating over all space, 
we have 


2 


2a — E/)a4; | WiO*hj0 dr + ‘ Vb dr (9.13) 


_—E;! | bey, dr = 0 


Since the ¥;°’s are orthonormal, all but one term in the summation is zero, 
and Eq. (9.13) becomes 


(Ex — E,°)aye + | b* V0 dr — Ey’ | WO*p9 dr = 0 (9.14) 


Ifk = i, E;° — E,° = 0 and the shift in energy, E;’, due to the perturbation 
is 


Ef = | biO* Vb? dr (9.15) 
If k $ i, the third term is zero and the a% are given by 


[ aoe 2 adr 
i 9.16 
tk EY —H,° ( ) 
ay is not given by Eq. (9.16) but we already know its value; aj = 1 approxi- 
mately since yi ~ y;°. 
ai, =1-) ai, =1 
jat 
up to and including terms of first order in the perturbation. 

Note that the first-order shift in energy from the unperturbed energy 
level, given in Eq. (9.15), is just the perturbed potential energy averaged 
over the unperturbed wave functions. We prefer to use a notation for the 
integrals in Eqs. (9.15, 9.16) in keeping with that of most authors, to wit, 


Vil = i W*V'f0 dr (9.17) 
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obtaining the following expressions for the energy and wave functions of 
the perturbed system to first order: 


Ey = Eo + Vii’ (9.18) 
ce Vii’ 
eet Beatie Deen 5) 9.19 
fi = WO + Digs — Bo (9.19) 
k=0 
kei 


Note that the effect of the perturbing potential is to give the particle a 
small but finite probability of occupying states of the unperturbed system 
other than the single unperturbed state it would be in if no perturbing 
potential existed. 


Problem 9.1 Calculate the first-order energy correction and wave 
functions for the ground state of a particle in a one-dimensional square 
well with V = —Vo—A, —a <2 <0; V = —Vo +A,0 < & < a; V=0, 
x< —aandx>a.(A < < Vo~o.) 

Problem 9.2 Calculate the first-order energy correction and wave 


functions for the two lowest states of a particle in a perturbed one-dimen- 
sional square well with V = —Vp + cx, -a <a <a. (ca< <Vo~ .) 


Problem 9.3 Calculate the first-order energy correction and wave 
functions for the two lowest states of a perturbed one-dimensional harmonic 
oscillator with V = kx? + cx. (cx, < < k where 2 is the classically permitted 
range of x for an oscillator with energy Z.) 


9.2 THE HELIUM ATOM 


The total potential energy for the helium atom is 


ry rg T12 
where Z is 2 for the charge on the helium nucleus, 7; and rg are the electron- 
nucleus separation distances for each electron, and rj is the separation of 
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the two electrons from each other. If derivatives with respect to a particular 
electron’s position are denoted by a subscript 1 or 2, we can write the 
Schroedinger equation as 


2m 
ViPbi + Vorb + oO — V9 — V29 — V’)yy = 0 (9.21) 


where V;° and V2° are the hydrogen-like potential functions of the two 
electrons in the nuclear Coulomb field and their interaction energy is treated 
as a perturbation. Letting a superscript zero represent the zero-order wave 
function, the total wave function 4;° may be written as a product, y1;° a°, 
of the wave functions of the two electrons taken separately, where yj; 
for example is a solution of 


2m 
Vi2d1i® + eee — V19)Wi9 = (9.22) 
or 
Ay 9 = £y4,%y;° 


and £,0 = E;,0 + H2,0. The 4;° are the wave functions given in Chapter 8 
in terms of product functions of Laguerre functions with associated 
spherical harmonics. The first approximation to the energy of the helium 
atom is given by substituting these wave functions into Eq. (9.18), whence 


gee 


2e4 2 

za (-- Hp —| + [otra iht — Bn bangt dr (9.23) 
2h2 Ny ne 12 

where n, and nz are the total quantum numbers of the unperturbed hydrogen- 
like wave functions. For the particular case of the ground state of the helium 
atom, nj = ne = 1 and/ = m = O. From Chapter 8, each of the one-electron 
wave functions is an exponential times the zero-order Laguerre polynomial 
(a constant), so that the normalized wave functions are 


0 0 ZB ZB 
#11,0%21,0 =,/ —— e-p1/2 e-p2/2 
Trg? 


TA 0° 


where ao = h?/me?, py = 2Zr/ao, and the energy, Hi, is given by one half 
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the first term in Eq. (9.23). Since in spherical coordinates, the volume 
element is 


dr = r;2 sin; dr; dé, dg re sin 09 dre dbs doz 


the integral in Eq. (9.23) becomes 


Ze2 poo fa in PO ez 27 / e-Pie-P2 
pee aoa ps sieuialeatser: 
2(47)?a0 Jo Jo J0 J0 Jo Jo pie 
pi? sin A; dpi de; dg ps sin Os dps d02 doe (9.24) 


where pig = 2Zrj2/a9. Note that the integration is taken over a six-dimen- 
sional space, since the over-all wave function is concerned with the positions 
of two particles. 

The integrand in Eq. (9.24) is essentially the electrostatic interaction 
energy between two shells of charge density e-?: and e-?:. Its evaluation 
may be found in Appendix V of Pauling and Wilson (see Bibliography), 
but we will use the result so often that it is worthwhile to repeat the evaluation 
here. 

To begin with let us consider just the integral over p:. Let us consider 
further the potential at a point p due to a shell of thickness dp at pj; it is 
given by 


e7P1 dpi 
p<pi: 4p: = 4mpie?: dp, 
pl 
e-Pi dpi 4a 
p> pi: 4p? = —p1” e-*: dp; 
p 


The total potential at p due to the infinite sphere of charge density e-?: 
is given by 


P 


$(p) = tn 


4nr (° 
pie dp; + — i e-Pip)® dpy 
ft) P vp 


4a 
= —[2 —e(p + 2)] 
p 
This is the potential at a point p due to the entire distribution of charge 


density e~°:, We can now evaluate the potential energy of interaction between 
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the distributions of charge density e-?: and e-?s, The potential energy per 
unit volume of a charge density e-?: at a point pg is given by 


4a 
—[2 — (pa + 2)enprJervs 
p2 
Hence, the second shell of charge 47p22 e-**dps has a potential energy of 


[(477)®p2? e-P2 dpg/p2 [2 — e-Ps(pe + 2)] 


The total electrostatic potential of the sphere of charge density e-?* due to 
the sphere with charge density e-?: is the integral over pz of this expression: 


(4n)2 | _PRerend — e-P(on + 2)] dpa = Hn 


Therefore Eq. (9.24) yields a result of 


and from Kq. (9.23) with n, = neg = 1, 


me* 
By = — (228 — 82) (9.25) 


where me4/2h2 is the ground state energy of the hydrogen atom and 2Z2 
times this is the unperturbed ground state energy of the two helium electrons. 

The correction to the zero-order ground state energy of the helium 
atom is, as we should suspect, large, being 4Z/2Z2 = 5/8Z ~ 30% of the zero- 
order energy, and is subtractive since the effect of the electron-electron 
interaction is to detract from or put up 4 shield reducing the electron— 
nucleus interaction. The approximation is found surprisingly good, however, 
in view of the size of the electron—electron interaction relative to the electron— 
nucleus interaction: the observed ground state energy of the helium atom 
is 78.6 volts, the zero-order calculated energy is 108.2 volts, and the first- 
order calculated energy is 74.4 volts. Thus, the zero-order calculation is 
found to be 38% too high while the first-order calculation is within 4.2 
volts of the observed value, only 5% too low. In a later section, using the 
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same wave functions we will take up a slightly different method which 
will reduce the error to only 2% of the observed value. The method yields 
better and better results for two-electron ions of heavier atoms as the 
electron—electron interaction becomes less important compared with the 
electron-nucleus interaction. Although the error is roughly the same (about 
—4 volts ) for Lit, Be++, and B+, the ion binding energy increases rapidly 
with Z (it is proportional to Z®) so that the first-order calculation of C4 
is only 0.4% too low. 

Equation (9.23) is misleading in that it implies that for m; or mg > 1 
each energy eigenvalue is associated with a unique eigenfunction specified 
by a pair of quantum numbers n, the total quantum number, and /, the 
orbital quantum number. Actually there are n® unique hydrogen-like wave 
functions associated with each energy level specified by total quantum 
number nx. (There are x — 1 states of different /, and for each J, 2/ + 1 
states of different m, all having the same energy.) Hence these »? states are 
mutually degenerate for hydrogen-like atoms. The energy level is a function 
of the sum of the radial and orbital quantum numbers and the simple theory 
breaks down when the energies of two different states with different quantum 
numbers are equal. Labeling states of different quantum numbers by dif- 
ferent letters i and k in Eq. (9.19), we find that the energy denominator 
is zero for a degenerate level, giving infinite contributions of other states 
which have been assumed small in order for the approximation to be valid. 


Problem 9.4 Calculate the first-order energy correction to the per- 
turbed three-dimensional harmonic oscillator with potential energy 


V = kr? + cr + drt 


Problem 9.5 Calculate the first-order energy correction and wave 
function for the ground state of the valence electron in the sodium atom if 
the unperturbed wave function is taken to be a hydrogen wave function 
with rn = 3 andl = m = 0, and the atomic ‘‘core’’ of ten electrons is treated 
as a perfect screen resulting from the distribution of the electrons 
on a spherical shell of radius 0.2A. V = — 10e/r for r < 0.2 A, and beyond 
r = 0.2 A the effective nuclear charge is +e. (Note that what you will 
obtain is an incomplete solution to this problem. See Problem 9.7.) 
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9.3 SECOND-ORDER PERTURBATION THEORY 


When the first-order terms in Eq. (9.4) are zero or in general if a better 
approximation is needed, the second-order terms must be kept. We genera- 
lize the result further by assuming an additional correction to the potential, 
V’’, so that our result may be applied also to nondegenerate cases in which 
a further, smaller physical effect may be estimated in addition to a larger 
perturbing potential. For this case we let 
V=V°+y'+y" 
E; = £8 + Ei +E,” (9.26) 
bi = Wi + bi! + i” 


and substitute into Eq. (9.1) to obtain for the second-order bracket in Eq. 
(9.9) 


(H° — Ey®)fi"” + (V! — Bia’ )pi’ + (V" — Be hi = (9.27) 
Upon letting 


ur iz 
= DAs $,° 
and 


Yi = 2D imme 
™ 


multiplying Eq. (9.29) by ¥°* on the left, and integrating over all space, 
we obtain 


(By? — BP)ar, + Sain Vin Bebe) + (Vie Ey) = 0 (0.28) 
™ 
since 


f pee? dr = E | Pep dr = Eidix 


where it will be recalled that 54, = 0 unless 1 = k in which case 6, = 1. 
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Ifi = k, since V,, = HE; there results 


” 
E; 


I| 
oN 

+ 

1M 

ate 
3 
a 
3 


Lane 
y+ > (9.29) 


When i + &, Eq. (9.28) yields the result that 


oo 


Ve V. Vv’ 
Pg ae > ce ee 1 EE) See (9.30) 
Eo —HE,®  “~ (Ei® — Ex®)(Hx? — Em?) 


Note that the second-order perturbation to the unperturbed energy consists 
of the second-order potential to the first order plus the first-order potential 
to the second order. The second-order potential may be some additional 
perturbation small compared to the first-order perturbation potential. 
The second term must be used whenever it happens that the first-order 
potential averaged over the unperturbed system gives zero. The presence 
of neighboring unperturbed levels, in which the particle can spend a small 
fraction of its time, contributes to the particle energy in this way, through 
the second term. The closer together the neighboring states lie in energy, 
the smaller the denominator becomes, and hence the greater their contribu- 
tion becomes, We will return to second-order perturbation theory in Chap- 
ter 11. 


Problem 9.6 A rigid body rotating in a plane has a wave function 
which satisfies the zero-order Schroedinger equation 


1 Plo 2m 
Se + — = 
Rae oe 


If the body has an electric dipole moment yp, its potential energy in an 
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electric field F is given by V = —pF cos gy. Calculate the ground state 
energy of this rotator in the applied field F, to second order. 


Problem 9.7 If an electric field F parallel to the polar axis is applied 
to a hydrogen atom, the perturbing potential on the electron is 


V’ = —eF cos 6 


Calculate the ground state energy to second order. 


9.4 DEGENERATE LEVELS 


Since degenerate levels occur with linearly independent functions, we first 
consider what the term linear independence means. Consider a set of 
functions y(x), o(x), ... %n(x), and form the linear combination 


C1 pa(x) + Cobo(x) + ... + Cn pn (x), 


where the C’s are constants not all equal to zero. If the C’s can be chosen 
so that this combination vanishes identically, then the set of functions is 
said to be linearly dependent. Otherwise it is linearly independent. 

Independent eigenfunctions (e.g. with different / and m) having the 
same energy eigenvalue are said to belong to a degenerate energy level. 
We have previously mentioned the difficulties they present to perturbation 
theory, necessitating a modification of the theory. The modification is 
straight-forward and elementary but requires somewhat formidable notation. 
Although degenerate eigenfunctions are not necessarily orthogonal, in con- 
trast to eigenfunctions with differing energy eigenvalues, an orthogonal set 
of degenerate eigenfunctions may be obtained by taking appropriate sums 
of the linearly independent eigenfunctions belonging to the same energy 
level. Members of the orthogonal set X;, X2 must fulfill such conditions 
as the following, for twofold degenerate systems : 


X, = bisa + bree Xe = bor + boope 


that is, the X;’s are linear combinations of the 44’s, which are caused to be 


@E ; FRAT BSP 


aekaes Dk Qe BSS 
YR a Fake sate F aaa 
sat SNR Se) ane=e 


eK EL A ae Se See Sag A Samy ae Be egal ; 


- | 
m= She 
x — aL 
we 
osSe- ~SSan. [ane a as 
shin esshtiatesenindbtataj aleilag ei Juae ids en on 
RRR TA We eal GR 


We adi Rosters as 2 Me wRtQus Sceeas w Bel a uaQue Mate 
std anh Be Gee At Se agama ani any tee sadecnpis 
ae Me weds Me | SR RQ LLL). Hawewes, it & more caareakat 
Welt Me agmmtimaies ES SQreugE amit W aueagy Agere 
Ne ck ges teil Mamata De RN 2 Grr 8 Made: Dhe Ge andere 
tS Re A eS Sarees A wee Tremeas Jeng the ame eagy 
QQSHaakg EG Rani Sdeeee w Sle | garswss ware faction i this 
Seareagk «DAS SQetigg SMe eans Bad Me cvedimamds (Me g's) must 
moe oe Rar MRS Nee Bee SEheepS ae Bow needed to speadiy 
& SBan Ber Shores weil Le te W Mibie Dwe States ft each adhe 
ss Sau. SS Sem sell meas Se qnzahaten ef Me a hae ware 
Senate Becky te Sreagy agehente 5, w ste Hh state having the energy 
agree J Se LUG Dloreng, Rqueitees AS) and QQ be 
ae Do gwar SraQY Sak 

= FS a) 
SFM + (FH - FOR = 0 (A20a) 


Tal ser aageertel Gasem mage De mepreented im terms of ware 
“Qemnes VON SS OS Sedge we p P'S Qe hom whieh orthogonal wave 
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functions may be constructed by the use of Kgs. (9.31) and (9.32). In terms 
of the original wave functions the X;, may be written 


, ~ 
Xie = > Uk nXen? = ( > din >, bene ee 
vn vin k’ 
= > axendinve ir = > dizceprr® (9.11a) 
i’,n,k’ 4°,k! 


where 


Uke = > Unndenen 
n 


The subscripts i’ on the bj’n,i’," will be dropped to simplify the notation, 
with the understanding that the by, are for one of the particular wave 
functions Xj’, having the energy Ey’. Since 


X49 = > deep 
k 
similar to Eq. (9.12b) we now have 
> aixve(Ev® — EP)ber® = > bee (Es — V in” (9.12c) 
ed ¥ 
(Note that the dummy index on the right-hand side is labeled with a double 


prime to distinguish it from k’.) Multiplying Eq. (9.12c) by ¥;;* on the left 
and integrating over all coordinate space we obtain 


2, aik,K (Ly = E;®) [ Pree ge’ dr = eS beg (Bi T jx — V' jx) (9.14a) 
4K é ; ke 
where 
i = | eit” dr 
and 
Vg = | OF Y bin dr (9.15a) 
The left-hand side of Eq. (9.14a) is zero because of the orthogonality of the 


%s for i #7’ and because the coefficient Ey — EL, is zero if i = 1’. 
Thus we arrive at a set of simultaneous equations in the unknown bxx’’, 
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there being as many unknown b,;’’ as the number of the degeneracy (number 
of degenerate states) of the ith energy level: 


> dew V' jx — Bi'Tjx) = 0 (9.38) 
ke 


Unless the determinant of the coefticients of the dy," in Eq. (9.33) is zero, 
however, all the byx’” must be identically zero in order for Eqs. (9.33) to be 
satisfied. If we had started with orthogonal wave functions we would have 
Tjxe = 8 jx’ and instead of Eqs. (9.33) 


> bree V jx — Bi dix”) = 0 (9.34) 
ke 


whose determinant for the coefficients is 


(Viz' — Ei’) Vy9" ee Vin’ 


Vor’ (Voe' — Hi’) . . . Von’ 
=0 (9.35) 


. (Van’ a E;') 


the degeneracy in the ith energy level being n-fold. It frequently happens 
that the perturbation potential taken between two states is zero unless the 
two states are the same. That is to say, V; m = SjmV5;. For example, this 
would occur, if the perturbing potential did not depend on angle, the original 
wave functions being for a spherically symmetric potential. In this case the 
orthogonality of the Y;” would result in Vim = § jmVj;- Equation (9.35) 
then becomes diagonal, 


(Vir' — E;’) 0 
0 (V22' — E;’) 


=0 (9.35a) 


» (Van — E;’) 
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with the particularly simple form 
(Vir! — Ey')(Vo2' — By’) + + + (Vnn' — Ei’) = 0 
whose solutions are 


a Sa 7a, Fee os Pan’ (9.36) 
for a level of n-fold degeneracy. 

The original wave functions for this case are called the correct zero- 
order wave functions. Clearly, the problem is immensely simplified if we 
can find at the start a representation in which the matrix Eq. (9.34) is 
diagonal, that is, a representation in which all the matrix elements not on 
the diagonal are zero. A spherically symmetric perturbing potential for a 
particle in a rectangular box, for example, would result in a nondiagonal 
matrix, if the original wave functions chosen were for the particle in a rect- 
angular box. Hence, these wave functions would be an inappropriate choice 
for this problem. 

Note that Eq. (9.36) with the V,’ being given by Eq. (9.15a) is 
essentially the same result as that obtained with nondegenerate perturbation 
theory (Eq. 9.15) with the difference that in degenerate perturbation theory 
the perturbation potential energy V’ must be evaluated for not just one 
eigenfunction belonging to #;° but between all eigenfunctions in the same 


energy level £;°. 


Problem 9.8 The n = 3 state for the hydrogen atom is actually a 
9-fold degenerate state. Without bothering to solve the integrals obtained 
along the diagonal, set up the perturbation determinant for Problem 9.5. 
What are the off-diagonal elements? 


9.5 FINE STRUCTURE 


A spinning electron in an atom, which we will discuss in more detail in 
Chapter 12, has a magnetic dipole moment due to its charge and intrinsic 
rotation. If the electron’s motion about the nucleus is rotational (i.e., 
1 £0), then another magnetic moment arises because such motion is in 
effect another current loop. The interaction of these two magnetic dipoles 
gives rise to the so called spin-orbit force or potential which may be calculated 
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by means of perturbation theory. The spin-orbit potential is shown in 
Section 12.2 to be 


y 1 GY? Worl (9.37) 
or dr 4m 


where o denotes twice the angular momentum operator of the electron spin 
in units of # and 1 denotes the electron orbital momentum operator in units 
of h. This very weak interaction results in a minute shift in the atomic 
energy level, and in the case of atomic spectroscopy results in spectroscopic 
fine structure. We discuss atomic spin-orbit interaction here because of the 
role of the spin-orbit interaction in atomic and nuclear shell theory. To 
date the cause of the spin-orbit interaction in nuclear physics is not known; 
its magnitude in the nucleus is of the order of a million volts and it is 
responsible for the fact that the correct order of nuclear levels cannot be 
calculated on the basis of any simple short-range central potential such as a 
square well or harmonic oscillator potential. 

The total angular momentum of an electron in the atom is a constant 
of the motion (that is, it does not change with time) and is the sum of the 
orbital angular momentum and the spin, J = 1+ 4, the electron spin 
46 having one half unit of angular momentum in units of i. The projection 
of the electron spin on any axis (including the orbital momentum axis) is 
quantized and is either +4 or —3, in units of h. As we know, the eigenvalue 
of the square of any angular momentum operator is, for example, 
12 = (J + 1), in units of h?. We have the identity 


f= P+o-1+4 (6/2) 


whence, since the operator (o/2)? operating on the electron spin wave func- 


tion has the eigenvalue 3(4 + 1), 


ol =J(J+1) -—l(i+1)-? (9.38) 
so thato 1 = +/ for J =1+ 3 (ie., the case in which electron spin and 
orbital momentum are in the same direction) and 6-1 = —(/ + 1) for 


J =1 — 3 (i.., the spin and orbital momentum are opposed). If 1 = 0, 
an s state, 1 = 0 ando:1 = 0, not —1. 

As an example let us calculate the fine structure of the 3d (n = 3, 
1 = 2) state in the hydrogen atom. In this case V9 is a simple Coulomb 
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potential between electron and proton, and the radial part of 4° is the 
associated Laguerre function of degree n — 1 — 1 = 0 and order 2/ + 1 = 5, 
described in Chapter 8. Since the angular part of y is normalized and the 
potential does not depend on the angles, the perturbed energy is calculated 
by simply integrating over r. The original wave functions are orthogonal 
and are the correct wave functions, as may be ascertained by observing 
that the off-diagonal matrix elements V ;z’ give 0 between states of different 
l belonging to the same energy level, due to the orthogonality of states 
of different J and the angular independence of the perturbation potential. 
Hence k = j. The subscript j in this instance labels a 3d state. 


x me?\ 5/2 eh? ol 
V5; = V'sa,3a -| ees (=) reece] =| 


o 814/30\ he 4m2c2 3 
(9.39) 
4 /me?\3/2 
x — (=) p2e—(me? /3h*)ry2 dr 
814/30 \ h2 


By integration we have 
1 
i = V'sa,34 = a ol = — —Wyes: 1 
810 


where Wu is the binding energy of the ground state of the hydrogen atom, 
« = e*/fc and is called the fine structure constant, and o-1 = +2 or —3 
depending on the orientation of the spin relative to the orbital momentum 
axis, so that the energy would be split into two levels having an energy 
difference of (5/810) Wy22. 

As we have already noted, all the states in hydrogen having the same 
total quantum number have the same energy eigenvalue (are mutually 
degenerate), since the energy is a function of the sum of the radial and orbital 
quantum numbers. These degenerate states are split up and separated 
by the magnetic interaction of the electron spin with the electron orbital 
motion; each separate value of J gives two new slightly shifted levels. In 
our example where n = 3, there would result five levels where before there 
was one level: two levels for the 3d state 1 = 2, two less separated levels for 
the 3p state 7 = 1, and one unshifted level for the 3s state 1 = 0. The 
degeneracy in the projection of J on a given axis, m, remains. Note that in 
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our example we computed only one of the three integrals for the three- 
fold degeneracy (3d, 3p, 3s) between states of different 1 but same total 
quantum number (n = 3) for all the different values of £,’ in Kq. (9.36). 

For atoms other than hydrogen, the central Coulombic potential 
is modified by the shielding effect of the inner or core electrons, and this 
effect is very much larger than the spin-orbit interaction. In the case of 
hydrogen-like alkali atoms, for example, the potential is nearly Coulombic 


Se NWP Oo ~ 


unperturbed 
level 


Figure 9.1 Illustration of the way a single valence level of total de- 
generacy n? is broken up into n levels, each having a degeneracy (21 + 1), by the 
effect of shielding by the core electrons in an alkali atom. 


for the outer electrons and their wave functions nearly hydrogenic. A level 
of total quantum number n, however, is split into n different levels corres- 
ponding to different l’s. Since the probability of finding an electron at 
small 7 in a Coulomb potential decreases as J increases even though n, the 
total quantum number, remains the same (as illustrated in Figure 8.8); 
therefore outer electrons in alkali atoms represented by hydrogen wave 
functions of small / penetrate further inside the electron cloud shielding 
the nucleus than do outer electrons represented by states of larger /. Hence 
states of smaller / have lower energy than states of larger / having the same 
n, and the degeneracy is broken up as shown in Figure 9.1. 
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9.6 VARIATIONAL METHOD 


Using the same form of the zero-order wave functions as used in perturbation 
theory we may obtain a better estimate of the ground state or lowest energy 
of a perturbed system with little additional labor, by means of the variational 
method. The method rests on noting that the integral for the expectation 
of the energy operator in terms of an arbitrary trial wave function, ®, 
(which is, in general, not the lowest eigenfunction of the system) is given by 


i fe 
E= | o*/ — Var é [ovo Pes (9.40) 
m / 


and overestimates the energy of the lowest state of the system. We first 
proceed to prove this statement. Let ® be expanded in terms of the complete 
orthonormal set comprised of the true wave functions of the system: 


® = > api (9.41) 


and similarly for ®*. Then 
Bees Sentai | bit Hb; dr (9.42) 
9) 


Since Hf; = EHjh;, and the y's are orthogonal, Eq. (9.42) becomes 


E = > aj*ajE; (9.43) 
j 


The sum over all j of a;*a; is 1, and therefore E > Eo; E is equal to Eo 
only if the a; are zero for allj 4 0, in which case ® = yo which means that 
we have chosen the true wave function for ®. The worse the choice made for 
®, the greater will be the admixture of states above the ground state, leading 
to higher estimates of E. 

In general, ® should be chosen to resemble as closely as possible the 
form to be expected on physical grounds. For example, for nuclear problems 
a rapidly attenuating wave function should be used, such as an exponentially 
decaying wave function. A good approximate wave function is a known 
wave function appropriate to a very similar potential, that is, an unperturbed 
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ground state wave function whose potential energy is assumed only slightly 
different from the actual potential energy. The only alteration required 
in the known wave function is to make ® a function of some unspecified 
parameter, say «. The integral in Eq. (9.40) is then calculated as a function 
of « and the result minimized with respect to «, the resultant H being the 


1 2 3 4 5 1 2 3 


Figure 9.2 Illustration of how an approximate wave function, 
® = re-*", may be adjusted to most closely represent an illustrative true 
wave function true (dashed line) by choice of the value of the parameter « that 
minimizes EL given by Hq. (9.44), | DH® dr/f O2 dr. 


closest estimate obtainable with the chosen wave function. If we use 
unnormalized wave functions, Eq. (9.40) may be rewritten 


Re 
[ O(a.) V+ v) O(a,r) dr 


| @* (a, r)O(«,r) dr 


For an illustration of what the variational method attempts to accom- 
plish, see Figure 9.2 where trial wave functions ® = re-“" are plotted for 
three different values of «. © represents an unknown wave function ytrue 
which might have the form shown in the figure. The value of « for a best 
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fit is found by minimizing the calculated energy given by J DH® dr/f ®2 dz, 
as illustrated. 

As a small example we attempt another calculation of the ground state 
of the helium atom, whose potential energy is given by Eq. (9.20). For ® 
we choose the normalized zero-order wave functions used earlier in the 
chapter (e.g., in Eq. 9.24) but we let the nuclear charge be an undetermined 
parameter, Z’, representing an effective nuclear charge which is less than the 
actual charge, owing to the screening of the attraction of any one electron 
to the nucleus by the presence of the other electron. Thus 


Z'me? \3 
eZ’ me? /h*) (r+ 2) (9.45) 
2 


©(2Z',r1,72) = 0105 = ( 


7 
where the subscripts 1, 2 refer to the two electrons. [1 and ®, satisfy the 
hydrogen-like wave equation 


—V}2 = 
2m i. 


he Ze 
( )o = ZW (9.46) 


where Wy has been defined in Eq. (9.39) as me4/2h2. Note that 
ee 
ye = — —— — —— — (Z—2)(—+—)| (9.47) 
TL T2 


Substitution of Eqs. (9.45)—(9.47) into Eq. (9.44) yields 


1 1 
p= am rie me [ o(Ls Yo 
ny Tl rT, 
e2 
®*—_O d 
+f ne (9.48) 


The first integral is trivial, resulting in (Z’ — Z)[4Z’'Wy]. The second 
integral has already been found in obtaining Eq. (9.25) to be {WyZ’; hence 


EB = {-2272 4 47'(Z' — Z) +2) We 


Minimizing with respect to Z’, that is, setting @#/0Z’ = 0, we find that 
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by 
ll 
| 
a 
N 
| 
len ale 
~~ 
= 


= (-222 + 42 — 3%)Wa (9.49) 
= —76.9 volts 


Our previous result, — 74.4 volts, was given by the first two terms of 
Kq. (9.49). The extra term, — 2% Wa = —2.5 volts, is an appreciable 


fraction of the 4.2 volts difference from the observed result of —78.6 volts. 


Problem9.9 Find the ground state of the linear anharmonic oscillator 
whose potential energy is V = kx? + 0.1k?z4, using the trial wave function 
b = ce-2n”, 


Problem 9.10 Assume a proton to be not a point charge but a 
sphere with radius a of 10-13 cm; then find the ground state energy of the 
hydrogen atom if the positive charge is distributed in such a way as to 
cause (use ground state hydrogenic wave functions for trial functions) 
Vir) ~ —e/(r + a). 


Problem 9.11 Find the ground state energy of a particle in a spheri- 
cally symmetric square well for a particle mass M = 1.6 - 10-24 g, Vo = —20 
Mev, and a well radius of 1.5-10-3cm. Use a trial wave function of 


b= (6/r) e-#". 


Problem 9.12 When tritium, H°, beta-decays to He, the single atomic 
electron suddenly finds the positive nuclear charge doubled. If the initial 
tritium atom was in its ground state, what is the probability of finding the 
Het ion in its ground state instantaneously following the decay? (That 
is, take the ground state hydrogen wave function and express it as a series 
of helium ion wave functions (hydrogenic with Z = 2) and find the coefficient 
of the first term.) 
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TIME-DEPENDENT 
PERTURBATION THEORY 


10 


UP TO THIS POINT our attention has been directed to static systems under- 
going no temporary interactions with other systems. Since the systems have 
not experienced outside forces and thus have exchanged no energy with other 
systems, the energy has remained constant. Under such circumstances 
involving time-invariant potentials, the complete wave equation (4.18), 
h h ov 
(- 5-04 V)¥ = Hy = --— (10.1) 
2m a at 
is readily simplified, since the left-hand side does not involve the time, and 
therefore the space and time variables are separable. The time-dependent 
part of ¥ satisfies the differential equation 
1 hk #¥(r,t) 
& = —H (10.2) 
Wir,t)t ot 
where FZ is a constant which was shown in Chapter 5 to be the energy of the 
system. The solution of Eq. (10.2) is 


Wir, t) = P(r) ett (10.3) 
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After substituting (10.3) in (10.1) and then dividing out the time-dependent 
part of ¥, we are left with the space-dependent part of Y’, to which we have 
devoted our attention in previous chapters: 

Ay = Ef (10.4) 

There are many problems of paramount significance, however, 
in which an isolated static system is acted on by some external time-depen- 
dent disturbance. For example, a hydrogen atom in its ground state might 
experience an electromagnetic wave or photon incident upon it. The photon 
could cause a transition of the atom to an excited or ionized state. Calcula- 
tion of the probability or cross-section of transition due to the absorption 
of a photon is of outstanding physical importance. 

For such a problem, the space and time variables in Eq. (10.1) are not 
separable since H or V, which includes the effect of the incident photon, 
is time-dependent. The resulting differential equation is of such complexity 
that in the past it has been solved entirely by the use of time-dependent 
perturbation theory. This has been a truly desperate measure in many 
problems in which the perturbation is not small (e.g., nuclear interactions), 
and that it has been virtually the only tool available is an indication of the 
difficulty of time-dependent problems including static problems which have 
been treated as time dependent perturbations. A major difficulty in theo- 
retical physics, particularly with respect to the problem of nuclear forces, 
has been the lack of a suitable alternative approximation technique when 
the time-dependent potential is too large for time-dependent perturbation 
approximations to converge rapidly or at all. The theory will be applied 
here only to electromagnetic interactions for which, fortunately, the approxi- 
mations converge very rapidly. Electromagnetic interactions are very 
weak compared with nuclear interactions. 


10.1 FIRST-ORDER TIME-DEPENDENT TRANSITION 
PROBABILITY 


Dirac derived the time-dependent perturbation approximation technique 
at almost the same time that Schroedinger derived the time-independent 
theory (Chapter 9). As will be seen shortly, the two methods are very 
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similar and have many parallels. In the time-dependent theory the system 
might be assumed initially in a time-independent state whose wave function 
satisfies the zero-order, time-independent wave Kq. (10.4); then the system 
is socked momentarily by an outside disturbance, after which it is left in a 
possibly different state with a new solution to Eq. (10.4). To phrase the 
problem more exactly: A static system whose wave function satisfies 
Kq. (10.4) suddenly experiences a perturbing potential (possibly representing 
an incident photon) for a short time, during which its wave function is an 
inseparable function of time and space; it is then restored to its previous 
static condition, except for a possibly changed eigenvalue (e.g., energy or 
angular momentum) and eigenfunction. Since the perturbing potential is 
assumed small compared with the initial energy of the system, the time- 
dependent wave functions are expanded in terms of the complete orthonormal 
set of static wave functions. The coefficients of the series must, of course, 
be time-dependent because of the effect of the perturbing potential. 

The wave functions of the initial unperturbed static system satisfy 
the wave equation for the static potential, 


2 
Aotn = (= es vs =-- = HAs (10.5) 
2 a dt 

For the duration of the perturbation, the appropriate complete wave 
equation is 

h ov 

(Ho + HY = — —-— (10.6) 

a ot 
where H’ represents the small, time-dependent perturbation. For example 
H’ could be the result of a relatively constant electric field due to the 
incidence of a photon having a frequency small compared with the electron’s 
orbital frequency. We could take the case where H’ does not contain the 
time explicitly. The perturbation begins at time zero and ends at some 
later time. The solution to Eq. (10.6) at any particular instant of time ¢ may 
be written in terms of the complete orthonormal set of wave function 
solutions to Eq. (10.5): 


Wir, t) = S An(t) yn (0) emt /MEnt (10.7) 


n=0 
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where the a,(t) are functions only of the time and the %,(r) are functions 
only of. the coordinates. If we were to measure some physical property 
of the system, e.g. an eigenvalue such as the energy, the probability of 
obtaining a particular value of the energy Hx of the state Y would be given 
by |ax(t)|2.. In other words the probability of finding the system in the state 
by at time t is given by |az(t)|2. The solution to any problem is found, of 
course, by determining the time-dependent coefficients a(t). 

Just as in the time-independent perturbation theory, equations for the 
coefficients result from substituting Eq. (10.7) into Eq. (10.6): 


wv n 


h 
ep a ae > An(t)yy em t/MEnt 4 » An(t)ysyn Hn e~4/MEnt (10.8) 
n 


On 


Utilizing Eq. (10.5) to eliminate the first and last terms, we obtain 
ih » Gin(E) yin e-E/MEnt = > An(t)H Yon e~t/ME nt (10.9) 
n n 


We next multiply Eq. (10.9) by Y;*(r, t) on the left and integrate over all 
configuration space. The orthogonality of the wave functions requires all 
resulting integrals on the left-hand side of Eq. (10.9) to be zero except for 
the kth term in the sum; hence 


ihag(t) = > dn(t)H’ pp et/™ En — Ende (10.10) 
n 


where 
Hen = | bk*(t)H'tn(¥) dr (10.11) 


Equation (10.10) is an infinite set of simultaneous equations for the a,(t). 

If the perturbation is small and acts for times sufficiently short that the 
final wave function of the system has little probability of differing from that 
for the initial state, an approximate solution to Eq. (10.10) is readily found. 
Suppose the initial state of the system is %,,, that is, at f = 0 all the a,(0) 
are zero except @,, which is unity. In this case, Eq. (10.10) becomes 


ihay(t) = H'en, exp {—(i/h)(En, — Ex)t} (10.12) 


1 ft 1 
az,(t) = — [ Al'xn exp — (En, — Ex)t } dt (10.13) 
th 0 h 


10.1 Firrst-oRDER TIME-DEPENDENT TRANSITION PROBABILITY 187 


If H’kn, is a nearly constant function of the time, that is, if it does not change 
appreciably over one cycle of the oscillation of the exponential function, 
the transition probability will be small, due to-cancellations from times of 
opposing phase. That is, the exponential in (10.13) causes equal negative 
and positive contributions of the integrand to the integral if H’gn, is nearly 
constant, and the value of the integral will be nearly zero. If H’zn, is caused 
by electromagnetic radiation, et, or any other periodic motion, the tran- 
sition probability will be large only for disturbance periods given by 


T (max. disturbance) = h/(En, — Ex) (10.14) 


since destructive interference from times of opposing phase will be missing. 
For this reason, the electron excitation, and capture and loss cross sections 
of atoms when bombarded by other atoms or ions, show very sharp 
maxima when the incident particle velocity corresponds to the electron 
orbital velocity, as will be seen in the next section. An even more striking 
example is the sharp resonance in the photoelectric effect when the frequency 
of the incident radiation is given by the Bohr frequency condition, 


fiw = Ey, — Ey (10.15) 


If H’gn, is nearly constant over a period of the exponential, it may 
be taken out from under the integral sign and Eq. (10.13) can be written 
after a remaining trivial integration over the time 

1 — exp {—(i/h)(En, — Ex)t} 
| bh riecs gf l0,18) 
En, — Ex 
The probability of transition to the state k, that is, the probability of finding 
the system in the state k after a time ¢, is obtained from a,*(t )ax(t), 


1 — cos(En, — a) (10.17) 


ay*(t)ax(t) = | H’en, |? 2| (En, — Ex)? 


Note that if H’zn, is completely independent of the time (i.e., if the 
disturbance acts for an infinite time), then since the time or phase average 
of 1 — cosa = (2sinz/2) is 1/2, the same result is obtained as in time- 
independent perturbation theory, Eq. (9.15). 
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Problem 10.1 What is the probability of finding the physical 
system (atom, molecule, or any other sub-microscopic physical entity) 
in the state no after a time ¢ seconds? How does this compare with the wave 
function that would be obtained with the time-independent perturbation 
theory of Chapter 9? Discuss. (Hint: Integrate Eq. (10.10) over the time 
with k = no and ay,(0) = 1.) 


10.2 EXCITATION OF ATOMS BY ION BOMBARDMENT 


As an illustration of the time-dependent perturbation theory we will discuss 
atomic excitation by alpha particles (Het ions), as first treated by J. A. 
Gaunt. In this example an atomic electron is momentarily struck by an 
ion whose effect can be represented by the time-dependent perturbation 
potential 


V = —Ze/r (10.18) 


where Z is the charge of the incident ion and r, the distance of the incident 
ion from an atomic electron, is given in terms of the electron coordinates 
in the plane of impact, x and y, as shown in Figure 10.1. Only a distant 
encounter of the alpha particle and the atomic electron is considered here; 
that is, x2 + y? < b? where 6 represents the distance of closest approach 
(the perpendicular distance of the ion trajectory from the target atom). 
Let v be the ion velocity, t the time measured from the moment of closest 
approach, and 792 = b? + (vt)?; then if x and y are always much less than r, 


= [(6 — 2 + (ot —y pp 
xb + yot 


(10.19) 


~ [Be + (woe : 


ro 


Substituting this potential into Eq. (10.13) and integrating over the 
ion trajectory, that is, over the time from minus to plus infinity, we obtain 


Soe xb + yut 
BF dt mC ] 
es; all } bie iWeeeacn, Ve + (vt | a eran 


x exp {—(i/h)(En, — Ex)t} 


(10.20) 
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where the y’s are, of course, the atomic electron wave functions, and the space 
integral is taken over the atomic electron coordinates. Since the ws are 
orthogonal, only the second term in the braces gives a finite result, and hence 
Kq. (10.20) becomes 


ag = 


28 1 4, { Werobab + vba 
pari a [b? + (vt)? 82 


x exp{—(i/h)(En, — Ex)t} (10.21) 


v 


The rest is a matter of arithmetic and the solution will not be continued. 
Note that the integrand in (10.21) consists of an imaginary exponential 


(x,y) 
electron 


y 


target atom 


Figure 10.1 Illustration of collision of positive ion with atomic elec- 
tron. The ion path deviates very slightly because of collision with the electron. 


function of time and a cumbersome time-dependent coefficient. Note 
further that when the coefficient of the exponential in the integrand changes 
appreciably within the period of the exponential oscillation, least cancellation 
between contributions to the integral of opposite phase occurs. Thus, if the 
coefficient to the exponential in the integral changes appreciably within the 
time given by Eq. (10.14), az does indeed become a maximum. The period 
of maximum transition probability is given roughly by the time in which 
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the denominator doubles in magnitude from its minimum value at t = 0: 
T ~ blu ~ h(En, — Ex)! ~ h/En 


that is, the period of the atomic electron in its original unexcited state. 
Since az is proportional to 1/62, the transition probability increases as 6 
decreases down to b = orbital radius where the approximation fails. Hence, 
for maximum excitation or ionization probability the incident ion velocity 
should correspond to b/T' where 6 is of the order of the atomic radius and T 
is the period of the electron ground state wave function, 27b/ve. Phrased 
differently, maximum atomic excitation results when the alpha particle 
velocity is of the order of the classical electron orbital velocity. 


Problem 10.2 By integrating Eq. (10.21) over the time, estimate the 
conditions under which the x and the y terms are most important to a tran- 
sition. 


10.3 ABSORPTION OF RADIATION 


The next matter to be discussed is the transitions induced by incident 
electromagnetic radiation, that is, the probability of absorption of a photon. 
For optical wavelengths (thousands of Angstroms), the incident radiation 
consists of a time-varying electric field vector whose wavelength is so much 
greater than atomic dimensions that the electric field may be regarded as 
constant in space. The x component of the incident electric field vector may 
be written 

Ez = Epz(ett + e-tot) (10.22) 


and the perturbation potential energy is given by 


V = Ey > e52; (10.23) 
where x; is the x displacement of the atomic electron j in the electric field 
and the summation must be carried out over all the electrons in the atom. 
This perturbing potential is then substituted into Eq. (10.13), to yield 


Pes [ (Jasin 


x exp {—(t/h)(En, — Ex)t'}(etol’ + eto) dt’ (10.24) 


ej 
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The sum over j of e; times the space integral is the x component of the dipole 
moment of the system, which we shall represent by , so that the x component 
of » taken between the states k and no will be 


Henn, = >) | Yu (ep)bn, dr (10.25) 
j 
Performing the indicated integration of (10.24) over the time, we obtain 


ax(t) = Sari eS eee 


En, — Ex + hw 
1 — exp{—(i/h)(En — Ey — hw)t 
"a p{—(e/h)(En k — hw) (10.26) 
En, — Ex — hw 


Only the first term in this expression yields an appreciable result, 
and that only for frequencies w close to (Hx — En,)/h, at which the de- 
nominator becomes infinitesimal. (no is assumed to be the ground state.) 
Since 


exp {—(i/h)(En, — Ex + hw)t} 
x [exp {(i/h)(En, — Ex + hw)t} — exp {—(i/h)(En, — Ex + hw)t}] 
= 4 sin?((1/2h)(En, — Ey + hw)t] 
therefore 
in?[(1/2h)(En, — Ex + hiw)t 
| ax(t) |? = 4(H2, Loa” a a a (10.27) 
Equation (10.27) is the probability as a function of time for electro- 
magnetic radiation (of frequency w, intensity 2Ho,", and polarization 
along the x axis) to be absorbed by an atom, which then undergoes a tran- 
sition from a state no to a state k as a result of the absorption. 

In many cases of interest not involving resonance effects, when the 
incident radiation is not bright-line spectra (say from the same atoms or 
nuclei as are absorbing the radiation), the intensity of the incident radiation 
is essentially a constant function of frequency compared with the frequency 
dependence of the absorption function (Eq. 10.27). Under these circumstan- 
ces, Eq. (10.27) must be integrated over all the frequencies contained in 
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the incident radiation. The right side of Eq. (10.27) is negligible for all fre- 
quencies except that for which the denominator becomes zero, and therefore 
the integral may as well extend from zero to infinite frequency. We may 
note that the frequency-dependent part of (10.27) is essentially a Dirac delta 
function 8(En, — Ex + hw), for 


© gint{hw — (LH, — Ba) ZR t © sin?(~% — xo) F at 
———SSssSsss—s—————— = — ————_ ——03°% = 
[, [hw — (Ex — En,)F OREM (x — Xp)? 2h? 


where xo = (Ex — En,)t/2h. Hence integration of Eq. (10.27) over all 
frequencies would yield the following result for a frequency continuum of 
incident radiation : 


7 
| a¢(é) |? = Falltteng) Hoa>(weny)t (10.28) 


where wyn, is the frequency for which the denominator in Eq. (10.27) is 
zero and Eoz(wxn,) is the amplitude of the incident electric vector at that 
frequency. Note that because of the integration over the frequency the 
transition probability is linearly proportional to the time, for short times, 
instead of quadratically dependent on time as in Eqs. (10.17, 10.27). Given 
the intensity of the incident radiation, it is trivial to compute the transition 
probability per unit time from Eq. (10.28), once the interaction integrals 
over all space, involving the original and final state wave functions, are 
known. We will now compute these integrals. 


10.4 GENERAL SELECTION RULES FOR SPHERICAL 
HARMONIC WAVE FUNCTIONS 


In Chapter 8 the general solution to a wave equation for a system with a 
spherically symmetric potential was shown to be expressible in product 
wave functions of the separated coordinate variables. For the important 
class of problems for which the unperturbed potential function is spherically 
symmetric it is well to express the dipole moment in spherical coordinates. 
The transformation from Cartesian to spherical coordinates is readily made. 
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The x, y, z components of the dipole moment operator are 
Hx = p(r) sin @ cos ¢ 
Ly = p(r) sin @ sing (10.29) 


Bz = p(r) cos 6 


The dipole moment may result from radiation, an incident alpha particle, 
or other sources of perturbing potentials. ,.(r) is a function or r alone, say er 
in the simple case of an atomic electron at radius r from the center of positive 
charge. 

Hence the x component of the dipole moment between two spherical 
harmonic wave functions becomes 


Hazy, = {Hy {Rn 1*(r) O1,m*(8) Om,*(p) w(7) sin 6 cos p 
xX Rnjt.(7) Oinm,(9) Om, (y) 72 sin 6} drdédp (10.30) 


where the subscript on the left-hand member has been abbreviated to 0, f 
for original and final states. The letter » is the total quantum number for 
hydrogen wave functions or the radial quantum number for most other 
wave functions. The orbital quantum number / and the magnetic quantum 
number m complete the three eigenvalues needed to completely specify 
a three-dimensional wave function. The three integrations may be re- 
written as a product of three separate integrals. For the wave function in 
@, Eq. (8.6), one obtains an integral over ¢ for yz, for example, 


Z | e—im;9 (——) etMo? dg (10.31) 


T JO 2 


since cos g = (ef? + e-t?)/2. 

The integral of e~(™—™o)? is zero unless mg — 1 — mo = 0, when its 
value is unity. Including the integral of e~‘?, the entire integral over gy in Kq. 
(10.31) will be zero unless 

my = mo + 1 (10.32) 
in which cases it is unity. Thus we obtain our first selection rule, Eq. 
(10.32), giving the changes in magnetic quantum number permitted when 
the incident field is polarized in the w-direction. For incident field polarized 
in the z-direction the resultant selection rule for ~z would be mg = mo, 
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i.e., no change in mis possible. This is understandable if one realizes that a 
force in the z direction can have no effect on the motion in the zy plane 
which is responsible for the component of the angular momentum along the 
z axis represented by the m, or magnetic, quantum number. A dipole tran- 
sition may result from a passing ion, radiation, or any other perturbing 
potential. We have obtained the universal and important result that the 
magnetic quantum number can change by no more than one unit in a dipole 
transition between unperturbed wave functions resulting from spherically 
symmetric potentials. That is, 


m=m or mil (10.32a) 

In a similar way selection rules for the / quantum number may be 
obtained from the integral over 6. For yz, for example, and m = 0, for which 
the © functions are Legendre polynomials, the 6 integral in (10.30) would be 


1 
[ Pi,(x)aP;,(x) da (10.33) 
0 


where 2 = cos 6. Since the Legendre polynomials are orthogonal and 
x times a polynomial is a different polynomial, ly must be different from 
Io in order for a finite result to be obtained. Indeed, it is a property of the 
Legendre polynomials that they satisfy the relation 


(2 + 1)Pr4a(x) + LPra(x) 


aPi(x) = ee 


(10.34) 


so that Eq. (10.33) is zero unless 
y=Ibt+1 (10.35) 


in which cases the integral (10.33) would equal either (J + 1)/(2/ + 1) 
or I/(20 + 1). When m ¥ 0 and the associated Legendre polynomials must 
be used, the same selection rule for / is obtained. That is, in a dipole tran- 
sition the orbital angular momentum must change by one unit for a one-electron 
wave function. 

Total angular momentum is conserved as it must be always, because a 
photon has an intrinsic spin of unity. Photons may be represented as a super- 
position of circularly polarized electromagnetic waves each one of which 
always has one unit of angular momentum along its direction of propagation, 
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positive or negative according to whether the light is right or left circularly 
polarized. It is of interest to note that such an effect can be true only for 
massless motion (photon or neutrino) with the speed of light. For slower 
particles one can always transform to a velocity frame in which the particle’s 
motion is reversed, in which case angular momentum cannot be conserved 
if the particle’s intrinsic spin or angular momentum is quantized along its 
direction of propagation. 

For matrix elements different from the dipole transition expressed 
in Kq. (10.25), the light quantum may have additional units of angular 
momentum ; aside from its intrinsic angular momentum, its wave function 
may possess orbital momentum about the origin in non-dipole matrix 
elements such as quadrupole or octupole transitions. In general, the electric 
field of an incident plane wave would be given by 


By = Eogettke - ob (10.22a) 


where & is the wave number of the incident photons. A plane wave e*## 
may be expanded in terms of the complete orthonormal set of spherical 
harmonic wave functions: 


ie 2) 
etke — etkreosz — 5 (2n + vin, va Insi(kr) Pn(cos «) (10.36) 
n=0 2kr 
where Jn.; is a Bessel function of order n + 4 and « is measured from the 
propagation vector of the plane wave, NOT necessarily from the atomic co- 
ordinate axis as, for example, in Eq. (10.29). If Eqs. (10.36) and (10.22a) 
are substituted into (10.23) and the computation repeated, we will obtain 
elements other than the dipole transition matrix elements for n~0. Near 


ae 1 kr \ "+2 
n+i)kr) ~ Seroal wi a4 


Thus the expansion yields a quadrupole moment 7?, an octupole moment 
r3, and so on for the higher order terms. In virtually all electromagnetic 
transitions (nuclear or atomic), kr < < 1 for r less than the nuclear or 
atomic radius, which makes the expansion particularly useful since it con- 


the origin 


verges rapidly. 
The only remaining integral is the radial integral and that is a function 
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of the radial dependence of the perturbing potential and the unperturbed 
radial wave functions. Hence no general selection rules or other results 
can be obtained for the radial integrals. Selection rules for the special cases 
of the harmonic oscillator and the hydrogen atom will be discussed in the 
next two sections. 


10.5 SELECTION RULES FOR THE HARMONIC OSCILLATOR 
RADIAL QUANTUM NUMBER 


The harmonic oscillator is of great physical interest since it represents 
electromagnetic radiation confined in a box (nucleons in a nucleus, and 
diatomic molecular vibrations). The dipole moment between different 
harmonic oscillator wave functions yields the probability of transitions 
between nuclear states of different energy, or of a light quantum being 
added to or subtracted from the total radiation in a box. The radial harmonic 
oscillator wave functions, Eqs. (8.49, 8.51b), are comprised in part of an 
even or odd power series in r, the even or odd spherical Hermite polynomials. 
Similar to the case of the associated Legendre polynomials, the radial 
integral yields the following selection rules: 

ng = No, mp —1 for lL =Ip +1 
(10.37) 

nf =n +1, mo for ly = Ip -—1 
For light waves in a rectangular box, the one-dimensional harmonic oscillator 
integral gives 

ng =n +1 

corresponding to the creation of one quantum in addition to those already 
contained in the box, or to the annihilation or loss of a quantum due to 


some absorption process. For a nucleon or a material oscillator representing 
a light wave, the wave equation in one dimension is 


yp 2m m ay 
be Fr (ez aie y = 0 (10.38) 


whose solution is 


tn = AnHn(V/mao/h x) e~meox*/2n (10.39) 
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where Hy is the Hermite polynomial of order n and An is a normalization 
constant. The energy eigenvalue of the nth wave function is 


En = (n+ hia (10.40) 


which may be interpreted as meaning that the material harmonic oscillator 
of frequency w has m quanta of energy. If a photon is emitted, one quantum 
is lost from the oscillator and the energy of the new state is (n — 4)hwo, 
the eigenvalue of the %,_1 wave function. The harmonic oscillator is a con- 
venient way to describe the radiation field, since the energy of the radiation 
field is also given by En = nfiiwo. Of course the photon wave functions are 
quite different from the material oscillator wave functions, since they are 
solutions to a different wave equation. 


10.6 THE HYDROGEN ATOM 


Pauli evaluated some of the radial dipole moment integrals for the hydrogen 
atom. From the previous discussion of the spherical integrals it was learned 
that all spherically symmetric potentials result in the selection rules Eqs. 
(10.32a, 10.35) for the total orbital and magnetic quantum numbers. By 
use of the wave functions for the electron in the hydrogen atom, Eqs. 
(8.38, 8.45), the radial electric dipole moment integral was evaluated. For 
lo = 0, m9 = 1 (the Lyman series) (lf = 1 in accordance with the selection 


1 
rule), Lam, = | Rags (r)rRaa,(r)r? dr 


(1g = 1 Per 
= —_____ 10.41 
ng(ng + 1)2mrtt ( ) 


and similarly, for Ig = Oor 1 (ly = 1 or 0,2) and mp = 2 (the Balmer series), 


(ny — 2/208 


costy hs VEC ueie se eels ae 24 10.42 
my(ng + pena" a al 


Enyn, 
As can be seen from Eas. (10.41, 10.42), no selection rule results for the 
radial quantum number. Thus dipole transitions are possible from any 
radial quantum number to any other radial quantum number, if 1 changes 
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by only one unit and m changes by no more than one unit. The relative 
absorption probabilities for different transitions are given by the ratios of 
the squares of Eqs. (10.41) and (10.42). The Lyman spectra absorption 
probability decreases rapidly as ny increases, behaving roughly as ng, 


Problem 10.3. Find the probability of transition of a hydrogen atom 
from the ground state to the state n,lm = 2,1,1 if an alpha particle 
passes with velocity v at a distance b from the hydrogen nucleus. 


Problem 10.4 The potential for a neutron interacting with an electron 
might be represented by an attractive spherical square well 104 ev deep 
and 10+12 cm in radius. If a neutron interacts for 10-1? second with a 
hydrogen electron in its ground state, what are the probabilities of its 
causing transitions to the first three excited states?. (Assume the neutron is 
located at the center of the atom during this time.) 


Problem 10.5 If an electric field of 104 volts/m acts for 10-1” second 
on a hydrogen atom in its ground state, what is the probability of finding 
the atom subsequently in a 2s or 2p state? 


10.7 EMISSION 


So far all the theoretical development in this chapter pertains strictly to 
absorption. We would have to use a more difficult and sophisticated pro- 
cedure for direct calculation of emission; instead, we will show by a thermo- 
dynamic argument that emission and absorption are equivalent except 
for a simple coefficient, and thus show how the emission may be calculated in 
terms of the absorption. The procedure will be to find the emission in terms 
of the absorption. 

Let the ground state of a radiating and absorbing system be labeled 
+ and an excited state k. The rate of absorption is linearly proportional 
to the density of incident radiation u(v) times the number of atoms in the 
ground state, N;, 


Absorption rate = Bu(v)N; (10.43) 


where B is a constant known as the Einstein B coefficient. 
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We have calculated the absorption of radiation in Section 10.3. Since 
Eoz occurring in Section 10.3 is only one of three components of the radiation 
in a box (Hoy, Eoz being the others) Eoz2 = u(v)/3. Equation (10.28) gives 
the transition probability for one atom in time ¢ seconds. Hence the absorp- 
tion rate per unit volume is 


| ax(t) [24/8 = saul tana) (10.43a) 


Comparison of (10.43a) with (10.43) yields 


7 
alae 2 
B= | Ym (10.44) 
It is convenient to divide the emission process into two parts, the spontaneous 
emission which occurs independently of the environment and the induced 
emission resulting when the excited system is in a bath of radiation: 


Emission rate = AN, + Cu(v)N; (10.45) 


where A is the Einstein A coefficient for spontaneous emission and C is the 
coefficient for induced emission. The induced emission results from the second 
term in Eq. (10.26), and therefore it should have the same constant coefficient 
as the absorption resulting from the first term in Eq. (10.26). We shall soon 
discover by the present thermodynamic argument that this is indeed the 
case. 
At equilibrium the absorption and emission rates must be equal, 
that is, 
Bu(v)Ni = AN, + Cu(v) Nx 
whence 
A oe wea; 
+ eS 
Bu(v) B N k 
The number of systems in a state having energy E is proportional to e~¥/*7, 
a result borrowed from statistical mechanics which we used in Chapter 1 
to derive Eq. (1.13). Therefore, the ratio of unexcited atoms to excited 
atoms, occurring on the right-hand side of (10.46), is 


badd = e-(Ey-Ey)/kT = ehv/kT (10.47) 


Nx 


(10.46) 
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where » is the frequency of the absorbed or emitted radiation. u(») which 
also occurs in (10.46) is given by Planck’s formula, Eq. (1.21), 


Sahv3/ 
fy) dy = ——_—__—_ 1.21 
u(v) dv he 4 dy (1.21) 
Thus Eq. (10.46) becomes 
3 A C 
(ehv/kT _ ])— 4 — = ehv/kT (10.48) 
Srhv B B 


This equation holds at any temperature or frequency. Since it must hold 
at T = o, C = B, and since it must hold at 7’ = 0, 


Srhv3 
B 
c3 


(10.49) 


Thus, we do not need to rely on quantum electrodynamics, which is 
beyond the scope of this text, to calculate the spontaneous emission of an 
excited oscillator; we may find the spontaneous emission from the simple 
absorption calculations given in this chapter. For example, the lifetime for 
an excited state pending a dipole transition is given by 


- 3hc8 
T= ri = as | mn |7? (10.50) 


Problem 10.6 What is the lifetime of a hydrogen atom in the 
(n = 2, = 1, m = 0) state? In the (n = 3,1 = 2, m = 0) state? 


Problem 10.7 A diatomic molecule vibrates approximately like a 
harmonic oscillator, with a fundamental frequency of the order of 101° 
cycles per second. If diatomic molecules are inside a resonant microwave 
cavity of the same frequency in the (1,1,0) mode and H = FE, = 104 volts/m, 
what is the rate of transition between the ground and first excited states? 
What fraction of the molecules are in an excited state? 
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10.8 SECOND-ORDER TIME-DEPENDENT PERTURBATION 
THEORY 


As in time-independent perturbation theory, the first-order time-dependent 
theory involving a direct transition from an initial state no to a final state 
k may give a null result. That is, we may find Hn, = 0. Under these 
circumstances it is necessary to multiply Eq. (10.9) by Y’;* on the left where 
‘Y;* represents any state that may be reached by a direct transition. Thus 
we will have H’;,, 4 0 and, if H’;,, is nearly constant over a period of the 
exponential, we will obtain an amplitude for transition to the state V; given 
by 
1 — exp{—(i/h)(En, — Ey)t} 


a;(t) = H’ jn,—___—_~——,__ j#n 10.16 
in E,, — 8, j#M (10.16) 


The total wave function now becomes (as before) 


Y= 2, a4 )E 


1— —(i/h)(En, — E;)t 
Py ee Sa 


(10.51) 
JFNy En, = E; 


where in the first term a,, = 1. Equation (10.51) may be used as an initial 
wave function in Eq. (10.11). This amounts to saying that for 7 4 no the 
a;(t) in Eq. (10.10) are ¢ 0 but are given by Eq. (10.16). Hence, by repeating 
the calculation that gave us Eq. (10.16), we obtain 


tha;(t) = = a;(t)H pj e“t/ XE; Et (10.10) 
j 


= H'gn, exp {—(i[h)(En, — Ex)t} 


+> aah — exp {—(i/h)(En, — Ey)t}] exp {—(i/h)(By — Bx)t} 
(10.52) 
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and 
1 — exp{—(i/A)(Ba, — Ex)t} 
)) = 2’. ——— ee 
az(?) kn, E.. — hk 
— 


1 — exp{—(#/A)(By — Ext} 1 — exp{—(@/&)(Bn, — we) 
i E, — By Ba, — Be 

(10.53) 
The terms in HZ; — Ey resulting from the first term in brackets may be 
neglected for the usual case of |Z; — Ex| > |Ee, — Bx] (this is because if 
|E», — Ez] is not very small, the ay(?) are negligible); otherwise, they must 
be included. If the first term of (10.53) is nero due to the vanishing of 
H'ra,, the transition probability then becomes 


Dinh A'x3 Hl jn, 
En, BE; 


In second-order time-dependent perturbation theory, just as in time- 
independent perturbation theory, occupation of the final state ocours 
through available intermediate states whose transition probabilities must 
be summed over. A curious result is that the transition amplitude to 
@ particular state depends critically on the presence of other states whose 
energy is nearly the same. The initial state is, as usual, a pure state 
(a; = Siq,), but in second-order theory, transitions to the final state ooour 
through intermediate states which, although initially vacant, have a small 
but finite probability in first-order perturbation theory of becoming 
populated. 

When the perturbation is due to continuous incident radiation (that 
is, when the light intensity development leading to Eq. (10.28) is valid), 
we obtain for second-order perturbation mi 


1 = 208 (Ea, = Hay] 


jax(#)? = (Ba, — Ey? 


(10.54) 


Ke, Me, te 


on 
|ax(?)|? = B.. — 5; 


= 'Boct(onn,) (10.55) 


TAK, 
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which is analogous to Eq. (10.28). Equation (10.54) may be generalized to 
yield the third-order correction, 


A'x3H'H'in, 1 — cos [(En, — Ex)(t/h)] 

‘i? = 2 > > en il ile a an) sted [pt Ati hls il a 
lae(*) | (En, — E;)(En, — Ei) En, — Ex? 
ye : (Ln, (En, ) 


which includes transitions via two intermediate states. 


10.9 TRANSITIONS TO OR FROM UNBOUND SYSTEMS 


Both light emission and absorption are calculated by use of matrix elements 
(10.11) H’xn,, which are the same for both processes since the processes 
are similar. It may be, though, that either the final state of the particle 
is unbound, as would be the case in atomic ionization due to the photoelectric 
effect, or the initial state is unbound as occurs in light emission caused by 
electron capture. If either the initial or final particle state is free, the particle 
energy spectrum in this state is no longer discrete, and given continuous radia- 
tion we no longer observe or are interested in finding the transition probability 
to or from a particular state but instead concern ourselves with an energy 
interval between # and E + dE and assume that all states within this in- 
terval have equal probability of being occupied. The probability of a transi- 
tion occurring to some state in this energy interval will be proportional to the 
number of states in the interval, p(H#) dH, where p(£) is the level density 
or number of states per unit energy interval. In the case of a free electron 
or nucleon where both spin polarizations must be included, 


p(E)dE = p2 dp (10.56) 


(fir)? 
from Eq. (1.12), for example, where p is the momentum of the free particle 
and V is the volume in which the free particle wave functions are contained. 
Equation (1.12) for radiation in a box applies to free particles in a box, as 
we know, since the particles in a box have a probability wave amplitude 
which satisfies a wave equation similar to the equation for the the photon 
wave function, Eq. (1.5). The boundary conditions are also similar and even 
the twofold degeneracy due to particle spin values of +4 is matched by 
the two degrees of photon transverse polarization freedom. Thus, for a 
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free electron or nucleon the level density obeys the proportionality 


p(E) dE a p2dp « VE dE (10.56a) 

While the level density is directly proportional to the volume in which 
the particle is contained, the matrix elements, on which the transition proba- 
bility also depends (Eq. 10.57 below), are directly proportional to the nor- 
malization constant of the free particle wave function, Cy. Since the square 
of the matrix elements is used to obtain the transition probability, the 
transition probability is proportional to the square of the normalization 
constant for the free particle wave function. The normalization constant 
is so defined that |Cy|2f %*sd7 = 1 with the integral extending over the 
volume of the box in which the particle moves. Since for free particle wave 
functions ¢ = eik’r the integra] is equal to this volume, |Cy|? = 1/V and 
hence the transition probability oc p(#)|Cy|? is independent of the volume. 
For convenience, in the following we will assume the free particle contained 
in a unit volume. 

The probability of transition of a particle to or from a free state by 
absorption or emission of a photon of frequency w is obtained by integrating 
the corresponding expression for discrete initial and final states (and for 
continuous w instead of continuous £), Eq. (10.27), over all the equally 
probable states with energies EH (in the case of the initial state being free 
but unknown an average is taken); in the case of absorption by a system 
in state no to any of many equally probable states.in the energy interval dE, 
sin? [(Z,, — E + hw)(t/2h)] 

(En, — E + hw) 
where the general matrix element H’;,, has been written instead of the par- 
ticular matrix element for dipole transitions, wxn,. I(w) represents the in- 
tensity of radiation of frequency w, no labels the discrete energy level 
(bound) state, and k any continuous (unbound) state of energy E. Note 
that Eq. (10.27) was derived by assuming (as in obtaining Eq. 10.12) that 
the perturbation is small and does not deplete the initial state appreciably; 
that is, @,, = 1 always. As in the derivation of Eq. (10.28), the quantity in 
braces behaves like a delta function for t > h/(E,, + fw), so that Eq. (10.57) 
becomes upon integration 


|a(H)|? = (2a/h)I(w)p(En, + hw)|H'en,|?t 


|a(B)|2 = i 4|H'rn PL) }o() a (10.57) 
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The transition probability per unit time between states of energy Ey, and 
En, + Aw is a constant given by 


T(En, + fiw, En,) = (27/h)I(w)p(En, + hw)|H'en,|? (10.58) 


As t becomes very large the initial state is depleted so that the initial con- 
dition, a,, ~ 1, is no longer valid, and the theory given here based on this 
simple condition breaks down. 


Problem 10.8 What energy dependence of the transition rate is to be 
expected for neutrons emitted in a photonuclear transition if H’xn, is in- 
dependent of energy and the nucleus is left in its ground state? 


Problem 10.9 What is the rate of ionization of hydrogen atoms in the 
ground state when in light of which the intensity Jp is constant over all fre- 
quencies up to twice the minimum ionization frequency? 


Problem 10.10 Fermi assumed that in some circumstances the beta- 
decay transition matrix H’;,, is independent of electron energy and that two 
particles, an electron and a neutrino, are emitted in beta decay. The sum of 
the electron and neutrino energy must be a constant and the sum of the 
momenta of the recoil nucleus, electron, and neutrino must be zero in the 
laboratory system. Derive the beta-particle energy spectrum resulting from 
these assumptions. 


Problem 10.11 If in a sample of tritium H? there are 1019 tritium 
atoms per cubic centimeter, how many beta-decay formed Het ions in the 
(n = 3,1 = 1) excited state are there per cubic centimeter? (See Problem 9.12.) 
(Hint: Compare the observed half-life of H3, 12.26 yrs with the atomic 
deexcitation rate of He* in this state and the fraction of H? which decays 


initially into this state.) 
BIBLIOGRAPHY 
Pauling, L., and E. B. Wilson, cited in Chapter 7. 


Heitler, W., The Quantum Theory of Radiation. London: Oxford University 
Press, 1950. 


Uh bag 


CHEMICAL RESONANCE THEORY 


11 


A SYSTEM COMPOSED of two identical particles, say the two electrons in a 
helium atom, or a hydrogen molecule, may be described in terms of the 
superposition of states of the hydrogenic system, the interaction energy 
between the two particles being treated as a perturbation energy, as in 
Chapter 9. Perturbation theory tells us how much time the two particles 
spend in different states of the unperturbed system. An enlightening physical 
interpretation of this situation may be given if we compare the system to 
the familiar phenomenon of two weakly coupled oscillators. Two pendula, for 
example, A and B, may be suspended from the same supporting rod. There 
are two different coordinate systems in which to represent their motion, 
a coordinate system in which the motion of each bob is described separately 
and a combined coordinate system in which no attempt is made to describe 
their motion separately. After bob A is set swinging, its oscillation will 
die down and bob B will begin to swing, and so on, and the system will 
be said, classically, to resonate between one state (of the unperturbed system) 
in which A swings and B is at rest and the other state in which B swings 
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and A rests. Alternatively, one could describe the system consisting of 
bobs A and B in terms of normal coordinates and say that it is oscillating 
in two different states (these are said to be the true states of the combined 
system), with two slightly different characteristic frequencies: One might 
regard as the ground normal state the one with the lower frequency, in which 
both bobs swing together with equal amplitude and phase; when the two 
bobs swing with equal amplitude but with a phase difference of 180° their 
frequency is slightly higher. If one attempted to represent the ground 
normal state of the combined system in terms of the other coordinate 
system, that is, in terms of the motion of either bob, considered as an un- 
perturbed, independently moving pendulum, one would then say that the 
system was in one of its two unperturbed states, with both bobs swinging 
with equal amplitudes but with slightly lower frequency than if either 
bob were swinging completely independent of the motion of the other. 
The preceding analogy is of considerable utility in acquiring an 
insight into chemical bonding. On the one hand an ionic bond, as between 
sodium and chlorine in a salt molecule, is easily understood. Resonance 
is not involved. The valence electron of one atom joins the valence electrons 
of another atom, essentially causing the first atom to be a positive ion and 
the other a negative ion, and the two ions are held together by simple electro- 
static attraction. A covalent bond, on the other hand, as between two 
hydrogen atoms in a gas molecule, is less easily explained. The electrons 
may be thought to resonate among all the different degenerate states 
about the two atoms, causing the total binding energy to be less than the 
electron binding energy for the two separated hydrogen atoms. Carbon, 
for example, has four valence electrons and can establish covalent bonds with 
four nearest carbon neighbors to form the extremely stable diamond crystal. 
Diamonds, however, are a bad long-term investment since after many eons 
they decay to a still more stable structure, graphite. In graphite there are 
only three nearest neighbors in a hexagonal, two-dimensional plane, and the 
additional resonance energy resulting from the three nearest neighbors 
sharing the fourth electron for equal times causes the graphite bond to be 
stronger than the bond in the diamond crystal. Other organic structures 
of particularly great stability are the aromatic compounds, comprised 
basically of the hexagonal benzene ring which also has much resonance 
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energy. In general, any chemical bond is due to both the ionic type of bond 
in which the valence electrons are clustered predominantly about one atom, 
and the homopolar bond in which the valence electrons remain equally 
near both nuclei. A complete calculation usually consists of appropriate 
contributions from both bonds (determined possibly by the variational 
method of Chapter 9). Exceptions to this are calculations for the sodium 
chloride bond, which is essentially ionic, and the hydrogen iodide bond, 
which is essentially homopolar or covalent. 
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If two oscillators free to move in only one dimension are attached to opposite 
walls through springs of force constant k; and connected to each other by 
a weak spring of force constant k2, as shown in Figure 11.1, the form of 
Newton’s second law for the two oscillators will be 


early ae eG ‘ 
mz, 121 2(%1 — 2X2) (11.1) 
Miz = — kyxz — ke(xze — 2%) 


— 


% 


Figure 11.1 Illustration of two harmonic oscillators connected by a 
weak spring with constant ke. 


These equations may be rewritten 


Se s 
xy = — woe + O22 (11.1a) 
Zp = — wore, + Oa 


where wo? = (ky + ke)/m and Q2 = ky/m. These equations take a simpler 
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form if new variables are chosen. Let 


1 
= = 11.2 
f= ni + 22), n a - £2) (11.2) 


Then 
E= — wp + 0%, FH = — wo’ — O% (11.3) 
whose solutions are 
&= Asin(Vao — 021); 7 = Bsin(V ao? + 022) (11.4) 


and therefore 


A B 
= 2 — sin (V wo? — 02 t) + V2 S sin (V wo? + 21) 
A B 


x3 = —S sin (V wo? + 2 t) (11.5) 


V2 —> sin (V wo? — N2t) — V2 


At times when V wo? — 02t = Vwo2 + Q2t — 2xn, where n is an 
integer, x] is a maximum and #2 a minimum. If 


V wo? — O2t = Va? + O2t — m(2n + 1) 


then x2 is a maximum and 2 a minimum. Since 02 < wo?, 


V a? F O2 ~ wo F (O2/2w0) 


and 
A+B : ; 
xy ~ We cos (Q2/2wo)t sin wot + We sin (QQ2/2wo)t cos wot 
A— : + 
x2 ~ wa cos (Q2/2wot) sin wot — ae sin (Q2/2wo)t cos wot (11.6) 


If the initial conditions are such that A = B, 


a, ~ V2A cos (Q2/2a9)t sin wot 


ag ~ V2A sin (Q2/2w)t cos wot (11.7) 


yielding the two oscillations of frequency wo whose amplitude varies slowly 
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with frequency Q2/2w 9. These oscillations are illustrated in Figure 11.2. 

When we watch the springs move we are in a sense analyzing them in 
the 21,22 coordinate frame where x and x2 are the coordinates of the two 
masses on the springs. The motion in the 2,22 coordinate frame is a little 
complicated: When 2 is oscillating with maximum amplitude, zz is at rest, 
and vice versa with first one mass oscillating and then the other as the 


Fig. 11.2 Illustrations of vibrations of two spring-coupled oscillators 
in the normal coordinates € and ». 
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energy of the system is transferred back and forth between the two masses. 
That is, the system is resonating between the two oscillations in the 21,22 
frame; first the system is oscillating in the 2 state, then in the x2 state and 
so on. The analysis of the coupled spring system is very much simplified if 
we analyze the system (represent it) in the normal coordinate frame, 
i=: (1/2) (a + a2) and 7 = (1//2)(a1 — x2). As we can see from Figure 
11.2, the motion in normal coordinates is a simple harmonic oscillation of 
constant amplitude in each coordinate. Added or subtracted together (super- 
imposed) this constant amplitude vibration at two different frequencies 
results in the complicated a, x2 motion, x = (1/V 2V\(é +n) and 22 = 
(i/V 2V(é — 7). The initial conditions we picked for the example gave equal 
amplitudes for the €, 7 motion, but other initial conditions would result 
in unequal amplitudes, in general, and of course different 21, x2 motion 
than shown here. For example, if both masses received the same initial 
displacement and velocity, both masses would continue to move in phase 
forever (if no damping were present; x; = x2). Represented in normal 
coordinates, no 7 vibration would be present; the motion would be entirely 
in the € normal coordinate. In the 2,22 coordinates both states would 
occur with equal frequency or probability; in the €, 7 coordinates only 
one state would occur. 

In atomic systems, one would observe directly the frequencies of 
the &,7 system, but the analysis would probably be carried out in the 
unperturbed, independently oscillating 21,72 system. The perturbation 
from the weak interaction of the two unperturbed degenerate systems is 
said to result in a resonance energy if the initial wave functions are not 
the so-called correct zero-order wave functions, thus yielding a nondiagonal 
perturbation matrix. 


11.2 QUANTUM MECHANICAL COUPLED HARMONIC 
OSCILLATORS 


A system of oscillators subject to the conservative forces given on the 
right side of Eq. (11.1a) has a potential energy given by 


Y= $2412 + $a92a2? — O22 20 (11.8) 
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With the substitution of this potential together with (11.2), the Schroedinger 
equation (4.23) becomes 


Op a Am 


72 + ry + 8s — BL(wo? + Q2)E + (co? — O2)y2]} = 0 (11.9) 
The variables are separable: y = 9j(£) + g2(n); hence 
Ao es 2m 
22 gre — $(wo? + Q2)2]o1 = 0 (11.10a) 
and 
ee Tee So ! 
2 Pa mn? pe (11.10b) 


These equations are the one dimensional harmonic oscillator wave equations 
whose solutions are the ordinary Hermite functions given at the end of 
Chapter 8. The energy eigenvalues are given by 


Egn = (n + $)iV wo? + OP (11.11) 
Similarly, 


Eym = (m + $)hV ag? — OF 
Enm = Een + Eqm = (n + PAV we? + QF + (m + PAV eg? — OP 
~ (n+m + l)hwo + hQ2Z(n — m)/2w (11.12) 


Thus, quantum mechanical coupled oscillators yield basic frequencies 
V wo? + Q2, the same as the classical system discussed in Section 11.1 
(Eq. 11.1). Moreover, if we try to analyze this system in terms of the un- 
coupled system motion, we find that the energy is slightly shifted from the 
basic integral multiple of Awo where wo is the frequency of the individual 
oscillators in the uncoupled system. 

The system we have been describing, the coupled oscillators, is a 
very elementary one, which we have been able to solve exactly with little 
difficulty. Suppose, however, that we have to find the solution in terms 
of independent, noninteracting systems oscillating with frequencies wo; 
then we must use perturbation theory. The zero-order Schroedinger wave 
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equation for this system is 
g 02 
sh 4. pied os tT — deo2(212 + xe?) = 0 (11.13) 
O22 0292 


whose variables are separable, resulting in two equations, that for gy, being 


iil Haste 29,3 ]}qn9 = 0 (11.14) 
ex =I ro 19 — dwo221? Jor? = : 


Let a = V: mart ; then the zero-order functions are the one-dimensional 
harmonic oscillator wave functions 
° = Hy(aay)e**a"/2 Hy(aag)e2*22*/2 (11.15) 
where H, is a normalized Hermite polynomial of the nth degree, and 
E°= (n+ k+ ljhao (11.16) 


We wish to examine a degenerate system; the level with H° = 2hiwo is 
twofold degenerate since both n = 1, k = 0 and n = 0, k = 1 are states 
having this energy. For this level the elements of the secular determinant 
for the perturbation matrix Eq. (9.35) become 


(V'10,10 — 2%) V'10,01 


|=0 (11.17) 
V'o1,10 (V'o1,01 — B's) 


where the four matrix elements are 
V"10,10 — £5 = [ (Ei (warjenstnt2 Ho(aag)e-¥*22"/2 O22 29 


x Hy (mary Jem?" /2 Ho(xarg)e7*° 22/2} daydx_y — E'; 
= —F; (11.18) 
since the integral is zero; 


V't0,01 = | {Hy (ary e-**22"/2 Hy(aarg)e-**22"/2 O22 a9 

x Ho(axy)e**2r"/2 Hy (xarg)e-**2"/2} dary dary 
= AQ2Z/2e (11.19) 
V'o1 10 = AOZ/2wo (11.20) 
Vou — = — EX; (11.21) 
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Finally, the energy of the perturbations is 


E2 = WO4/4u92, EB’; = + KQ2Z/2a (11.22) 
which yields the same frequencies as Eqs. (11.4, 11.12). 
Note that if we let 


7 
Ys = 75 (Hi (ax1)Ho(oae) + Hola) Hr (aarg)} ema'enstaa0 2 


1 
wa = Va si (o%1) Ho(axs) _ Ho(«21)Hy(x2x2)} e—e*(x1+22")/2 (11.23) 


(where S and A refer to symmetry and antisymmetry, which will be taken 
up in the next chapter), the determinant Eq. (11.17) becomes diagonal, 
(RQ2/2w0) — By 0 
et'9 (11.24) 
0 (— hQ2/2w9) — E'; 


showing that the wave functions Eq. (11.23) are the correct zero-order 
wave functions (i.e., the perturbation matrix is diagonal when they are 
used). 

We can further emphasize that the above simple twofold degenerate 
problem is analogous with classical resonance by discussing it in terms of 
time-dependent perturbation theory. Assume that all but a, and ag are 
zero in Kq. (10.10) so that 


thay(t) = a;(t)H’10,10 + a2(t)H'10,01 
ihde(t) = ay(t)H'o1,10 + a2(t)H’'o1,01 (11.25) 
since Ej9 = Eo, for this degenerate system. Let 


by = lau +a); b= lau ap) (11.26) 
then we have 
ihb, = b,H'10,10 + 64H'10,01 
ihb_ = b_H’10,10 — b_H'10,01 (11.27) 
in which we have used the fact that H’o1,01 = H’10,10 and H’01,10 = H'10,01 
from Eqs. (11.18)-(11.21). 
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Equations (11.27) have the solutions 

b, = A exp {— (i/h)H'10,10t — (t/h)H’10,01¢} 

b_ = Bexp {— (i/A)H'10,10t + (t/h)H'10,018} (11.28) 
When B = A, satisfying the initial condition that oscillator 1 is vibrating 
at maximum amplitude and oscillator 2 is at rest at t = 0, we have the 
normalized solutions for a and dg of (11.25): 
exp {—(¢/h)H’10,10t} cos (10, 01t/h) 
exp {—(t/h)H’ 10,10 —t7/2} sin (Hj, 01t/h) (11.29) 
The probability of finding the system in the state %19 in which oscillator 1 is 
vibrating and oscillator 2 is still, is found from a ;*ay: 


ay 


a2 


ay*a, = cos? (H’10,01t/h) = cos? (Q2t/2w9) (11.30) 
Similarly, the likelihood of the reverse situation, represented by y¥01, is 
ag*ag = sin? (Q2t/2w9) (11.31) 
The total wave function is given by 
b = ar(t)dio + ae(t)dor 
{cos ((Q?t/2.wo)Hi(«x1)Ho(axe) — 7 sin (Q2t/2w9)Ho(ax1) Mi (axe)} 


e-e(a1 24 407) 


5 cecal we (11. 32) 


Ye-i2 Wot 


The reader will find it instructive to compare Eqs. (11.30-11.32) with that 
for the classical problem, Kq. (11.7). 

The system may be said to resonate between the states %19 and yor 
with a resonance energy +hQ?/2wo (Eq. 11.22). This energy must be 
assumed small compared to the zero-order unperturbed energy 2/wo in order 
for perturbation theory, upon which the theory of chemical resonance 
depends, to work. 


11.3 CHANGE IN NOTATION 


In order to simplify our work we adopt a much more convenient notation for 
wave functions and matrix elements, due to Dirac. Assuming % a wave 
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function for a single particle with quantum numbers n, 1, m, we will now 
write y as 
tn,jm = |n,l,m>, a ket vector 


bn tm = <n, l, m|, a bra vector (11.33) 
and 


| $n ,t,miin,lsm dr = <n, l, m|n, l,m> 


where the last is a help in remembering the names of these quantities if 
we think of it as a bra-ket or bracket. In these expressions 7 is the total 
quantum number, / the orbital momentum, and m the magnetic quantum 
number. If we are not interested in one of the quantum numbers, say m, 
we may drop it out of our label. If the total wave functions contain additional 
quantum numbers of interest, we may include them also. The matrix 
element or expectation value of an operator is written with the operator be- 
tween the vectors, e.g. <n,l,m|0|n,l,m >. For example, in the previous section 
our one-dimensional, two-oscillator wave function would be labeled 
|n1, m2 >. The matrix element given by Eq. (11.19) would then be expressed 


V'10,01 = <10|Q2217901 > (11.34) 


11.4 THE HELIUM ATOM 


The normal, ground state helium atom has two electrons completely filling 
the ground state, and since only one nondegenerate state is possible, the 
wave functions were treated satisfactorily in Chapter 9 ignoring resonance. 
The first excited state of helium is degenerate, however, and in an excited 
helium atom resonance does occur in which either electron may spend 
some time in the higher energy level. The resonance energy that will be 
shown to result from this situation shifts the energy of the first excited 
P states and is observed in the shift of the frequency of the bright-line emitted 
radiation when the helium atom is de-excited and collapses to its ground 
state. 

The zero-order wave functions for the helium atom, in which the 
interaction of the two electrons is ignored, are hydrogen-like wave functions. 
Because of the degeneracy between states of different », /, and m there are 
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eight states with the same energy possible to the unperturbed first excited 
energy level: if, say, electron number one is in the ground state |100 >, 
electron number two my be in any one of the excited states |200 », |210>, 
|211 >, or |21—1), and conversely for electron number two in the ground 
state, the resulting four more states being physically indistinguishable from 
the first four. The total wave function would be written, for example, 
|100, 200 > if the first electron was in the 100 state (also called 1s) and the 
second in the 200 (or 2s) state. 

The interaction energy between the two electrons is treated by means 
of degenerate perturbation theory. The perturbation matrix elements for the 
energy of interaction between any two electron states are abbreviated by the 
letters J and K with subscripts s and p depending on whether both electrons 
are in an s state (1 = 0) or one of them is in a p state (J = 1). 


e 2 


—|100, 200) = | 1002*Peo02™* thes 100 b2002 dridre 
"e (11.35) 
where (1) and (2) refer to each of eh two electrons, dz; is the differential 
volume element 1;?2 sin 6; drid0;dg,; over the three degrees of freedom 
available to the first electron, and similarly for drz. <100, 200| and |100, 200 > 
are the product of two hydrogen-like wave functions derived in Section 8.6 


Je = £100, 200 


Y12 


involving the Laguerre oe Js is also written for 


<200, 100 | — 


200, 100 > 
T12 


which has an identical numerical value. 


= <100, 200|— 


e 
200, 100> = Pr00™*poo0%™* — PoooYr00? dridre 


r r 
‘i x (11.36) 


or 


£200, 100|——|100, 200) 


12 


which has the same numerical value. Jp, and also K», is written for six 
different matrix elements all having a same numerical result, one of which is 


Jy = 100, 213 | 100, 211> 


"12 
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also, 
e2 


"12 


Kp = <100, 211 


211, 100) (11.37) 


The other Jy and K»y matrix elements differ from these only in having 
the two electrons interchanged or in the orientation of the total angular 
momentum in space (that is, in having m = 0 or —1 instead of +1). The 
matrix elements other than these 16 elements are zero. For example, con- 
sider the matrix element <100, 200|e?/ri2|100, 211 >: the |211 > wave function 
is an odd function as will be shown in Chapter 12, the other terms are all 
even, and thus, integrated over all space this matrix element must be 
zero. TheJ integrals are called Coulomb integrals since they give the potential 
energy contribution from the mutual repulsion of the two electrons. The 
K integrals are called exchange integrals since they result from the exchange 
of the two electrons in the wave function on the left as compared with the 
wave function on the right in the matrix element. Another name for the 
K integrals is resonance integrals since this energy contribution’ arises from 
the resonance of the two electrons between the states on the left and right 
of the matrix element. 

By use of these matrix elements between the various hydrogen-like 
wave functions, the secular determinant Eq. (9.35) is written 


i Ant A, 0 0 0 0 0 0 
RK, (Je = AE) 0 0 0 0 0 0 
0 OL Ope ARP KY? 40 0 0 0 
0 0 K, Up—AE) OD 0 0 0 = 0 
0 0 0 01, =— AREY 0 0 
0 0 0 0 Keo ary 0 0 
0 0 0 0 0 Hogs AZ) Ky 
0 0 0 0 0 0 Rete sake) 
(11.38) 


where AE is the small energy shift due to the perturbation. 
Equation (11.38) may be rewritten 


[(AE —J,)2 — K2][(AE —Jp)? — K,?} = 0 (11.38a) 
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since all the J’s and K’s with the same subscript are equal. The solutions 
of (11.38a) are 


AE => dfn aa Kee des as Kee Jp + Kp, Jp = Kp (11.39) 


with the last two terms still giving a triple degeneracy since the degeneracy 
in m has not been broken up. Since the energy does not depend on m, 
for convenience we may drop the magnetic quantum number from the 
bra and ket vectors for the rest of this section. The splitting up of the 
degeneracy between |10, 20> and |10, 21> (ie., the 2s and 2p states, see 
Figure 11.3), corresponding to the difference between J; and Jy was said 
in Chapter 8 to be due to the greater penetration of lower / electrons within 
the electron cloud. The further splitting of these states, however, results 
from the resonance energy expressed by the exchange integrals. We have 
also discussed previously the raising of the ground state due to the mutual 
shielding of the positive nucleus by the electrons. Figure 11.3 illustrates 
the effect of these perturbation calculations. 


€--y---------- 110,20 > 


i, \ : 


excited 


|10,10> 


ground 


Figure 11.3 Illustration of the effect of the interaction energy of the 
two electrons on the lowest two wnperturbed levels for the electrons in the helium 
atom. The two lines on the left represent the ground state energy and first excited 
state energy if the perturbation caused by the electron repulsion is neglected. 
Both levels are raised by the electron shielding of the nuclear electrostatic potential, 
but the excited level is split into several levels as a result of differences in shielding 
between s (1 = 0) and p (Il = 1) electrons and quantum mechanical resonance. 
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Thus, we have found that the eightfold degenerate first excited level 
of the helium atom splits into four levels, of which the lower two are entirely 
nondegenerate due to the addition or subtraction of the resonance energy. 
If we choose new wave functions 


1 
Ys = —(|100, 200> + |200, 100) 

1 
o4= at 200 > — |200, 100) (11.40) 


then Ks; in Eq. (11.36) becomes 


ie = 
e2 
= Pic 200|-—/ 100, 2005 — <100, 200 /——|200, 1005 
r12 r12 
e2 
+ <200, 100/—_|100, 200) — <200, 100|—— 200, 100) =0 
r12 r12 


(11.41) 


Similarly, K, also vanishes when the wave functions (11.40) are used. 
Similarly, the nonzero J integrals are found to be symmetric and anti- 
symmetric. 


e2 
De <100, 200|/——| 100, 200) + <100, 200|—— 200, 100» 
112 T12 
J sq = <100, 200|/—|100, 200) — <100, 200 |—— “| 200, 100 (11.42) 
T12 112 


ws is called a symmetric wave function since it does not change sign if the 
two electrons are interchanged. 4, however, does change sign and is thus an 
antisymmetric wave function. 4 and ys are seen to be the correct first- 
order wave functions since the off-diagonal elements K 5, Kp vanish if these 
wave functions are used. Whereas before inclusion of the interaction of the 
electrons only one energy level was predicted, now four closely spaced energy 
levels are predicted. The lowest level is due to the antisymmetric 2s state, 
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the next to the symmetric 2s state, the third to the antisymmetric degenerate 
2p level, and the highest to the symmetric 2p level. 

In general, then, whenever a system comprised of two similar members 
may have two exactly similar states, there will be a lowering and raising (i.e. 
a splitting) of the energy of these states compared to the energy calculated. 
regarding just one member of the system. The depression of the energy 
level is due to resonance between the two possible degenerate states. 


11.5 THE HYDROGEN MOLECULE (HEITLER-LONDON 
TREATMENT) 


In the diatomic hydrogen molecule the two electrons can alternate in orbiting 
around one proton or the other; thus the hydrogen molecule ground state 
furnishes us with another simple example of resonance. In general, the 
hydrogen—hydrogen bond is composed of two types of states, one in which 
both electrons surround one proton forming an ionic bond and the other 
type in which each proton has an electron close to it. This latter type of 
state, corresponding to a perturbation of the wave functions for infinitely 
separated hydrogen atoms, is the one we will assume to predominate. 
Figure 11.4 illustrates the change in electron potential and consequent 
change in wave functions as the two atoms are brought close together. 
A continuous wave function and derivative cannot be realized by joining 
the two infinite-separation wave functions when the two atoms are joined. 
Only by lowering the energy eigenvalue of the system (or raising it to a new 
first excited level) can a smooth fit for the total wave function be made. 

Thus we consider the two atoms well separated as compared to the 
distance of the electrons from the closest protons. The initial wave function 
will then consist of the product of the ordinary ground state hydrogen wave 
functions for each atom, a(ri)¥n(re), and will clearly yield resonance 
energy. Let 71,4 represent the separation of electron 1 from proton A, and 
similarly rgp for electron 2 and proton B. The complete wave equation is 
then 


Re ’ 2 e2 e2 e2 e2 e2 e2 
— —(V2 + V2) — — -— - — - + 
<™m TIA T2B T1B TOA 12 TAB 


|b == 
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The unperturbed function is ¢% = wa(ti)¥p(r2) where ¥a(rj) is a solution to 


kr e 


a(T1) is the associated Laguerre and spherical harmonic function of Chapter 


Ben no SX 


(a) Unperturbed State (b) Unperturbed State 


(c) Perturbed Ground State (d) Perturbed Excited State 


Figure 11.4 Illustration of the behavior of the potential energy, the 
energy levels, and the complete two-electron wave functions for two hydrogen 
atoms (a) infinitely separated (b) brought together with the separated wave 
functions drawn (unchanged from a), (c) brought together and showing the 
corrected, smoothly joining wave functions, (d) brought together and showing 
the correct wave function for the first excited state. The dashed lines in (c) and 
(d) are for the correct energy levels appropriate to the wave functions shown in 
(c) and (d). The straight solid horizontal lines on all four figures shows the 
ground energy level of the infinitely separated atoms, for comparison. 


8, and similarly for Yp(re). Let 
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Then the degenerate perturbation integrals are 


J = | f pa*(eaba*(re) H a(ri)ba(r2) dedre 
K = [fba*(ri)dn*(re) H’ ba(ta)pn(ni) dridre 


ii | ba*(ri)bp* (Fo) H°ba(re)bn(ti) dridre (11.43) 
where dz, and d7ve are the differential spherical volume elements 
dr, = 132 sin 6; drid@i\dqi 


The second term in the exchange integral K, which we will label 
Ko, must be included since our initial wave functions are not orthogonal, 
i.e., I;x of Eq. (9.33) is not here given by Jj, = dj. Since 


A fa(re)bn(ti) = Ho da(re)bn(ri) = 241 ba(re)bn(r1) 


we have 


Ko = 28; | pa*(ri)be*(r2) ba(ra)n(ri) dridre 


The contribution of e?/raz to J is simply e2/r4p, since the wave func- 
tions are normalized and e2/r4z3 may be taken outside the integration over 
the electron coordinates. Similarly, the contribution of the e?/r4p term to K 
is simply [(e2/rap)/2#1]Ko. The contribution of (e2/ryg) to J would be 


‘ date) ( 


since #p(F2) is normalized and 71g is not a function of the position of the 
second electron. The contribution of (e2/r;3) to K would be similar. 
We thus obtain the secular determinant 


patra dr 


— e2 
TIB 


eee K 


| = 0 (11.44) 
K (J — AB) 


from which the shifts in energy level caused by the resonance energy is found 
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to be 
AEF=J+K, J-K 
The Coulomb effects between all the charges roughly cancel out, leaving 


the exchange effects which cause chemical binding, as illustrated in Figure 
11.5. 


antisymmetric 


TsB 


Figure 11.5 Illustration of effect of exchange or resonance energy on 
the binding energy, B, of the hydrogen molecule. The middle curve includes 
all effects J + 0 other than the resonance of the two electrons where 0 represents 
all interactions not specifically calculated in the text. 


It is found that the symmetric wave function 


bs [Pa(ri)pp(re) + fa(re)$n(r1)] (11.45) 


4/2 + 2Ko 


is the correct zero-order wave function which with its antisymmetric twin 
causes the perturbation matrix to be diagonal. Equation (11.45) is the 
symmetric wave function whose eigenvalue is approximately Ho — K, 
the lower of the two energy eigenvalues including resonance. This is in 
contrast to the case of helium where both electrons are in the same atom, 
and the antisymmetric wave function was found to be the lower of the two 
energy eigenvalues including resonance. The attractive bonding force of 
the hydrogen molecule has been shown to be due to the possibility of two 
electrons beihg in a symmetric state (i.e., being interchangeable in the wave 
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function representation). We will see in the next chapter that no more 
than two electrons can be in one symmetric state at the same time, so that 
the degeneracy in this case can be only twofold. 

The symmetric wave function Eq. (11.45) yields a probability of find- 
ing both electrons between the two protons larger than the probability of 
this event for the two atoms placed a distance rap apart and no resonance 
effects taken into account. That is, |%a(t)~n(re)|? gives a probability of 
this event smaller than that given by the absolute square of the symmetric 
wave function Eq. (11.45) (see Figure 11.5). The antisymmetric wave func- 
tion, on the other hand, gives a smaller electron probability density in this 
region, compared to the nonresonance value. Thus, despite the mutual re- 
pulsion of the two electrons, the attraction of the two protons for the (sym- 
metric state) negative cloud causes the hydrogen molecule to be a stable 
configuration. The mutual repulsion of the less screened protons in the anti- 
symmetric electronic state results in an unstable configuration. AH, J, and 
K are functions of internuclear distance as shown in Figure 11.5. 


Problem 11.1 The interactions of two particles in the same ground 
state in a one-dimensional square well of width a cm is a small square well- 
type potential which is V9 ev deep and 6 cm wide. That is, V’= 0 unless 
a — x, < b, where the 2’s are particle coordinates, so that the integral 
over x2 extends from 2; — b to x; + b and the subsequent integral over 
x from 0 to a. How does their interaction affect their energy? If the par- 
ticles repel one another with a potential + Vo, how does this affect the 
symmetry of the ground state? 


Problem 11.2 If two dipoles with moments el; and elg (e being the 
electronic charge and ]; and ly being the charge separation in the two dipoles) 
are a large distance r apart, their interaction energy is 


e2 ~ A 
V= wath ‘lg — 3(h + r)(le- r)] 


where f is a unit vector in the r direction. What is the interaction energy 
between an excited hydrogen atom (nm = 2,1 = 1, m = 0) and an unexcited 
hydrogen atom cm away? Assume the polar axis of the excited atom 
to be parallel to r. Note that if two oscillating dipoles are in phase with 
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one another they will attract one another, whereas if out of phase they 
will repel one another. 


11.6 ELECTROSTATIC INTERACTION BETWEEN TWO 
ELECTRONS IN GENERAL 


The dominant force on atomic electrons is the attraction of the multiply- 
charged positive nucleus. Because the forces between the various atomic 
electrons is less than this, we have neglected the presence of other electrons 
in zero-order approximation. Hence, our zero-order approximate wave- 
functions have been hydrogen wave functions—products of Laguerre and 
associated spherical harmonic functions. The more complicated interaction 
with the other electrons in an atom or in neighboring atoms have then been 
treated as.a perturbation. The electronic interactions, as we have seen in 
Sections 11.4 and 11.5, are crucial to a prediction of atomic energy levels 
and to understanding chemical binding. Thus, the interaction between 
two electrons in hydrogen electronic states is of recurring interest, and it 
is very useful to review the results of Sections 11.4 and 11.5 and see what 
general conclusions or selection rules we can deduce whenever the interaction 
of two electrons must be considered. 

Using perturbation theory we obtain matrix elements, that is, 
integrals of the type 


1 
| y(1)$(2) — e(1)4(2) dradre 
r12 


If a =c and b = d, the integrals are the Coulomb integrals, whereas if 
a =d and b =c, the integrals are the exchange or resonance integrals 
(see Eqs. 11.36-11.38). 1/riz may be expanded in terms of the spherical 
harmonics since these form a complete orthonormal set. The expansion is 


foe} k +k 
= ¥x, m(91,91) Vx, -m(92,92) 
<= a yd ee A | =) if m( y matt 
k=0 m=—k 
co k 


rk 
—m 11.46 
De Coy rey Pp | a>, Okm(91)Pm(~1) Oxm(G2) P_m(p2) ( ) 


m=k 
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where r- denotes the radial coordinate of the inner electron (the one closer 
to the nucleus) and r, denotes the radius of the outer electron. 

The one-electron wave function is the hydrogen wave function 
which for electron number one, for example, in the ath state, is written in 
terms of Laguerre and spherical harmonic functions, 


P41) = Rn 1, (71)O1,m, (1) Om, ($2) 


The integral over q is trivial: 


27 
De, panicles: 
0 


= we e—iMaGr eimMe eimg@ dg 


Simgsmetm (11.47) 
- 27 


Similarly the integral over ge yields 


1 
WP aah 


Hence, 
mM = ™Mq — M = Ma — Mp 


Ma + Mp = Me + Ma (11.48) 


Only the term for which (11.48) is satisfied is nonzero in the sum over m in 
(11.46), and thus the z-axis projection of the two electrons’ total angular 
momentum is the same in both the ab and cd states. The @ integrals, which 
are tabulated in Chapter 6 of Condon and Shortley (see Bibliography of Chap. 
12), are 


| ©r,m,(61) Orgm,(61) Or, m,--m,(01) sin 6; dB, = O¥(lgrmg, lee) (11.49) 
0 


where k refers to the number of one of the terms in the power series expansion 
in re andr, in (11.46), and ©7,m(@) & (cos 6)'-™ plus terms of lower order 
whose exponent is less by an even integer; hence the integrand in Kq. (11.49) 
is proportional to (cos @)latlt+k-2ma, If lg +1, + k is odd, the integrand 
is odd and the integral is zero; hence no mixture of states for which Iz +1.+k 
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is odd results. Besides the evenness of Iq + J, + k we obtain the following 
selection rules: 


k> | —1|, k>|m_a—m,|, and k<i,+1, (11.50) 
Nees 
11.7 RELATIVE SIGNIFICANCE OF THE SEVERAL ATOMIC 
INTERACTIONS 


In discussing various atomic examples of perturbation theory in Sections 
9.2, 9.5, 9.6, 11.4, 11.5, 11.6 we always neglected the electronic interaction 
and the spin-orbit interaction on the electrons in zero-order approximation. 
Then in first-order approximation we used the hydrogen wave functions to 
estimate the change in energy levels and wave functions from either of these 
two perturbing effects. It is important to compare the magnitude of these 
perturbations with each other in order to know which perturbation should 
be used first in calculating energy levels and wave functions in higher order 
approximations. It is also important to compare the perturbations with 
the nuclear Coulombic potential for an indication of the reliability of the 
perturbation approximation. 

We consider the magnitudes of the energy contributions of various 
atomic electron interactions as displayed in Table 11.1. Note that in light 


Table 11.1 Magnitudes of the energies (in ev) of the various interactions 
involving atomic electrons. 


Interaction effects Light atoms Valenceelectrons XK or Ist Shell 
of heavy atoms electrons of 
heavy atoms 


Nuclear potential ~100-—1000 ~2-10 ~20,000-100,000 


Electrostatic repul- 
sion of electrons ~l ~l1 ~100 


Spin-orbit ec pling ~10-4-10-3 ~0.1-1.0 ~3000 


ne 
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atoms (Z ~ 2-10) the electrostatic interaction dominates the spin-orbit 
coupling. In general, the mutual repulsion of atomic electrons separates 
levels of different symmetry. This effect is called Russell-Saunders coupling; 
in light atoms Russell-Saunders coupling is of primary importance. For the 
inner electrons of heavy atoms, on the other hand, the L+S or spin-orbit 
coupling is predominant. (J commutes with the Hamiltonian including 
the L: S term whereas L and S do not. Therefore J is a constant of the motion, 
The large size of the L + S term causes states of different J to be widely 
separated.) In this case neither the magnetic spin quantum numbers 
nor the magnetic orbital momentum quantum number / is unique for the 
widely separated levels of different total angular momentum, j = |I + s}. 
Hence the |j,m> states having total angular momentum j and j; = m, 
the magnetic quantum number, are the important states for these electrons, 
The weaker electrostatic interaction slightly separates levels of different 
symmetry as a weak perturbation. Thus the total angular momentum has 
a primary effect on the energy as a result of the LS interaction. This 
situation is called j—j coupling, and in inner electrons of heavy atoms is 
the predominant effect. 

In both R-S and j-j coupling the higher-order perturbation caloeula- 
tion is carried out in the representation in which the predominant perturba- 
tion is diagonal. Unfortunately neither Russell-Saunders nor j—) coupling 
is appropriate to the intermediate case of the outer electrons in heavy 
atoms. Successive perturbation treatment is not possible, so that both 
perturbations must be handled simultaneously, which is much more messy 
and difficult. Similar changes in the relative importance of these two physical 
effects occur in nuclear physics, as one goes from one end of the periodic 
table to the other. 
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SPIN, SYMMETRY, 
PARITY, AND VECTOR ADDITION 


12 


UP TO THIS POINT we have concentrated on the energy and angular momentum 
properties of multiple body systems. Other mathematical and physical 
properties of the particles and their wave functions exist, however, which 
yield additional information about the system. These other properties, 
which are revealed by appropriate operators, are also frequently constants 
of the motion (they do not change with time) and it is useful to characterize 
states in terms of the eigenvalues of their operators. (i) The intrinsic angular 
momentum or spin of a particle or system of particles, as opposed to the 
orbital angular momentum with which we have been concerned, is one such 
property. The spin being a separate variable of the system requires a special 
eigenfunction which we will soon discuss, in Section 12.2. (w#) The spin 
eigenfunction of a system of two particles combines with the spatial eigen- 
functions to form wave functions which either do or do not change sign if 
the particles are interchanged. This exchange property of eigenfunctions 
(either total eigenfunctions or one of the component product eigenfunctions, 
for example spin or space functions) is called symmetry. It is an important 
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and very useful property since the symmetry of a total eigenfunction for a 
particle is always the same depending on what kind of a particle it is. 
(iii) If the coordinate frame in which a system is represented is reversed so 
that a polar vector in one frame has an opposite sign in the other frame 
(r + —r), the wave function may or may not change sign. This behavior 
of wave functions (total or spatial) under coordinate reversal is called 
parity and it too is a very interesting and useful property of the wave function 
of asystem. Both symmetry and parity conditions restrict the kind and num- 
ber of possible eigenfunctions a system may have and the transitions which 
the system may undergo; herein lies their greatest importance and utility. 

In discussing spin and other topics of this chapter, it will be particularly 
useful to be able to represent various operators in matrix notation. 
We may explain matrix notation in the following way. Let gi, gz .. . form 
a complete orthonormal set of wave functions, say the eigenfunctions of 
some operator A. As we already explained, any arbitrary wave function % 
can then be represented as a series 


= > angn, where an = | dr @n*p. 


Indeed we can specify the function by giving only the set of coefficients 
(a1, a2 . . .), since the series can always be reconstructed. There is a one-one 
correspondence, in other words, between wave functions % and ordered sets 
of numbers (i.e., between a wave function and a vector aj, a2... , or {an} for 
short). One can also set up a correspondence between operators and doubly 
ordered sets of numbers (i.e., between operators and matrices) as follows: 


Amn = | a Pm*AGn 


Now let x = Hy and compute the coefficients {by} of the new function =: 


Dr = | dr Pm*x 


I 


dn | | a on" Hi] an = > Anta, 
n 
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which is the familiar rule for the multiplication of a vector by a matrix. We 
can think of a wave function ¥ and an operator H, therefore, as a vector 
{an} and a matrix Hn»; and if we do, the result of letting the operator act on 
the wave function will be the same as the result of multiplying the vector by 
the matrix. (Note, by the way, that the vectors and matrices are generally 
infinite—dimensional.) 

The next thing to show is that the product of two operators corre- 
sponds in the proper way to the product of the two matrices. Let C = AB, 
where A, B, and C are operators. Then 


Cini = | a Pm*Con 


= | dr Pm* ABGn 


Now the series for Bon is 


Bon = >o (| dr vs*Bon) €p 


md >» Bonp 
Hence 
Cmn = | dt pm*A ( >» Bons) 
= >) Bon | dr pm* App 
= >» AmpBpn 
But this is simply the product of the two matrices which is what we set out 
to prove. 


It should be emphasized that the matrix elements depend on the choice 
of the orthonormal set 71, gz... In other words, there is more than one matrix 
representation. If the gy’s are the eigenfunctions of some operator A, one 
speaks of the A representation. For example, if they are the simultaneous 
eigenfunctions of the operators H, L?, and Lz of Chapter 8, we have the so- 
called energy-angular momentum representation. An operator is said to be 
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diagonal in a certain representation if its matrix elements vanish when the 
indices are different. 


Amn = 0 whenever m # n. 


(Exercise: Show that the operator A is diagonal in the A representation, 
that is the representation in which Agn = dngn.) It is very often important 
to find a representation in which a given operator (usually the Hamiltonian) 
is diagonal, and the process of doing so is called diagonalization. This, in 
fact, is what we were doing in the second-order perturbation theory ; we were 
finding an orthonormal set of wave functions (eigenfunctions of Ho) in which 
the operator V was diagonal. 

We might review the material of previous chapters with respect to 
their matrix representation. In this regard, degenerate perturbation theory 
provides a good illustrative introduction to the significance of and requisite 
conditions for diagonality of an operator matrix. For example, when 
AY i,? = L/W, we say that the Hamiltonian or energy operator is diagonal 
in this matrix representation, for H® operating on any of these $°’s always 
gives us back the same wave function. If the #0’s are orthogonal, multiplying 
by %1x°* on the left and integrating over all space would yield 


Cen * Hi, > = Edy, (12.1) 


The subscripts & and k’ may have any values from | to n for an n-fold de- 
generate system. These n? numbers may be ordered in the form of a matrix 
where the first index refers to the row and the second index refers to the 
column. Thus Eq. (12.1) is written 


C51 9* vey > Cpe HYi29 >... <xbe* Hin? > POOF a0 
Chi Hb >  <beo™* A %pin> . . . <i Hbin® > 0.1.0.2 a0 
=) 10 Oo ae 


Chin Abi? > Chin ™* H%pi29> ©. © Cabin Hbin® Y 000...1 
(12.2) 
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If an additional term V’ is added to the Hamiltonian operator, 
(dix? *Avbix® > is no longer necessarily zero if k 4 k’, as we know. Hence 
we obtain a nondiagonal matrix, because V’’ operating on xix° yields a 
wave function different from win. If 


| Facade # Vien 


it is because V’yi,° yields some pix"? (plus some other #°’s, in general), for 
V'$ix® has to yield some off-diagonal y’s in order for this equation: to be 
true since f Wix’°*i;° dr = O unless k’ = j. In several of the simple examples 
treated in Chapter 11, we discovered other representations in which the 
energy was again diagonal; that is, we diagonalized the Hamiltonian 
operator. 


12.1 MATRICES OF ANGULAR MOMENTUM 


Besides the Hamiltonian or energy operator, another vital operator repre- 
senting a physical observable is the square of the total angular momentum 
operator or of operators representing any of its components. While one 
almost always chooses a representation in which the energy is diagonal, 
in accordance with the central importance of the energy of a physical state, 
a given component of the angular momentum may not be diagonal in the 
representation chosen for a given system. Indeed, only one component 
of the angular momentum may be diagonal in any one representation, 
the other two components being necessarily nondiagonal. Thus Lz and Ly 
are nondiagonal in a representation in which L; is diagonal. Let us for the 
moment confine our attention just to the orbital momentum. 

Note that if L,, for example, operates on a wave function such as 
R(r)Y,™ which is represented in spherical coordinates with polar axis 
along the z axis, new wave functions result (cf. Section 8.1, 2). L; operating 
on these particular spherical harmonic wave functions yields the original 
wave function, and therefore R(r)¥;” is an eigenfunction of Lz but 


not of Lz, 
L,R(r) Yy(6, p) = mhR(r) Yi"(4, —) (12.3) 
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whereas 


LpRni(r) Yi"(8. e) 


h @ Ps (- ])erme 
= -{- singe — _ cot Goose —| Ral?) on he 
j &0 ee Var 


(22 + 1)U — |mj)! 


TRS“) mrevtaeuera- 


= {VT — mT F mF DRE, g) 


+ VER= me DCH RW TEE, g)} (12.4) 


where the Y;” have been written explicitly once as a product of a function 
of @ and e’™®? to illustrate the functions the derivatives operate on. (The 
Y;™ have been suitably normalized by the complicated function of 7 and m 
oceurring in (12.4).) Hence use of the operator Ze in this representation 
results in a linear combination of new wave functions. 

We will now put the angular momentum operator into a matrix 
representation. (It will be finite-dimensional representation, since we are 
going to consider only one value of J at a time. There will be one dimension 
for each value of m, and therefore 2/+1 in all.) An eigenfunction of this 
state may be written as a linear combination of spherical harmonies having 
allowed m (ie., —? < m <2): 


= ¥(0, —) + GaYY (8, g) + ©. . + Ukr, 9) 


where the ¢’s are constant coefficients giving the contribution of each par- 
ticular Y;™ to the eigenfunction. A different g would have different c’s 
since it would be made up of a different combination of the (27 + 1) Y,"’s. 
In short, if each ¥;" is compared to a unit vector parallel to the x, y, or z 
axis in coordinate space, each constant coefficient acts as a component of any 
given eigenfunction in the same way as x, y, or z is a component of a vector. 
These component c¢’s thus act like coordinates in a (2/ + 1)-dimension 
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vector space, and y could be represented as a column vector 
Cj 


Cj_-1 
Y= : (12.5) 


C1 
The operator L, operating on Y;™ must yield the same Y)™ times a 
constant (mh), depending on the component of % it operates on. Hence in a 


representation with the z axis parallel to the polar axis, the operator L, 
would be represented by a diagonal matrix 


l 0 0 ein AD 
YET ee aes Re 
0 0 2h. & 0 
= a (12.6) 
0 0 0 Sylmar ai | 


while the operator L, would have to be represented by a nondiagonal matrix 
since this operator introduces a different combination of Y7’s, Eq. (12.4): 
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where by Eq. (12.4) 
dn = V(2l — n)(n + 1) 

Hence the operator Lz is said to be nondiagonal in the spherical coordinate 
representation with the z axis parallel to the polar axis. This is because (see 
below) Lz is diagonal in this representation and LZ, and Ly do not commute 
with Lz. In general, only operators that commute can both be diagonal 
in the same representation; conversely if a representation exists in which 
two operators are diagonal these two operators commute. Since the energy 
of a complete system is constant and physically observable, a representation 
can always be found in which it is diagonal. In Chapter 10 it was pointed 
out that the representation in which the energy operator was diagonal was 
called the true or correct representation and the wave functions in this 
representation were called the true or correct functions of the system. 

We can easily demonstrate that two noncommuting operators P 
and Q cannot both be diagonal in the same representation. We ask, what is 
Qe if Pt = ph and [P, Q] = PQ — OP = R, the capital letters denoting 
operators and p denoting the eigenvalue? To determine the answer to this 
question we operate on Qs with P: 


P(Qp) = PQL = (QP + Rb = pQy + Rb 

Thus P operating on Qy% does not give the same eigenvalue and unchanged 
eigenfunction as are obtained with P operating on %. @Q changes the wave 
function (and hence must be nondiagonal) so that P(Qs) gives a different 
result, even within a factor of the-eigenvalue of Q, from that given by Py. 
The converse of this statement, incidentally, is not true. It does not follow, 
if P commutes with Q, and if P is diagonal, that Q is also diagonal. This is 
shown by a simple example. The operator L? is diagonal in the present 
representation (with diagonal elements J(J+1)), and it commutes with L,, 
which is not diagonal. 


12.2 SPIN 


The energy of a magnet in a magnetic field depends on its orientation in 
the field and is given by M- B where M is the magnetic moment of the 
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magnet. An electron of mass m, having an angular momentum L; about an 
atomic nucleus would give the atom a magnetic moment bw of Lze/2mec 
ergs per gauss because of its charge. Since the projection of the electron 
angular momentum on any axis is quantized, the product w° B will also 
be quantized and the energy of the atom in a magnetic field directed along 
the z axis will be given by 


E = m(eh/2m,c)B, (12.8) 


where m is the magnetic quantum number of the electron. If the atom is 
in an inhomogeneous magnetic field, one “pole of the magnet” may be in a 


atomic 
beam 


Figure 12.1 Illustration of the deflection of a beam of atoms having 
one unit of angular momentum in an inhomogeneous magnetic field. 


stronger magnetic field than the other and thus the total magnet (the atom) 
will experience a force (in addition to a torque) given by 
dE OH CB, meh OB, 


F, = OU — 
dz 0B,0z Q2m.c dz 


Stern and Gerlach utilized this effect in a historic experiment similar to the 
experiment illustrated in Figure 12.1 for a beam of atoms having one unit 
of total angular momentum. Three spots would be found on the screen at 
the right rather than a single broad smudge, showing that the projection 
of the angular momentum on the magnetic field is quantized. 
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The quantized projection of the angular momentum on a given axis, 
illustrated by this experiment, can have 2] + 1 discrete values where Lis 
the total orbital momentum of the atoms corresponding to the values 
—l, —1 + 1,...,1 — 1,1 which the magnetic quantum number may assume. 
Hence, integrality of J requires an odd number of spots in a Stern—Gerlach 
experiment. For hydrogen, for example (or for the silver atoms Stern and 
Gerlach used in their historic experiment) only one spot would be expected 
since the electron in the ground state has no orbital angular momentum. 
However, two spots are observed! For 1 = 1, four spots are observed for these 
atoms. An even multiplicity for m necessarily implies half-integral total 
angular momentum, since the multiplicity of m is 2/ + 1 = (2(3) + 1) if 
1 = 1; in this regard G. Uhlenbeck and S. Goudsmit suggested that the 
electrons themselves had an inherent angular momentum or spin of one half 
unit (whose eigenvalue, nevertheless, is iV/4(1 + $) = V3h/2). This in- 
herent angular momentum is quantized like any other angular momentum. 
Its projection on any axis, including the axis of the orbital angular momentum, 
is +$h. 

A large homogeneous magnetic field will break up the 27 + 1 degen- 
eracy in magnetic quantum number m occurring for atomic energy levels. 
The splitting of atomic levels obtained by this means in atomic bright-line 
spectra is called the Zeeman effect. Equation (12.8) gives the dependence 
of the electron energy on the orientation of the total electron angular 
momentum in the externally applied magnetic field. Similar to the Stern- 
Gerlach experiment, the multiplicity of the levels in the bright-line spectra 
is observed to be (2) + 1) where j is odd-half-integral for atoms having an 
odd number of electrons, giving an even multiplicity for these atoms. The 
strength of the magnetic dipole per unit angular momentum due to the 
electron spin is experimentally observed to be twice as great as given in 
Kq. (12.8) for a charge having a z-projected orbital momentum of mh 
units; inclusion of this correction, along with the assumption of spin, enables 
one to calculate correctly all the degeneracy and magnetic interaction 
effects which electrons have been observed to undergo. 

Another important magnetic interaction of atomic electrons is the 
spin-orbit interaction discussed in Chapter 9. Since if 1 4 0 an atomic 
electron is necessarily in motion about the nucleus, the static electric field 
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of the nucleus appears as a magnetic field as well, when relativistically 
transformed to the velocity frame of the electron. If V is the nuclear electro- 
static potential in which the electron moves, then 


1 1 r oV 
B=—vx B=-vx(-“—| 


Cc Cc Y OF 
1 av bea ae | 

= ——(r x v) = ——_(— (12.9) 
cr or cr or \me 


where L is used, as always, to denote the orbital angular momentum vector 
operator. The magnetic energy of the spinning electron in the magnetic 
field created by the nuclear electrostatic field and the electron’s orbital 


motion is 
Cm leas 


E = ——_-—L:S (12.10) 
4m2c?2 r or 
where S denotes the angular momentum of the electron spin. (Note that, 
owing to relativistic corrections calculated by L. H. Thomas, H in Eq. (12.10) 
is one half the result of combining Eqs. (12.8) and (12.9).) 

The expression (12.32) was used in Eq. (9.34) in estimating the spin- 
orbit interaction for atomic electrons. Thus, the spin-orbit interaction also 
splits up the 2/ + 1 degeneracy in m (i.e., the 21 + 1 different values of m 
resulting in 2/ + 1 different states with the same energy), giving rise to 
fine structure in atomic spectra, that is, groups of closely spaced lines in 
highly resolved spectra where, in the absence of the spin—orbit effect, only 
one line would be observed. 

The Dirac relativistic quantum theory for electrons, which is beyond 
the scope of this book, includes the appropriate electron spin and magnetic 
moment as a necessary consequence of the fundamental theory, rather than 
as a semi-empirical assumption to explain experiment as the foregoing 
development suggests. 

The electron spin is an additional variable which must be included 
in the total electron wave function. One way the spin may be represented 
is by a label telling whether the spin projection on the z axis is up or down 
(e.g., %y or %_). A customary notation is to label a spin-up state « and a 
spin-down state 8. When one considers two-electron wave functions, four 
spin states are possible: «(1)«(2), «(1)A(2), B(1)a(2), and B(1)B(2) where 1 
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and 2 label the two electrons. The total wave function for a spin state in 
which both spins are projected up would be 


#(F1, T2)S(1, 2) = $(t1, Pe)x(1)(2) (12.11) 


where the two-electron spin eigenfunction has been dencted as S(1, 2). 
In general, «*(1)a(1) = 1 and «*(1)8(1) = 0, ie., the spin eigenfunctions are 
in general orthonormal states. 


12.3 THE PAULI THEORY OF SPIN 


We have not yet presented operators corresponding to the orbital angular 
momentum operators Lz, Ly, and Lz which will give us the spin of a complete 
electron state. It is true that we have used an operator of this kind in cal- 
culating the spin-orbit energy of an electron (Eq. 12.10), but in our previous 
discussion we managed to avoid specifying just what it was. 

The spatial angular momentum is a property of the state of a system; 
if the state is degenerate in the projection of its angular momentum on any 
axis, so that the values of / do not specify all the levels of equal energy, 
then the state may be represented by a unit-rank tensor (a column tensor 
or vector) with 2/ + 1 components made up of the 2/ + 1 degenerate wave 
functions (Eq. 12.5). In the case of half-integral spin only two independent 
spin wave functions are possible, one representing a projected spin up, the 
other spin down. The spin eigenfunction of a single electron is either « or 8. 
If we treat the spin eigenfunction as a two-component vector, we have 


1 
c= , = spin up, Bis : = spin down (12.12) 
The operator representing the spin variable would then be a 2 x 2 matrix 
M1 M42 
= (12.13) 
21 A22 


where 1 = x, y, or z and the a’s are yet to be evaluated constants. We 
normalize o; to give an eigenvalue of +1 so that 


aa 
01 


O72 => Oy” = O22 = 


(12.14) 
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where 1 is the unit matrix. o is a vector of constant length and has unit 


projection on any axis. For the component of o along an arbitrary axis 
with direction cosines yz, yy, yz, we have 


(yaoxr t+ YySy + 202)? =] 
which means that 


OxGy + SySz = Gz0z + Oz0z = Gyoz + ozoy = 0 (12.15) 


that is, the o;’s anticommute. We might note here that the operator o? is not 
a unit operator even though it has unit projection on any axis (see Problem 
12.1). Arbitrarily we decide on a representation in which o; is diagonal and 


is different from the unit matrix. Then 
a 0O | 
oO — 

wits i pe 


We have oz « = a, og 8B = —f. Therefore a = 1, b = 1, and 


6 
| (12.16) 


oz = 


0 -1l 


which satisfies Eq. (12.14). 

In Chapter 5 we showed that real physical observables can be repre- 
sented only by Hermitian operators. The corresponding property for 
matrices is an4* = dn, as is readily verified by writing 


ank* = [fon*Agedr]* = fpn(Age)*dr = Spx*Agndr = den 


That is, the complex conjugate of the transposed matrix must be equal to the 
original matrix, @n4* = dgn. Hence, the diagonal elements must be real and 


a1 N12 
Oz = * 
a2" 22 


From Eq. (12.15), ozoz + ozoz = 0, so that multiplying matrices gives us 


a1 —ae | a1 a2 | 2a «~O dog 
+ = = 
ajo* —Aze — ay2* — Are 0 —2dre2 
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Therefore a1; = d22 = 0. From Eq. (12.14), 


||? 0 10 
oe Gta 
0 |a2|? Own 


Thus |aj2|2 = 1, which means that the magnitude (or modulus) of az is 
unity, but since aj, is a complex number its phase, j., is as yet undetermined; 
therefore ajz = e’#. If we choose » = 0, we obtain for this component of 
the spin operator 


a Lai 
=|, , | (12.17) 


The same relations hold for cy. In order for cy to anticommute with oz, 
we must have » = +7/2. We choose —7z/2 and obtain 


| as | 12.18 
Cy = a. 
y ane ( ) 
The spin of the electron is given by the operator S, 
S = (h/2)o (12.19) 
so that 
1 hyl h 
S7% = S, | == ; | | = —-« (12.20) 
0 210 2 
since by straight matrix multiplication o,|| = |9|. That is, the eigenvalue 


of the spin operator S; is h/2 when S, operates on «. Similarly 


h 
S,B = — 5B (12.21) 
and 
h h 
Sza = me and SB Toe 
Note, however, that 
Sx(Sex) = So(56) =~ 
4) = = = —_ ¢ 
x Zz eo 2 4 
as it should since the operator o;? equals the unit matrix. S is an operator 
representing the spin or intrinsic angular momentum of the electron, and it 
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operates on the spin eigenfunctions (not on space!). The operator S2 has the 
eigenvalue j/?. If we include the L-S term in the Hamiltonian (the H 
operator) for atomic electrons, then if we use central field potential wave 
functions, H is not diagonal, for L-S does not commute with Lz or Bz, 
which are diagonal in this representation. Operation with the L-S term 
will mix states of different Lz, Sz (since the L - S operator has nondiagonal 
matrix elements) having the same m = m; + ms, as we have discussed in 
the section on fine structure in Chapter 9 (Eqs. 9.34—9.36). m;, and ms are the 
z-axis projections of the orbital and spin angular momentum vectors re- 
spectively. The operator L-S was found to have the eigenvalues (h2/2)l 
for j =1+s=1+ 34 and (—h2/2)(l + 1) for j = 1 — } in this representa- 
tion. Table 12.1 and Eq. (12.49) in Section 12.6 give the transformation 
matrix from the |m;,ms)> to the |j,m) wave functions in the diagonal 
(|j, m >) representation where in this instance the subscript 1 in the table 
is / and 2 is s. 


Problem 12.1 Prove that 
2 = 37 erty = 1t6z, @X o = 2ic 
Problem 12.2 Show that the operator 
evy = cosh 1 + oy sinh 1 


Problem 12.3 Show that L- S does not commute with ZL, or S; but 
that it does commute with Jz, where J, = Lz + Sz. 


12.4 SYMMETRY 


For a system containing two identical particles, one cannot distinguish be- 
tween two eigenfunctions which differ only in that the particles are inter- 
changed. They are both eigenfunctions of the same eigenvalue. For example, 
if a denotes spin and space coordinates, then in 


Ay(x1, t2) = EXf(x1, x2) 
Aip(x2, 21) = Exp(xe, 21) 


(a1, 22) and (x2, 21) are degenerate eigenfunctions of the H operator. The 
exchange aperation consists in exchanging the two particles, and when 
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is an eigenfunction of the exchange operator 


Py(x1, 2) = kyb(we2, 1) 
where k is the eigenvalue of the exchange operator. When the exchange 
operation is taken twice, one must wind up with the original eigenfunction: 


Prb(x1, v2) = k(x, X2) = u(@1, X2) 


Therefore k = +1, whence 


Pyp(x1, X2) = + (Xe, X11) 
or 

P(x, x2) = — (Xe, 21) 
the first equation defining a symmetric eigenfunction and the second an anti- 
symmetric eigenfunction. If the state is degenerate and two or more eigen- 
functions are possible for a given eigenvalue, it is possible to construct 
combinations of these eigenfunctions which are either entirely symmetric 
or entirely antisymmetric eigenfunctions, as will be shown. 

The symmetry properties of the spin eigenfunction are of crucial 
importance. If particles 1 and 2 are interchanged in either the «(1)a(2) 
or the §(1)8(2) state, the eigenfunction is unchanged and therefore these 
states are said to be symmetric. The other states «(1)8(2) and £(1)a(2) are 
neither entirely symmetric nor entirely antisymmetric, however, and it 
is convenient to treat them as a superposition of two other states one of 
which is entirely symmetric and the other is antisymmetric. We therefore 
use linear combinations of the «(1)8(2) and 8(1)«(2) states to represent the 
two remaining basic spin functions of the system: 


1 
V5 a(1)8(2) + B(1)a(2)] (12.23) 
and 
1 
<p La(L)B(2) — B(L)«(2)] (12.24) 


Equation (12.23) is entirely symmetric, yielding a third basic symmetric 
spin state; Eq. (12.24) is entirely antisymmetric. 

The projection of the spin of the «(1)«(2) state on the z axis is +A, 
that of §(1)8(2) is —f, and that of the other two states (one of which is 
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Symmetric, one of which is antisymmetric) is zero. This corresponds to 
the three values that the projection of unit intrinsic angular momentum can 
have in a triplet state in which all three eigenfunctions are symmetric, and 
to the single projection value that the zero total spin of an antisymmetric 
singlet state can have. That is, the spins of the two electrons are parallel 
in the three symmetric states (collectively referred to as the triplet state) 
and antiparallel in the singlet state. 

As we have seen in Chapter 11, Eqs. (11.40-11.42) and Eq. (11.45), 
the two-electron space wave functions may also be symmetric or antisym- 
metric. (The reader may remember, that in the discussion of quantum 
mechanical resonance the correct wave functions, Eqs. (11.40-11.42, 11.45), 
were symmetric and antisymmetric space wave functions, i.e., if the electrons 
are exchanged, their space wave functions do or do not change sign.) The 
total two-electron eigenfunction will be symmetric if the space and spin 
states are both symmetric or both antisymmetric; it will be antisymmetric 
if the space and spin states have differing symmetry. Jt is a fundamental 
postulate of physics, called the Pauli exclusion principle, that two identical 
particles having odd half-integral spin (+4, +3, etc.) must occupy antisym- 
metric states. No exception to this principle has ever been found. Two 
identical half-integral spin particles occupying the same space state must 
obviously have a total space state which is symmetric, and so their spin 
state must be the antisymmetric function (Eq. 12.24). Identical particles 
having integral spin (0, +1, +2, etc.) occupy symmetrical states. It is 
not possible, however, for three particles to be in an antisymmetric spin 
state. Hence for an antisymmetric three-electron wave function, as in the 
case of the lithium atom, the third electron must exist in a state which is 
antisymmetric in space but symmetric in spin to the other two. We might 
note further that more complex particle systems obey the same symmetry 
rules. For example, the hydrogen atom is symmetric with respect to other 
hydrogen atoms since the electron and proton spins add up to a whole 
integer. Alpha particles and deuterium ions are also symmetric in this 
respect, but the deuterium atom, the tritium ion, and the N14 atom are 
antisymmetric. 

For many-electron atoms, a Slater determinant wave function may 
be formed. This is a superposition of product wave functions of the individual 
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electrons which makes use of the fact that the interchange of any two 
columns of a determinant (corresponding to the operation of exchanging 
two electrons) changes the sign of the determinant. With x denoting the 
spin of the electron and ¢ the electron total space and spin state, the deter- 
minant is written 


gilt, x1) gilfa, x2). - ~ pila xn) 
ga(ti, xi) pa(fe,xe) - - + ga(tn, Xn) 
ices tiet la ; | (12.25) 


- . . 


@a(¥i. x1) galFa,x2) + - + GnlTn, Xn) 


It was noted in Chapter 11 that in atoms antisymmetric electron 
space wave functions yield lower energies than the symmetric electron 
space wave functions. This may be interpreted physically as resulting from 
the repulsive force between the electrons: The antisymmetric space wave 
functions overlap much less than the symmetric space wave functions, which 
makes the Coulomb repulsion between the two electrons less in the anti- 
symmetric than in the symmetric space state. Thus, the Pauli exclusion 
principle leads, in general, to an indirect dependence of the electron energies 
on their spin state. Since electrons have half-integral spin, the total electronic 
wave function is required to be antisymmetric, and space-antisymmetrie 
electron states are lower in energy than space-symmetrice ones; therefore 
among degenerate space states the corresponding symmetric spin states 
will be lower in energy than the antisymmetric spin states. Another way of 
saying this is Hund’s rule, sates of highest spin will have the lowest energy, 
for the antisymmetric two-electron spin state is composed of electrons 
whose spins couple to zero, and the symmetric two-electron spin state is 
composed of electrons whose spins couple to one. In general, for n electrons, 
the state with 2 projection of spin n//2 has a total spin of n/i/2. This maximum 
value of z projection of spin, »/i/2, can occur only if all n electrons are 
lined up in one direction along the 2 axis with spin up, ice., all electrons are 
in the same spin state a. This state is necessarily symmetric in spin, and 
multiplies a necessarily totally antisymmetric space wave function. Similarly, 
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the state with z projection of spin (» — 1)h/2 has n — 1 electrons in an « 
state and one electron in a 8 state. This state is composed partly of sym- 
metric spin states (« ««...(«8 + B«)) which are eigenfunctions of total 
spin nfi/2 and multiply a necessarily totally antisymmetric space wave 
function; however, this state also includes spin states which are eigenfunc- 
tions of total spin (n — 1)h/2, «««...(«8 — Ba). Hence these constituent 
spin states are spin-antisymmetric with respect to the exchange of two 
electrons and spin-symmetric with respect to any other electron pair. 
Since the space state must be symmetric with respect to the electron pair 
which is antisymmetric in spin, this state with total spin (n — 1)h/2 is 
higher in energy than the state of total spin nf/2, in accord with Hund’s 
rule. A state with total spin of (n — 2)h/2 is of still higher energy, and so 
on for the other states. In summary, the space function must be symmetric 
in (n/2) — (S/h) pairs, where S is the total spin of the wave function. This 
phenomenon where the spin and energy are indirectly coupled is called 
Russell—Saunders coupling, which we discussed less generally in Section 11.0. 
In nuclear interactions the reverse effect occurs, for the nuclear force, in 
contrast to electron mutual repulsion, is attractive; indeed, the nuclear 
force, in contrast to the Coulomb force, is itself space symmetry-dependent 
as well as being attractive and large in a symmetric space state and notice- 
ably smaller in an antisymmetric space state. Therefore, a dominant con- 
sideration in determining the arrangement of nucleons in light nuclei is that 
the total spin of the total nucleon spin eigenfunction be a minimum, for in 
light nuclei, at least, the total nucleon state with minimum spin is thus the 
state with least energy, the ground state. 


Problem 12.4 Show that «(1)x(2), B(1)B(2) (Eqs. 12.23, 12 24) are 
orthonormal eigenfunctions if «(1), (2), (1), and A(2) are normalized and 


orthogonal to each other. 


Me felch Dee tal We 'f 


Parity refers to whether or not the wave function changes sign when the 
coordinate system is reversed. ¢ itself is not a physical observable although 
Y*s is, as we know. The change of sign of when the coordinate system is 
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reversed is possible and, as we shall see, is a very useful property of the 
eigenfunction. It is also convenient to note that the parity of a state may be 
inferred from the mathematical properties of the function representing the 
state. We shall also see that operators representing physical observables 
ean be constructed which will tell us whether the parity of a system's 
eigenfunction changes even though the parity itself is not directly observed. 
In most physical processes this does not happen (i.e., parity is usually 
conserved), but when it does happen that the parity of the system’s wave 
function changes during a physical process, parity is said to be not conserved. 
The parity operation is equivalent to the exchange operation for 
systems composed of two identical particles; its application, however, 
includes also systems of nonidentical particles. The parity operator changes 
the signs of directions of all coordinates. That is, all vectors ry, fy . . . become 
—Y}, —Yo... by a change in the directions of the coordinate system, 
x>—%, y>—y, z>-—2. (This amounts to going from a right-handed 
to a left-handed coordinate system, which reflection in any plane would also 
accomplish.) The behavior of the wave function under the parity operation is 
an important property of the wave function. Since only |¥|? is measured 
experimentally, not yx itself, the phase of y may be affected by the parity 
operation and the parity operator P may have an eigenvalue different from 
+1. As for the exchange operation, to which the parity operation is 
equivalent for systems composed of two identical particles, we have 


P(r) = kb —r) (12.26) 


When the parity operation is taken twice, the original eigenfunction must 
result: 


PAp(r) = RPv(r) = g(r) (12.27) 
Therefore k = +1; if k is +1, the parity of the state is said to be even; 
if —1, it is said to be odd. Note that the spin coordinate is unaffected by the 
parity operation. For the orbital angular momentum we have 
Ibe = yP2- zPy 
> (—y)(—P 2) — (—2)(—Py) 12.28) 
= Ly, not — Ly 


and the component of S must behave in the same way. 
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If any operator does not depend on time explicitly, its time dependence 
is determined from its commutation with the Hamiltonian (Kq. 5.17): 


[P, 7] = PH — HP (12.29) 
Note that this result shows that parity is conserved (unchanged) for all 
space-symmetric Hamiltonians, for H being space-symmetric does not change 
when operated on by P. Since (PH) = H, PH = HP, and therefore 
PH — HP = 0. ((PH) means P operates only on H while PH means P 
operates on everything to the right of P.) The consequence, dP/dT = 0, 
means that if the initial state of a system is even (or odd), it will remain so 
in the course of time. The parity of the state will never change. Formerly 
it was thought that all systems have Hamiltonians that commute with the 
parity operator, but as we shall presently see this is now known to be false. 

The parity of a theoretical wave function is readily determined by 
reversing the coordinate system and calculating the new wave function. 
Through such calculations it becomes clear that in the case of a spherical 
harmonic wave function, the parity is equal to (—1)!, where / is the total 
orbital momentum quantum number. Therefore, s, d, and g states (J = 0, 
2, 4) have even parity (k = 1), while p, f, and h states (J = 1, 3, 5) have odd 
parity (k = 1). 

The parity of the total state of an entire system is not directly 
determinable experimentally; it must be inferred from a measurement of 
the total orbital momentum of the state. Let us consider in detail what we 
can and cannot learn about the parity of a state through physical measure- 
ment. An even parity operator representing an observable, O0;, would 
yield the result 


CYAOLP> = <ps*Osle> + PAOsft > + *O]P > + POs > 

(12.30) 
for a y impure in parity, being composed of ; an even-parity and y_ an 
odd-parity wave function. That is, 


Pys(r) = ¥4(—r) and P(r) = -~(—r) (12.31) 
When the integrals over all space are taken, the cross-product terms 


<b+*|O+|~_> and <p_*|O+|%, > give zero. The other two terms are positive 
definite. A measurement of the physical quantity represented by O, would 
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therefore not yield any information about the parity of ¥. However, the 
fact that the parity of the state is not pure could be determined with an 
odd-parity operator of a different observable, O_. An odd-parity operator, 
which changes sign if the coordinate system is reversed, gives a finite result 
only for the cross-product terms <.*/O_|¥_> and <b_*|O_|y~. >. Hence, 
if the physical observable represented by Q_ is measured experimentally 
and a nonzero result is obtained, we have definite evidence of an impure 
parity state representing the system on which the measurement is made. 
On the other hand, if the parity of the state is pure, but changes during 
some transition to another state and if Q_ is somehow measured between 
the initial state on the right and the final state on the left.and gives a non- 
nero result, we know that the parity of the system changed during the 
transition. 

If the parity of a state were to change during some physical process, 
say particle emission, a partial change in parity of the system state function 
during the particle emission provess might be observed as an asymmetry in the 
spatial distribution of the emitted particles. In one famous example, beta 
decay as initially commented on by C. N. Yang and T. D. Lee, one might 
observe the correlations or scalar products of electron momentum p and 
the spin (sum of intrinsic nucleon spins plus the nuclear orbital momentum) 
of the emitting nucleus, J, (p - J); electron momentum and the circular 
polarization & (angular momentum) of an emitted gamma ray associated 
with the beta decay, (p - £); circular polarization of a gamma ray and its 
propagation vector, or electron momentum and its intrinsic spin (p - o). Each 
of these operators includes an angular momentum vector J, E, or o which is 
not a true vector. If the coordinate system is reversed (that is, x + —2, 
¥—>—y, =—> —2) so that one goes from a so-called right-handed to a left- 
handed coordinate system, all these scalar products change sign. The 
axis of this asymmetry would clearly have te have some physical meaning, 
for all directions in space would be equivalent unless some property of the 
system had a direction one could choose as a coordinate axis for analyzing 
the emission event. Such directions or axes with physical meaning are 
furnished by pseudovectors representing physical variables, e.g., J, 6, or 
=. Ordinary scalar quantities such as the mass of a sack of potatoes or 
the temperature of a room never depend on a coordinate system in this way; 
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therefore, the scalar product of angular momentum and ordinary momentum 
is called a pseudoscalar. A pseudoscalar operator such as P -o is, therefore, 
an odd parity operator which represents a physical observable. A positive 
measurement of correlation between electron momentum p and electron 
spin o is proof that an impure parity state exists. 

For beta decay, an initial atomic state is represented as transformed 
to a final state by use of the beta decay operator: 


by = Aybi 


where ¥; is composed of product wave functions of the residual nucleys, the 
atomic electrons, the emitted beta ray, and neutrinos, and ys; represents the 
initial atom and H, the beta decay operator. 

The expectation of a pseudoscalar operator, for example J- p in 
beta decay, is given by 


<J ‘p= <b : P|¢;> = bit A tI s p| Agi» (12.32) 


In integration over all space an odd number of odd-parity factors in the 
integrand will cause the integral to be zero. 

Ordinarily, without use of the J: p operator, no interference can 
be observed between the parity-conserving and _parity-nonconserving 
terms in the beta decay operator; the calculated result is proportional to 
the square of these terms and hence their parity cannot be ascertained. 
The J - p operator, however, is an odd parity operator, i.e., it is odd with re- 
spect to reversing the coordinates and when integrated givesafiniteresult only 
if multiplied by an odd parity function on one side and an even parity function 
on the other side. Thus J: p or any pseudoscalar operator would have an 
expected value of zero unless the beta decay interaction operator contained 
both even and odd terms. The presence of both odd and even parity terms 
was first determined experimentally by C. 8. Wu and co-workers at Columbia 
and the N.B.S., by observing the beta decay electron momentum p upon 
emission from nuclei whose nuclear spins J were aligned all in one direction. 
The electrons were not emitted isotropically as expected; more electrons were 
measured in one direction along the axis of nuclear spin than in the opposite 
direction. The observed correlation of emitted beta rays with nuclear spin 
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was incontrovertible evidence of partial parity nonconservation in the beta 
decay process. This, and « meson decay, were the physical interactions or 
processes first observed not to conserve parity. For nuclear or electromagnetic 
interactions, such as give rise to alpha particle decay or different nuclear 
states, operators such as J - p are observed to give a zero eigenvalue; the rule 
appears to be that strong interactions conserve parity and weak interactions 
such as beta decay do not. 
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Even though the total spin and orbital momentum of a state may be given, 
the total angular momentum is not specified thereby. Any two vectors such 
as the spin and orbital momentum add up vectorially to a vector, in this case 
the total angular momentum, whose magnitude ranges from the difference 
of the two vectors to their sum. To illustrate, we will consider a total eigen- 
function with total angular momentum j, made up of two component 
eigenfunctions having angular momenta j; and je, as illustrated in Figure 
12.2. This would represent, for example, the total angular momentum of a 
state composed of a target nucleus with initial angular momentum j; which 
absorbed a nucleus with angular momentum je. 

First we note that in spherical coordinates a wave function has two 
angular degrees of freedom; hence there are two eigenvalues associated 
with the angular momentum. Two angular momentum vectors such as 
land s or, more generally, j; and jg will thus have four eigenvalues characteriz- 
ing their wave functions, j1, m, and j2, mg (from which the angular eigen- 
functions may be deduced). We wish to know how these two vectors add. 
That is, given a wave function % which is a simultaneous eigenfunction of 
the commuting operators j1?, j2?, j2, and m, we wish to express it as a linear 
combination of eigenfunctions of the commuting operators 712, j22, m1, and 
mg. This is important because the latter functions are simpler (and in fact 
already known to us in the case of 1 and s for a single electron), whereas the 
former are the only ones that can also be energy eigenfunctions (as explained 
in the section on spin-orbit coupling). 
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We might express our task as finding out how to go from a representa- 
tion in which the operators j12, j22, jiz = m and jez = me are diagonal to a 
representation in which j)2, j22, 72, and je =m are diagonal, where 
(j = ji + jo and j, = Jiz + jez]. Since 7,2 and j22 are the same in both 
representations, we will denote the wave functions in the two representations 
by |, m2 > and |j, m > respectively. We will also frequently write |m1, me > 
as | 91, mz > |j2, mz». Our task is to find out how to go from the first representa- 
tion to the second, that is to find out how the vectors ji and je add. 


zy 


Figure 12.2 Illustration of vector model of angular momenta, showing 
how two vectors j; and j2 add to a total vector j. 


For example, a nucleus with known spin may absorb a thermal 
neutron. The state of the resultant compound nucleus has a total spin 7 
and z projection m and is comprised of various combinations of states of 
the target nucleus and of the incident neutron state with identical 7 and m. 
It is our purpose to determine what these combinations are. The |j, m) 
may be given as a superposition of the complete set of |m, mz >: 


|j,m> = ¥ Ajmm,m,|m1, Me > 
™m, M2 


Multiplying by an arbitrary state vector <r, r2| on the left of both sides 
we obtain <r1,72|j,m)> = Gjmrr., Owing to the orthonormality of the base 
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wave functions |m, m2). Thus, writing m; for 7) and mg for rg we have 
[j,m> = > mi, me|j,m>|m1, m2 > (12.33) 
™,,M_ 
where m, + mz = m for each term (since the matrix element vanishes when 
m #~ m + mz). 

The normalized wave function |j, m > is given in the first representa- 
tion by a linear combination of different |m1, m2) whose coefficients are 
given by the <m, me|j,m >. (Of course, <1, me|j,m > = Oifm A m, + Me.) 

If the two vectors j, and jg are parallel and their projection on the 
z axis is a maximum, then only one compound state is possible: 


[jm > = |9,9> = ld dr Ide J2> = [ir Je> (12.34) 
where j = ji + jg and the third and fourth terms are merely different 
notations for the same state. If, on the other hand, m = j; + jo—1, two 
states are possible, 


[ji 91 >| 92 j2 —1> and |ja, jr — 1] J2,J2> 
which may also be written as |71, jg — 1> and |j; — 1, j2>. The complete 
state |j1 + je, 71 +72 — 1» is a linear combination of these two with 
appropriate normalized coefficients. 
In order to find these coefficients we first note that (cf. the spherical 
harmonic wave functions introduced in Chapter 8) the operator j2(jz + ijy) is 


jez + Yy) = (je + Yy)(Jz + A) (12.35) 


by virtue of the commutation relations for angular momenta. Since 


jalj,m> = mii|j, m> 
Eq. (12.35) yields 


jeljx + Yy)|j,m> = (m + I)R(jz + Hy)|j,m> (12.36) 


(Note that eigenvalues, being just numbers, can be written on either side 
of an operator.) Therefore, (m + 1)his the eigenvalue of j, (that is, (m + 1)h 
is the projection of the angular momentum on the z axis) when jz operates on 
the wave function resulting from the operation of (jz + vy) on |j, m>. 
Thus, we conclude that operating on |j, m > with (jz + ijy) gives us a new 
eigenfunction |j, m + 1) times an as yet undetermined coefficient. 
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We may determine this coefficient by finding the normalization 
constant V which goes with the operator jz — ijy operating on |j, m > so that 
both <j, m — 1]j,m —1> = 1 and <j, m|j, m> = 1 (ie., so that both eigen- 
functions are normalized). Since 

N(jz — Hy)|j,m> = |j,m — 1) (12.37) 
and 

Gem 1|j, m -l)=1 
therefore 
<j,m — 1]j,m —1> = |NP <j, mje + yl |je — Gylj,m> = 1 
(12.38) 

where the complex conjugate of the state (jz -- ijy)|j, m> has been written 
on the left of the double line, and WN is the normalization constant we seek. 
Further manipulation utilizing commutativity gives 


INP <j, m|ja* + jy? — Ujajy — judx)|J,m> 
= [NP <j, mj? — 92? + hyjz|j,m> 
= |N Ph [jj + 1) —m(m —1)J =1 (12.39) 
Hence, 


1 
) (12.40) 
al h(Vj +m)(j —m + 1) 
(The phase factor in JN is arbitrary, since e’? % represents the same physical 
state as w.) 
Therefore, from Eqs. (12.50, 12.53) we conclude that for m, = 41, 


A/(ji + jij — jr + VWijiu.j1 —1> = (12.41) 
= hy/2%iljir, jr — 1> 


(jiz — Yry)| jr, ji > 


Similarly, we have 
(jz—ty) | jitje, jitje > = h/2(jitje) |jitjejitje—1> (12.42) 


where the same argument has been applied to the total angular momentum 
j = ji = je. Now there is only one way in which the eigenfunction | j1 + je, 
j1 + jg > can be formed from eigenfunctions | j1, m1 >, | jz, m2 >, namely 


| jrtje, jitje > = |juji > |JeJj2 > (12.43) 
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since any other product would necessarily have m =m, + m2 < ji + je- 
Therefore the left hand side of Eq. (12.42) can be written as 
(jiz—thy +jex — Hay) | judi > | Jada > 
= hl jrjr—1 > jada > BV Baljrji> lynde—1 > 


Hence 
So eee be aa ee dig 
Jitja 
jx sels = 
7c fe —| judi > |jeja-1l > (12.44) 
Jitje 


which gives two of the coefficients < m1, mg|j,m >, namely 


: eer =". =" : 
<ji-1, je | jitje.Jitje—1 > = He = (12.45) 
Ata 
wk ofan earaeh 
< jije—-1 | jitjejitje-l > = ,/— (12.46) 
jitje 


Similarly, from 12.43, we have 


- aE a ee 0, unless j) = m, and jo = mg 
< my, me | jitjajritjie > = wl 
1, if jy = mand jg = mg 
All of the other coefficients < mj, m2|j,m > are obtained by continuing 
this process, but the calculations get to be very tedious. They are known 
as the vector-addition coefficients, or the Clebsch-Gordon coefticients, and 
they have been tabulated extensively. 
In general, 
lj.m> = es <my, me] p,m >}mx, mz > (12.33) 


™,, Ms 
where the summation must be carried out over all mm; and mz, consistent with 
m = mM, + Mg 
j=hit+ie (12.47) 


in order to obtain the total wave function |j, m >. The coefficients on the 
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right-hand side of Eq. (12.33) are frequently written as 
C iijsl — <m,, meal}, m» (12.48) 


™MiMam 


and in many other ways by various authors. 

The C sos are complicated functions of the jj, j2, m, and mg, as 
we have seen, which must be evaluated for each possible combination of 
ji and je, m,, and m2 occurring in the sum. The C coefficients, called vector 
addition coefficients or Clebsch—Gordon coefficients, occur frequently in atomic 
and nuclear physics, and extensive tables of possible combinations of 
my, M2, ji, and jz have been published,* as well as tables for very much more 
extensive and complicated three-vector addition coefficients for which 


j=itht+is 
m =m, + m2 + m3 

Table 12.1 is a table of vector addition coefficients for the important special 
case jg = 4. With these coefficients one may determine the way the orbital 
momentum of an electron (j; = /) may add to its spin (je = s) to yield a 
total angular momentum of j and az projection of m. If two electrons having 
a total spin of unity (spin-symmetric state) and a total orbital momentum 
of / were treated in terms of their total angular momentum and its projection, 
a 3 x 3 table having nine coefficients would result. tT 

What Table 12.1 means in J, s notation is that the spin-space projection 
wave functions |m;, ms» are related to the total angular momentum wave 
functions |/ + 4, m > in the following way: 


Pein RE m ae m 
,m> = | — + ——— |[m — - — ——_ - 
=e ar gly LD +5 Sree ae +> 


I ie uf m sia m 4) 
ended d st oman 
(12.49) 


In matrix notation these wave functions may be written as two-component 


* See, for example, Condon, E. V., and G. H. Shortley, cited in Bibliography of 
this chapter. 
ft Given in Condon and Shortley, loc cit., p. 76. 
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first-rank tensors or column vectors, and the coefficients in the form of a 
2 x 2 second-rank tensor called a transformation matrix, enabling us to go 
from one representation (the |9, ms. >) to the other representation (|j, m >): 


re > ene pene ax 
|. + 3,m)> 2 *-oa 2s oDprere lm — 3,3) 
andl es pert ky i EE 
2 —3,m)> fh haath pp aa lm + 3, — 4) 
/ 2 241 2. 2b4+1 
(12.50) 


which gives Eq. (12.49) by the rules of matrix multiplication. 


Table 12.1 Vector addition coefficients for the special case of j2 = . 
Only four different combinations of m1, mz, j1, and je are possible satisfying Eq. 
(12.47). 


my =m —} my =m1+_d 


ma = 4 m2 = —} 


AN aR F2 m 
Sw Fin tmyr / So awe 
J=n—t \ 2 Wa eal 


5 
-_ 


If a spin-] system were added to the total orbital momentum, three 
|j, m> wave functions would result, {J + 1, m)>, |J, m>, and |l — 1, m), 
from the three im — 1,1), |m,05,and|m + 1, —1). 
Therefore a 3 x 3 transformation matrix would be required. 


mz, Ms S wave functions 


Problem 12.5 Express a total two-electron spin-symmetric state 
with total orbital momentum / and total angular momentum projected on 
a given axis of m in terms of the three product wave functions of the two 
separate electrons, |m — 1, 1), |m, 0>, and |m + 1, —1). 
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ELASTIC SCATTERING THEORY 


13 


ELASTIC SCATTERING THEORY treats collisions between particles in which 
no internal excitation of the particles takes place. Inelastic scattering, 
on the other hand, occurs when the same kind of particle is present in the 
scattered beam as in the incident beam but the total translational kinetic 
energy of the system is less, the missing energy going into excitation of 
internal degrees of freedom of one or both particles. For example, if two 
atoms collide and part of their translational kinetic energy is lost to electronic 
excitation or ionization, the scattering is inelastic. Inelastic scattering 
theory is somewhat more complicated and is outside the scope of this book, 
so that the internal energy of the system or the complete eigenfunction 
of the colliding systems’ constituent parts will be ignored. A complex, 
many-component particle such as an atom will be regarded as a single 
particle. 

A cross-section for a given scattering event is defined as the fraction 
of the number of incident-particles-per-unit-area for which the scattering 
event happens. For example, suppose a group of boys threw 900 baseballs at 
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random through an opening nine square feet in area, producing a beam of 
100 balls/square foot. Suppose that out of every 100 balls/foot? 50 balls 
hit a target on the other side of the opening. The cross-section would be 
given by 
50 balls 
100 balls/ft? 


This is the fraction of the incident beam of 100 balls/ft? which hit the target 
on the average. We see that a cross-section is given in units of area and gives 
the probability that a beam of one ball per square foot will hrt the target. 

Suppose that 15 balls cracked the target. The cross-section for crack- 
ing the target would be 


ft? 


vie 


15 balls 
100 balls/ft? 


It is clear that there are different kinds of cross-sections. We will be con- 
cerned solely with the probability of elastically scattering particles into a 
differential element of solid angle dw (the differential elastic scattering cross- 
section) and the integral of this cross-section over all angles (the total elastic 
scattering cross-section). 

Figure 13.1 illustrates the scattering of a beam of particles by a 
scattering center. The problem raised is: What is the probability that a 
particle will be deflected or absorbed and it or a like particle reemitted into 
a particular differential element of solid angle dw if the incident beam has 
unit intensity (1 particle per cm?-sec)? The dimension of this probability 
is, as we have just seen, the dimension of area used to express the incident 
beam intensity. The scattering cross-section is normally measured in square 
centimeters, barns, or millibarns where 1 barn = 10-24cm2. (The name 
“barn” is said to have been used first in the Manhattan Project during the 
Second World War, 10-74 cm? being as huge as a barn compared with most 
nuclear scattering cross-sections.) 

To reiterate, in general the ratio of total number of scattered particles 
to the number of particles per unit area in the incident beam is called the 
total scattering cross-section. Similarly, the ratio of the number of particles 
scattered into the differential element of solid angle dw to the number of 
particles per unit area in the incident beam is called the differential scattering 


= 0.15 ft? 
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cross-section. The number of scattered particles having an energy between 
Hand E + d£isalso of interest, but this is for inelastic scattering and outside 
the scope of this chapter. 

The subject of scattering theory is the relationship of scattering 
cross-sections to the potential energy between the interacting particles. 
For example, if the wavefunctions of the electrons in an atom are known, 
the electrostatic potential energy of an incident ion moving near this atom 


incident 


Scatterer 


Figure 13.1 Jilustration of the scattering of a beam of particles by a 
scattering center. 


can ideally be approximated everywhere as a function of space by ignoring 
the changes in atomic wave functions introduced by the ion; scattering theory 
then enables us to predict exactly what the differential and total scattering 
cross-section of these atoms for the particular incident ions will be. Con- 
versely, detailed measurements of particle scattering from atomic nuclei as 
a function of scattering angle and energy of incident and scattered particle 
may be interpreted by use of scattering theory to give us a great deal of 
information about the potential energy of the scattered particle in the force 
field of atomic nuclei. This information is essential to a knowledge of nuclear 


forces. 


13.1 THE PATH INTEGRAL FORMULATION OF THE 
SCATTERING PROBLEM 


Before developing the conventional techniques for scattering problems, 
in order to obtain a better insight into the scattering process we will first 
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analyze a simple scattering problem by the path integral method of Chapter 
4. That is, we will compute the phase of the exponential in Eq. (4.8) for each 
path through the scattering center and then integrate over the projected 
area of the scattering center. As an illustrative example let us take the 
case of a neutron incident on a completely absorbing nucleus of radius a em 
which after absorbing re-emits the neutron at angle @ (i.e., the nucleus 


incident particle 


S 


plane wave 


(2) (0) 

Figure 13.2 (a) Illustration of scattering, showing scattered particle 
waves. The incident neutron wave is diffracted through the “circular opening”’ 
into angle 6. (b) Diagram of circular opening,.an plane of the opening, showing 
a path position p, y at the opening. g is measured from the plane containing 
the incident and diffracted wave propagation vectors. 


elastically scatters the neutron). The fraction of the wave stopped by the 
circular obstruction in a transparent wall may be analyzed in terms of a 
calculation which treats the nucleus as if it were a two-dimensional opening 
of a cm radius in an infinite opaque plane perpendicular to the momentum 
of the incident neutron (see Figure 13.2). The path length x for a path 
through the point (p, m) in the opening is given by r — psin @ cos g, where 
ris the path length of a ray passing through the center of the opening from 
the opening to a point r cm away. @ is the scattering angle, and y is measured 
from the plane containing the incident and diffracted wave propagation 
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vector. If in Eqs. (4.5, 4.8) we neglect the constant, energy-dependent 
part, we find 


@ par 
(8) = Celt/Mpr [ if exp {— (i/h)pp sin@ cosy}pdpdy (13.1) 


where C is a normalization constant. 
Since the integral representation of the Bessel function of order n is 


q-n Qn 
Jn(x) = — efz COB eine dy (13.2) 
2a Jo 


hence after integrating over @ we are left with 


a (pp sin@ 
b(0) = Cet /Dpr 27 [ Jol af : pdp 


and since 
d 
xJo(x) = —[xJ1(2x)] 
dx 


therefore 


L(0) = Celt/Rpr 


2rha ap sin @ 
n/ ) (13.3) 


h 


psing 


which yields the amplitude of the scattered wave at angle 6. 

The total intensity at angle @ and distance r beyond the nucleus is 
found by adding the amplitude of this scattered wave to the amplitude of 
the incident plane wave e(/”)?2 at the point 6,r and taking the square of the 
absolute value of this sum. Thus, the probability of finding a neutron 
at a differential solid angle dQ at angle @ is given by 


o(0)dQ = jetiMnz + ¥(0)|2dQ (13.4) 


In order to evaluate this expression explicitly, e/”)? must be expanded in 
spherical harmonics, as is done later in this chapter. 

When the neutron is not re-emitted with the same energy as the 
incident neutron (inelastic scattering) or is not re-emitted at all, the ab- 
sorbed wave still interferes with the transmitted wave, however, so that 
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elastic scattering is still present. The elastic scattering in terms of our 
wu(@) just calculated assumes a particularly simple form by application of 
Babinet’s theorem for physical optics, i.e.: The diffraction patterns pro- 
duced by two complementary screens (the complementary screen is opaque 
where the other screen is transparent and vice versa) are identical except 
for the central spot, which corresponds to the diffraction angle zero. Hence, 
the elastic scattering cross-section for a totally absorbing nucleus is the 
same as for an opaque screen with a transparent opening of the same size. 


(13.5) 


CahJ- in @/R) 72 
o(8)dQ = |(6)|2dQ = eee dO 


psiné 


The total elastic scattering cross-section when neutrons are ab- 
sorbed by the nucleus is the fraction of the incident beam intensity which is 
incident on the nucleus, namely za?. By evaluating the integral of o(@) 
over all angles and setting the result equal to za?, we determine that 
C= 24 ‘xpjh so that 


‘ap sin@ 
o(8)dQ = 47a? esc?6 Jy? (=~) 


(13.6) 
This is so-called shadow scattering. The absorption of the neutron causes 
a loss in the incident wave, a “‘shadow,” and the interference of this shadow 
with the incident plane wave causes a diffraction pattern which is a function 
of the angle 6. If the neutron is re-emitted with the same energy, the total 
scattering cross-section will be 27a, as we shall see in Section 13.9. 


13.2 GENERAL FORMULATION OF SCATTERING PROBLEMS 


The incident beam of particles is represented by a plane wave e‘*? propagated 
along the z axis, where the particle wave number k is the free particle 
momentum divided by the particle mass m. Figure 13.2(a) illustrates the 
physical situation. At very large distances beyond the scattering center 
the incident particle spatial wave function will be composed of two parts, 
the initial plane wave and a radially diverging outgoing scattered wave. 
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That is, for r very much larger than the range of the particle potential in 
the force field of the scattering center, 


pb ~ etkz + (i/r) etkrf(9) (13.7) 
Actually all we need say is that % is made up of the original plane wave 
plus a small contribution from the scattered wave representing the few 
particles which are scattered. Since, however, the scattered wave, which 
will be our prime concern, will have a radially diverging form, it is most 
convenient to take as the unknown function to be computed f(6), the coeffi- 
cient of the radially diverging wave, rather than the entire expression for 
the scattered wave. We are interested in the current of particles scattered 
into the differential element of solid angle dw, given by 


v|b(0)|2 r2dw = | f(0)|2dw (13.8) 


where the incident particle current is v for a single particle. The differential 
scattering cross-section of the scattering center, o(6) dw, is thus 


o(A)dw = |f(6)|?dw (13.9) 
where f(@) has the dimensions of a length. For inelastic scattering in which 


the particle energy and speed changes, Eq. (13.9) would be multiplied 
on the right-hand side by vin/Vinit. 
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The Born approximation is the most effective, simplest, and most generally 
applied method of computing scattering problems. It is essentially an 
application of time-dependent perturbation theory to the scattering of a 
plane wave, with the initial and final wave functions both approximately 
plane waves far from the scattering center. We have already touched on 
its application to inelastic atomic scattering in Chapter 10. The primary 
condition for the validity of this approximation is that the perturbing 
potential energy V between particle and target be much less than the 
kinetic energy of the scattered particle, H, so that the amplitude of the 
perturbed wave #’ = (e/*r/r)f(8) be much less than that of the incident 


plane wave f° = etkz, 
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The time-independent Schroedinger equation for the two-particle 
interaction may be written for the space-dependent wave function alone 
since the energy of the particles is a constant in the center of mass system; it 
is 

2m 
Veg + alt — Vi(r)}s = 0 (13.10) 


where m is the reduced mass of the system, mme/(m1 + m2). We assume 
V <# and Ww’ < 9, where 


b = Yo + yp’ (13.11) 
and 9 = etkz is the plane wave solution of the homogeneous differential 


equation 


2m 
V2p9 + Went = 0 (13.12) 


Then first-order time-independent perturbation theory, in which Vi’ is 


neglected, yields ‘ x 
m 2m 


ES 5) ge 0 13.13 
= BW! = Very (13.18) 


V2" + 
The right-hand side of (13.13) is merely a known function of 7; the left-hand 
side is the homogeneous part of a differential equation in #’. 

In the theory of electromagnetism one obtains an equation identical 
in form to (13.13) for the electrostatic potential gm in a medium with charge 
density p (note that both @ and p are the Fourier transforms from time to 

= w), 
V2 + k2y = — 4np 
whose solution by use of Green’s theorem gives one the Lienard—Wiechart 
retarded potential g(r) at the point r in terms of the source charge density 
p(r’) at a different point r’, 


r’ 
y(r) — =| ly teins 
Ir —r'| 
where the absolute value of the vector difference r — r’ is its length. 
We could take over this result complete and apply it to Eq. (13.13), but par- 
ticularly for students who are unfamiliar with potential theory we will run 
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through an elementary derivation. Let 


2m po 2m 
k 2 — = — = — 
0 ie E “7 U = F (13.14) 
then Eq. (13.13) becomes 
(V2 + ko2)b’ = U etkz (13.15) 
It is convenient to work with the Fourier transform of v’, 
A(k [ tk-r 
Z ee f ss ; 
(k) Gnpr pb’ (re ir (13.16a) 
and the inverse transform, 
1 
‘(r) = ——— | A(k)e‘erdk 13.16b 
vr) Tt (k) (13.16b) 


where dk is the three-dimensional volume element in momentum space. 


Further, 
1 


(Qar)3/2 


Equation (13.15) then becomes 


V2y'(r) = V2 


| A(k) eierdk = — | k2A(k)etktdk (13.17) 


(2n)3/2 


1 
(27r)3/2 
We now multiply both sides of Eq. (13.18) by a particle plane wave function 
of particular wave number k’, e~‘*’-r, and write the integral of both sides 


| (— k2 + ko2)A(k) ett dk = U etkz (13.18) 


over coordinate space, 

1 
— I A(k)e-tk-retk-r(— 2 + ko?) dk dr -| U(r)ethie-tk-rdr (13.19) 
(22r)3/2 


By making use of the first of the following mathematical identities resulting 
from the orthogonality of the wave functions 
1 
1 
(2n)3/2 


| e-th-r etk’-r dr = (2n)3/2 8(k — k’) 


| e-tter glter’ dk = (2n)8/28(r — r’) (13.20) 


a 
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ni. 

e 


we find that Eq. (13.19) becomes 
(27)3/2A (k’)(— kh’? + ko®) = | U (ryetly ke dz 


and Eq. (13.16b) becomes 


Lp (J U(r) elie ke de 
vr’) = {| ese | 


Signs x __\pik’sr dk’ (13.21) 
(2a)8 ko? — &’? J 


Reversing the order of integration in Eq, (13.21) and integrating over k’, 
we obtain 
L Pp ethlrt! 


b'(r') = — — U(r) ether dr (13.22) 
4a J |x’ — x 


which is the expression we sought for ys analogous to the Lienard—Wiechart 
retarded potential in electromagnetic wave theory. In the Born approxima- 
tion we are interested in the wave function yi only in the region far beyond 
where the potential energy is nonzero, that is, for 7’ S r. For this situation 
a convenient and useful approximation is to let 


jr —rl er —r'r (13.23) 
os 
where r’ is the unit vector in the direction of r’ (see Figure 13.3). The 


approximation results from neglecting terms of order r2/r’2 and higher in 
the expansion of the law of cosines; 


|r’ = ata he Geant . ee rer 
—r = rh + 8 — or ore fl 


In the center of mass system of coordinates, the momentum of the elastically 

seattered particle, k, is equal in magnitude to the momentum of the incident 
“ ‘ , ‘ iN ‘ 

particle and, of course, it has the direction r°. That is, 


Ss 
k = kor’ (13.24) 
so that from (13.23) 


kolr’ — r| = kor’ — ker (13.25) 
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” 


Therefore, y’ of (13.22) may be written approximately as 


yp oh Soe U(r) et(k,—0 
= —- i dr 
Sige, | (r)e (13.26) 
etker 
Soy meee 
where |r’ — r| in the denominator has been put equal to 7’, 
lm 
f(8) == Oa h2 V(r) et /Ma-r dr (13.27) 
and 
q = h(Ko — k) = (po — p) (13.28) 


where p is the momentum of the particle after scattering. q is thus the 
momentum transfer of the scattered particle, that is, the change in momen- 


“N 
Figure 13.3 Illustration of the approximation |r’ — r| = 7’ —Yr’-r 
which is obtained from the law of cosines for r <r’. 1’ is the position of the 
scattered particle after being scattered in the region r ~ 0. 


tum of the particle due to the collision. Note that f(6) is the Fourier transform 
of the potential energy of the particle interaction. Thus the result far from 
the scattering center (13.27) depends only on q and is completely independent 
of any other property of the particle. If V(r) = V(r), a central (angle- 
independent) potential, f(@) is a function of q only, that is, f(#) is a function 
of |po — p|. Since p = po, the change in momentum is 


[Po — P| = 2p sin (4/2) (13.29) 
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The particle mass used in the equations throughout this section is 
the reduced mass mmg/(m + mg). If neutrons are scattered from free 
protons, for example, the reduced mass is one half the nucleon mass. If 
the protons are bound chemically in an experimental target of polyethylene, 
however, the effective mass of the target is infinite, i.e., m: > mn for 
low energy neutron scattering experiments, and the reduced mass is the 
neutron mass. This difference of a factor of two in f(@) becomes a factor of 
four in o(@) and results in considerably less scattering of neutrons from free 
protons than from hydrogen compounds. 


13.4 SIMPLE APPLICATIONS OF THE BORN 
APPROXIMATION 


1. Square Well If the particle interaction potential is a square 
well and angle independent, which is a reasonable approximation to low 
energy nuclear scattering, Eq. (13.27), together with the general result 
f(q) =f (8) from Kags. (13.28) and (13.29), yields 


m a a 
f() = - ee | } Vo e€/ar cos @ 2 sing dg dr 
0 Jo 


2 wel [ (sin) rar 

hq 0 h 
2mVoh E qa . ga 
— cos— — sin— 
ma | 
Although of course low energy nuclear scattering does not meet the validity 
condition of the Born approximation (V’ < #), Eq. (13.30) is useful in 
giving a rough idea of the scattering of medium energy neutrons. Since 
q = 2psin (0/2) from Kq. (13.29), f(@) in Eq. (13.30) may be expressed 
directly in terms of 0, but it is easier to leave the result in this simple form. 
Note that f(@) is a rapidly decreasing function of g in Eq. (13.30) and is 
close to a minimum at @em = 7 representing backward scattering in the 
center of mass system. The differential scattering cross-section |f(@)|? 
for a square well potential is shown as a function of g in Figure 13.4. For large 
values of (qa/h), |f(0)|2 ~ q-4 cos? (qa/h). 


(13.30) 


13.4 SIMPLE APPLICATIONS OF THE BORN APPROXIMATION 275 


2. A Coulomb Potential It is unnecessary to give a quantum 
mechanical treatment to the Coulomb potential for dissimilar particles of 
medium or low energy, because, in contrast to the short-range interaction 
potentials considered thus far, the Coulomb potential, at distances greater 
than the classical distance of closest approach within the Coulomb and 


(0)? 


0 2 Q 6 h 


Figure 13.4 Graph of |f(@)|? for a square well potential as a function 
of qa/h. 


centripetal barriers, changes insignificantly within a particle wavelength. 
Very little scattering interaction occurs in these classically forbidden regions 
of space. Therefore the classical calculation by Rutherford is valid. It 
is always illuminating, however to see how one may obtain classical results 
by quantum mechanical theory, and a Coulomb potential provides a nice 
illustration of the scattering to be expected for long-range, 1/r-dependent 
potentials. Equation (13.27), the Born approximation for this potential, 
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yields the result 


Jno2 po 1 — 2mZze2 
i nes i G3 ot tar gene (13.31) 
Qrh2 0 r qg 
whence, by (13.9) and (13.29), 
mZzez\2 1 
o(0)dw = (==) ——§dw (13.32) 
2p? sin4(@/2) 


which is the classical Rutherford formula, in which z is the charge on the 
incident ion or electron and Z the atomic number of the target atom. Note 
that in general, f(@) is a monotonically decreasing function of the momentum 
exchange, g, depending inversely on q?, even for a rather long-range potential. 
There are interesting quantum mechanical effects occurring in the Coulombic 
collision of energetic, indistinguishable particles, which will be treated 
later in this chapter. 


3. Constant potential If V = Vo, constant over all space, the 
momentum transform Eq. (13.27) is a delta function of gq, 46(q¢); thus 
f(@) = fig) = 0 unless g = 0, meaning that therefore q = 0 in this example, 
i.e., no momentum transfer takes place: the incident plane wave is trans- 
mitted undeflected, as would be expected in a force-free (cV/éx = 0) 
situation. 


4. Billiard ball collision The interaction between two small hard 
spheres is essentially a delta function of space. The potential is a square 
well of nearly infinite height and almost negligible extent. The momen- 
tum transform Eq. (13.27) is a constant independent of q and therefore 
independent of scattering angle 6. Isotropic scattering is approached in a 
square well at low energies where V > E and the particle wavelength 
A > a, the range of the potential. However, in this case for which V > E£, 
the Born approximation becomes rough. The isotropy is an invariable result 
of A > a (see Figure 13.4 for which ga/h = (2a/A) sin 6/2 < 1 for all 6). 


Problem 13.2 Why do all instances of inelastic scattering (scat- 
tering in which the scattered particle loses energy) include elastic scattering? 
When elastic scattering is taken into account, what is the maximum total 
cross-section in terms of the geometrical cross-section of the target? 
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13.5 QUALITATIVE FEATURES OF THE BORN 
APPROXIMATION 


One can see from these simple problems, and from the discussion of wave 
packets in Chapter 2 (particularly the example of the Fourier transtorm of a 
Gaussian function), that the differential scattering cross-section is, in general, 
a decreasing function of g. That is, scattering is most likely to occur in 
directions requiring small change in momentum. Also, since q = 2p sin (0/2) 
for central potentials, the scattering may be expected to become more 
pronounced in the forward direction with increasing energy. These are 
very striking and fundamental features of scattering due to simple, central 
field interactions. The latter feature is so common and characteristic of 
all scattering observations that an exception is an exciting and vitally 
informative discovery in itself. For example, the experimental observation 
that neutrons scatter backward from protons slightly more than they 
scatter forward proved that the nuclear force is not a simple central force 
field. Subsequently this field was found to be best represented by a Serber 
potential which exchanges half the particles. That is, the nuclear potential 
is represented most simply as [4(1 + P)|V(r) where P is the parity operator 
and V(r) is a simple central potential. The effect of the parity operator 
is that an incident neutron emerges as a proton (presumably corresponding to 
absorption of a positively charged meson from the proton or loss of a negative 
meson to the proton). In forward exchange scattering, an incident neutron 
would cause a proton to be scattered at small angles and a neutron at large 


angles. 


13.6 ATOMIC SCATTERING BY THE BORN 
APPROXIMATION 


The potential between an atomic scatterer and an incident ion or electron 
is that between negatively screened nuclear positive charge and the charge 
of the incident particle, and may be written by crudely approximating the 
atom with its many electrons as a simple potential due to only one particle 


Z 
Vir) = ze(— r “y) (13.33) 
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where z and Z are as defined for (13.31) and —ey is the potential resulting 
from the presence of the target atom electrons. From Poisson’s equation 
in electromagnetic theory, we obtain a differential equation relating the 
potential to the charge density from which the potential may be computed, 


V2(—ep) = —4mp = —4n(—e)n(r) 
where n(r) is the electron number density (electrons/cc). The nuclear 
potential is trivial and we have already obtained it, Eq. (13.31). In order to 
compute the scattering cross-section of an incident charge off an atom we 
need the atomic shape or the form of the distribution of the atomic electrons. 
To be specific, we need the atom form factor F(q), which is defined by the 
integral taken over all space 


q? 


F(q) = 
(q) a 


i p(rjetat dr (13.34) 
Let y = —e‘4'; then V2y = qg?e’ar. We now use Green’s theorem, 


hy ex 
| vexa = | Vis (Vy) dc = [ Vx-da = aA 
J en 
where dA is a differential element of surface area and x is in the direction 
normal to the surface. Since the volume integral is taken over all space, the 
surface integral over the surface which encloses this volume is that of a 
sphere of infinite radius. Integrating F(q) twice by parts, we obtain 


C Ce 
4n F(q) = [ ore = | (ee = x) dA + [ xv gar 
on On 


« 


The surface integral is zero in the limit 7 = 00, owing to the radial depen- 
dences of x and qg, the atomic potential which must be evaluated on the 
surface of infinite radius. Therefore 


F(q) = [ n(rjetar dr (13.35) 


F(q) may be calculated by use of various atomic electron density approxima- 
tions such as the simple, inverse power of 7-dependent Fermi—Thomas 
approximation (see Mott and Snedden, Slater, or Pauling and Wilson cited 
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in Bibliography of this chapter). In this way we obtain the result 


f(@) = eee 
@ 


whence 


(mez \? |Z — Fall? 
@)-= ee Sees 
= ( 2p? sin4(@/2) 


If g is large, corresponding to large-angle scattering and close approach 
to the nucleus, Eq. (13.35) gives a nearly zero result due to phase cancellation 
in the integral over space. Hence if ga > 1 (where a is the atomic radius), 
simple Rutherford scattering results. The atomic radius for all atoms is 
a ~ aoZ-1/2 where ao is the Bohr radius of the hydrogen atom, 0.53 A. 
For an alpha particle of 5 Mev, incident on an atom of radius a, for example, 
qa ~ 1046. 
As q—0, 


(13.36) 


Z-FQ)-? 


even though Z alone is a constant. Hence the scattering remains finite. 
Without screening by the atomic electrons, the range of the Coulomb 
potential is infinite and o(@) would diverge as @ — 0 (q — 0). 


Problem 13.3 If alpha particles are scattered from a lithium nucleus of 
radius 10-12 cm, what momentum exchange will occur at 30° if the initial 
alpha particle energy is 5.3 Mev in the center of mass system? In the 
laboratory system? 


Problem 13.4 Calculate alpha particle scattering by a lead atom. 
The atomic potential may be approximated as (2Ze?/r)e-"/". where ro ~ 1 A. 


Problem 13.5 Use the Born approximation to calculate neutron— 
proton scattering if their interaction potential is Vo(e~/™r)/r where m 
is the mass of the 7 meson (273 electron masses). Calculate the scattering 
resulting if the potential were Voe~?"/™e. 
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13.7 SCATTERING BY IDENTICAL PARTICLES 


If a particle is scattered into angle @ by an identical target particle, which 
simultaneously scatters into angle 7 — 0, the event cannot be distinguished 
from the similar event in which the target particle emerges at angle 6 (see 
Figure 13.5). Therefore, one haf think that the total expected differential 
scattering would be not o(0) = |f(6)|2 but (neglecting spin interactions) 


o(6)dw = |f(0) + fir — 0)2dw (13.37) 


incident target incident target 


particle particle particle particle 


r—0 7-0 


Figure 13.5 Illustration of two scattering events indistinguishable in the 
center of mass coordinate system. 


This result is incomplete, however, if the two particles each have odd half- 
integral spin, inasmuch as then they must be in antisymmetric states. There 
are two possibilities: Either the particles are in antisymmetric spin states 
and Kq. (13.37), which represents scattering in a symmetric space state, is 
correct; or the particles are in a symmetric spin state and the scattering is 
given by the antisymmetric space function: 


o(0)dw = |f(6) — f(a — 0)|\?dw (13.38) 
Similar considerations apply to particles of integer spin which must be in a 
combined spin-space symmetrical state. The wave amplitudes for the two 
situations of (13.37, 13.38) cannot both be present to interfere with one 
another; for since the spin states are quantized, the complete wave function 
for the two particles in any individual scattering event must be either 
completely symmetrical or antisymmetrical in spin. Hence, the total space 
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state must be correspondingly antisymmetric or symmetric, and interference 
cannot occur between states of different space symmetry. (If the particle 
spin symmetry is changed in the interaction, however, the space symmetry of 
the final states may differ from the space symmetry of the initial states. 
All the foregoing is valid only if there is no spin interaction.) 

If electrons whose spins are random are scattered, there will be three 
times as many scatterings in the symmetrical spin states aa, BB, and 
(a8 + «8) as in the antisymmetric state («8 — Ba). Therefore, assuming no 
electron spin interaction, the total scattering will be given by 


o(8)de = {3/f(@) — flr — 82 + 4f() + fl — 8)|2}de (13.39) 


Mott has derived electron-electron scattering exactly and obtained an 
additional factor in the interference term: 


2e2 
cos E log tan 6/2 
hv 
dw (13.40) 


a(@)dw = : ) : 5 is g 


sin4@/2  cos#@/2 _sin2.6/2 cos? 0/2 
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Though convenient and simple to apply, the Born approximation is invalid 
for many problems of physical interest. Relativistic effects invalidate the 
assumption of static potentials at high energies; and at low energies it is 
incorrect to treat the potential energy of interaction as a small perturbation 
on the total energy of the interacting particles. The exact general treatment 
of the collision problem at low and medium energies where the static potential 
applies is based on phase shifts of the radial wave function. Since we are 
concerned only with central (angle-independent) potentials in this intro- 
ductory account of scattering theory, we will be concerned primarily with the 
radial wave function and its wave equation. At large distances from the 
scattering center the radial wave equation is sinusoidal independently of 
whether or not a scattering potential exists. If a scattering center is present, 
however, the phase of the argument of the sinusoidal function is shifted by a 
constant amount over that for a free particle. 
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In a central potential where V(r) = V(r), the wave equation is easily 
transformed by the substitution 


u(r) 


f(r) = ; Y;™(6, @) (13.41) 
to 
du, 2m Hf gee 
Sar Gee” 4a) ae sence, (13.42) 


where m is, as usual, the reduced particle mass mm/(m; + mg), and the 
Y,™ are, as before, the spherical harmonic wave functions with quantum 
numbers / and m. The solutions to Eq. (13.42) are subject to the usual 
boundary conditions: the y¥’s are finite at the origin and zero at infinity 
so that 

u(0) = 0, u(co) = 0 (13.43) 

The effects of spin and symmetry on the scattering, discussed in the 
preceding section, may be included by writing the free particle wave functions 
for odd or even J, whichever is appropriate. That is, in (13.42) one could 
make V = 0 for odd or even /, whichever is appropriate. Since the spatial 
state is specified by (—1)! as antisymmetric for (—1)! = —1 and sym- 
metric for (— 1)! = +1, protons in symmetric spin states, for example, would 
experience no interaction with one another in even / states. 

The expected asymptotic behavior of y% far beyond the scattering 
center (see Section 13.2) is a sum of a plane wave and a spherically outgoing 
wave, 
etkr 


bir, 8,) > A ev a fe) (13.44) 


Hence, we expect that at large r, w;(7) will assume the form 
U(r) = v(r)ettkr (13.45) 


where k = p/h = 1/2mE/h?2, and v;(r) is a slowly varying function of r as we 
will now show. Substituting (13.45) into (13.42) we obtain 


AGRE: 


si : (13.46) 


2m “i+. 
vy’ + ike’ = “| On 
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If v is slowly varying, v’’ may be neglected and the rest of Eq. (13.46) may 
be solved by quadrature: 


‘ rT 2m Wl + 1) 
+2tk logy = | Fawe + a (13.47) 
h2 72 
Since V(r) approaches zero as r goes to infinity, v; does indeed approach 
a constant for large r, thus justifying our assumption that v is slowly 
varying at large r. Therefore, the solutions to Eq. (13.42) at large particle 
separations become 


u(r) = Aj’ sin (kr + 97’) (13.48) 
where 6,’ is a constant phase factor in the solution—one of the two arbitrary 
constants appearing in the solutions of all second-order differential equations. 
Since these constants are determined by the boundary conditions, we might 
expect, as is in fact the case, that 6,’ depends on the scattering potential; 
furthermore, the scattering cross-section may be put in terms of 6,’. A direct 
connection between the scattering cross-section and the scattering potential 
does not exist in the exact theory. The connection may be made only through 
the phase shift of the radial wave function, 81. 

The complete wave function may be expanded in terms of the ortho- 
normal set of radial and angular wave functions, 


=> 
1=0 


where P;(cos @) is the Legendre polynomial of order J. 

A slight modification of the theory is necessary in problems where 
V(r) decreases with r faster than does /(/ + 1)/r?. In this case the solution 
in the intermediate region where V(r) is zero but l(l + 1)/r? is appreciable 
is the solution to 


tut?) (0088) (13.49) 
. 


namely, 


u(r) = x, . Aj{(cos 8))Ji4,(kr) — (sin &)N144(kr)] (13.51) 
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which is the radial solution to the spherical square well potential discussed in 
Chapter 8. A; cos 5; and A;sin 6; are two undetermined constants which 
are part of the solution to any second-order differential equation; 5; must 
be fixed by the boundary conditions. For large r, the asymptotic form 
of the spheroidal Bessel and Neumann functions may be used, so that w;(r) 
becomes 


I 
a(r) = I-¥A; sin (i 4, S + 7 (13.52) 


which again is the free particle wave function just as Eq. (13.48) is, with 
the difference that here the phase of the wave has been shifted by 
[—(lm/2) + 8)] instead of by the phase shift computed by neglecting the 
centrifugal potential, 5;’. This solution (Eqs. 13.48, 13.52) includes both the 
incident plane wave and the scattered spherical wave. The complete solution 
requires that one take the sum of w;(r) over all J. The scattering cross- 
section is found from the spherical wave contribution. To evaluate the 
scattering cross-section brought about by the scattering potential we must 
compute how much of (13.52) is due to the scattering potential. That 
is, we are interested only in the difference between the sum over / of (13.41) 
with (13.52) and the free particle wave functions. To find this difference we 
must first express the free particle plane wave function e’*2 in terms of 
functions similar to (13.41) and (13.52). 

The plane wave e*2 may be expanded in terms of the complete 
orthonormal set of radial Bessel functions of order 4 and the Legendre 
polynomials. The expansion is 


co —— 
eikz — eikrcos0 =e: evel 2 oe Ji+x(kr)P;(cos 0) (13.53) 
1=0 


The asymptotic form of the Bessel function may be used at large r so that 


Ms 


etkz = 


1 l 
(21 + ae sin( kr — “| Pi(cos @) (13.53a) 


~ 
ll 
i=) 
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Therefore, by substituting Eqs. (13.52) and (13.53a) into Eq. (13.44), 
we obtain 


ioe) 
1 ; 
. >A sin (i eel 81) P)eos (13.54) 
< kr 2 : 


which is the desired relation between f(#) and A;, 5; we sought. Because 
of the term in e’*’, it is useful to write the sine functions in terms of etér 
and e—*r so that each term in Eq. (13.54) is multiplied by either e‘*r or 
e—tkr (sin kr = (er — e-ikr)/27). The equation is true for all values of k and 
large r, so that the equation must be true independently for the coefficients of 
ettkr and e~*kr_ Equating the coefficients of e+**r, we obtain 


ao ie 0) 
2ikf(8) + > (21 + l)ile-t7/?2 P(cos) = > Ayet—t8ulél"/2 Pi(cos 8) (13.55) 
1=0 1=0 


and equating the coefficients of er we obtain 


= 


> (21 + l)ilett7/2 P,(cos 0) = S Aje-t8rHtl7/2) P;(cos 8) (13.56) 


i-0 


Multiplying both sides of Eq. (13.56) by the particular Legendre polynomial 
P,,(cos 6) and integrating over all angles, we find that because of the ortho- 


gonality of the P;’s, 

An = (2n + l)inet, (13.57) 
Substituting this result into Eq. (13.55), we may rewrite Eqs. (13.7) and 
(13.9) as 


foo) 


1 : . 
f(9) = nae > {-— (21 f. 1)i! e—iln/2 Pi(cos 0) +. (21 + 1)2! eter et8:-(il7/2) P;(cos 6)} 
v 


i7.2) 


aE (21 + 1)(e2#8: — 1)P;(cos A) (13.58) 


Qik 
1=0 


I 
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1 
of) = OF = = 


= 2 
> + ei?: (sin &:)P;(cos @) (13.59) 
i=0 


which is the desired connection we have sought between the phase shift 
and the scattering cross-section. Equation (13.59) is Lord Rayleigh’s 
formula for wave diffraction, which was rederived for quantum mechanies 
by H. Faxen and J. Holtzmark. Note that waves of different orbital momenta 
interfere with one another. This is an exact result for o(@); thus the scatter- 
ing problem is reduced to finding the appropriate phase shift for each angular 
momentum, 8; is the phase shift in the radial wave function (13.52) for a 
wave in a potential relative to a wave in no potential (it is not a space angle 
related to some direction in the scattering process!). 8; is just a way of 
expressing the constants in the general solution which must be fitted to 
particular boundary conditions. 

The total scattering cross-section is obtained by integrating Eq. 
(13.59) over all angles (note that the interference terms integrate to zero 
because of the orthogonality of the P; (cos 6)): 


2 
ee 3 ag sia 2 aa 
o=2 o(@) sin @dé@ = xs (22 + 1) sin? 8 
. i=0 


@ 
= 42 5 (21 + 1) sin? & (13.60) 
=o 


In order to calculate the scattering cross-section, the solution to 
the wave equation within the range of the scattering potential, «;, must 
be calculated and then fitted to the free-particle wave function (13.48) or 
(18.52) by an appropriate choice of &;. For example, if necessary, u; could 
be integrated numerically for r < a, where a is the range of the potential, 
and then at r = @, &; and its first derivative could be matched to Eq. (13.52) 
and its derivative, thus furnishing the boundary conditions needed to 
fix d:. 

The radial wave function u;(r) at small r is an exponential function 
decreasing as r— 0 for repulsive potentials, including the centripetal 
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potential for which w;(r) behaves as r!+] near r = 0; at large r, u)(r) behaves 
as sin [kr — (lz/2) + 8]. The various functions for a typical problem are 
illustrated in Figure 13.6 for 7 = 0. At very low energies, for which k > 0 
and A — oo, the intercept of the tangent to the slope of the wave function 
at the edge of the potential (r = a), 6, illustrated in Figure 13.6, is approxi- 


om 
2 


Figure 13.6 The wave functions of a free particle and the wave function 
uj(r) of a particle influenced by a repulsive potential V(r). V(r) and the radial 
function u; for 1 = 0 are shown in solid lines. The dashed sine curve is for 
the undisturbed free particle wave function, sin kr. The problem illustrated 
here has a negative phase shift — 6), although conceivably for other potentials 
or higher energies (and therefore short free-particle wavelengths compared to 
the range of the potential well) the phase shift could just as well be positive. 


mately equal to 59/k and is a constant independent of £ or k since 39 ~ k. 
The terms for / 4 0 in the summation over / in the cross-section (13.59) 
are negligible and do not contribute to the sum for k < a~!, since the penetra- 
tion through the angular momentum barrier h/(l + 1)/r? is small, as will be 
discussed in the following sections. For this very important low-energy case, 


288 ERaSTic SCATTERING THEORY 


only So need be considered, that is, 59 = kb and approaches zero with &. 
Thus, 


tim 4a 


eas 22 = 4ab? (13.61) 


G 


b has the dimensions of a length and is called the Fermi scattering length. 


13.9 SCATTERING BY PARTICLE WAVES OF HIGH ORBITAL 
ANGULAR MOMENTUM 


For large angular momentum quantum numbers we would expect a classical 
result. For this reason and for greater physical insight it is worthwhile to 
examine the classical theory of scattering. 

Classically, the total scattering cross-section of a small incident 
particle would be za? where a is the range of the interaction between incident 
particle and target object. The angular momentum of the incident particle 
with respect to the center of coordinates located in the target particle would 
be r x p. If angular momentum were to be conserved, no particle with 
linear momentum p could be deflected which had an angular momentum 
lh greater than ep. That is, classically, for deflection in the potential field 
of the target particle we must have JA < ap (I < a/A). Similarly, in quantum 
mechanics the particle wave functions for the radial wave equation for large J, 


Guz; 2m ui + 1) 
+ —{E — V(r)ju, — ————u, = 0 (13.62) 
ér® i os 


tail off exponentially at small r and behave as r'+1 for very small r, and 
hence, although there may be some penetration into the potential region and 
therefore scattering of particles with large J, it is very small. That is, if 
V(r) < E for r > a, then 8 <1 for all J > a/A. Nevertheless, although 
the scattering for? > @/A is small, it is of interest and the foregoing suggests 
a simple perturbation theory calculation for it. 

The radial wave equation for a free particle in spherical coordinates 
is Eq. (13.50) and that for a particle in a potential is Eq. (13.42). Writing 
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v; for uw; as the free particle wave function (see Eq. 13.50), we have 


d2y, am Ul + 1) 

a a rs vy — sat ae: Y= 0 (13.63) 
d2u,; 2m 2m Ul + 1) 
Mine a oe 


Multiplying Eq. (13.63) by w; and Eq. (13.64) by —v; and adding the results, 
we obtain 


u— — y — + —V(r)vu; = 0 (13.65) 
r 


Integrating this equation over r we obtain 
dv dum] 2m F 
+ — V(r)uwidr = 0 (13.65a) 
0 fh Jo 


If the upper limit R > a, where RF is taken arbitrarily far out from a, then 
the left-hand integrated term is independent of R, as we shall see. Evaluation 
at the lower limit gives 0, inasmuch as uw; and w are both zero at r = 0. 
At the upper limit, v; = sin [KR — (nl/2)] and uw, = sin [KR — (nl/2) + 87). 
The integrated expression in (13.65a) therefore becomes 


al al al\ _ al 
sin( ER ——+4+ i) k cos (x — =) _ sin( ER — =] k cos(#R ——+ a) 
2 2, 2 2 


al al 
ia | (x2 Bras a) a (x _ )| 
2 2 
= ksin& (13.66) 
Therefore, substituting in (13.65a), 


2m 4 
k sind; = — = | uw V(r) dr (13.67) 
h? Jo 


If 5; is very small so that v, ~ w , then the unknown 6 in uw may be neg- 
lected, so that Eq. (13.67) becomes 


De a 
ate is =| v2V(r) dr (13.68) 
i Jo 
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whied is ast the result that would be obtained from perturbation theory. 
ta & Es and V(r) is slowly varying, the average value of v), 4, may be 
eased ia Ng. (13.68), At large r, 


| eV (@) ar ~ sf Vadr 


aad waless VY < (const./r) at large r, the integral will diverge. Hence, this 
meshed will net work for the Coulomb potential, which has been solved 
exactly by ogher means. 

Poe particle energies sufficiently high that several / would contribute 
elassieally to the seattering cross-section (i.e., ap/l > h, and the potential 
eaage is several wavelengths in radius), the total scattering cross-section 
assmmes & particularly simple form. In the classical limit, 5; is assumed 
taage foe | < @/A and negligible for 7 > a/A. Thus the total cross-section, 
RQ. (EROO), Becomes. 


a/x 
o = 4425 (21 + 1) sin? 8; 
1=0 


al% 
~ 4ad2 > (21 + 1)3 
1=0 


a= See? (13.60a) 


the geometrical cross-section is 7a2. Where does the extra ra? come from? 
% is dhe shadow scattering—the interference of the absorbed wave with 
~he Waasaatied wave—and it occurs in optics in diffraction phenomena also. 
thas we? from the re-emitted wave plus another za? due to shadow scat- 
tering add up to Ze. 


Problem 13.6 Calculate the phase shifts 59 for a square well with the 
lowing condivions : 
&) Qe anQatary and V9 very small but positive (that is, an attractive poten- 
tial). 
)) Se arditvary and Vo very small but repulsive. 
©) Wha is the precise expression for the condition on Vo which justifies 
jhe approxomations used in (a) and (b)? What is Vo less than? 
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(d) How would you solve this problem if Vo were —10 Mev (repulsive!)? 
If Z were 100 kev and a were 10-12 cm? For a neutron being scattered 


from an infinitely heavy nucleus? For the latter two conditions include 
1 > 0 and obtain o(6) within ~ 5%. 


Problem 13.7 Calculate the scattering cross-section for low energy 
particles (H = 0.200 Mev) incident on a square well Vo = —20 Mev, 
a = 10-!2cm. How much does the] = 1 wave contribute to the differential 
cross-section if 2 = 0.200 Mev? 


Problem 13.8 Calculate the scattering cross-section for low energy 
particles incident on a square well as a function of particle energy and the 
depth of the well. Assume that only s-wave (J = 0) scattering occurs at 
this energy. For what values of Vo and E is the scattering a maximum, 
and why? If 6, = 180°, what is the scattering cross-section? (This is essen- 
tially the Ramsauer effect discussed in Section 5.7.) 


Problem 13.9 (a) Calculate approximately the contribution of the 
1 = 1, 2, and 3 states to the scattering of 10 Mev neutrons by protons if 
their interaction potential is given by V = — Voe—"/™e, where m is the mass 
of the 7 meson (273 electron masses). Ignore any dependence of spin on 
nuclear forces. (b) Further suppose 69 = (7/2), 5; = (7/2), and 6; = 0 for 
1 > 1. What will be the fractional contributions of the two waves to the 
scattering? (c) How may 49 and 6; be separately determined experimentally? 


Problem 13.10 Calculate the differential cross-section for low energy 
neutron—neutron scattering, assuming a square well attractive force. Neglect 
waves with / > 2. 


Problem 13.11 Calculate the differential scattering cross-section for 
low energy alpha particles incident on helium nuclei, assuming a square well 
attractive force. Neglect waves with | > 2. 


13.10 EFFECTIVE RANGE THEORY 


By a modification of the previous section we may easily show that if the 
range of the interaction potential is very short compared to a wavelength, 
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it is impossible to determine what the range or size of the potential is. 
This is an expected difficulty, since one can never determine spatial relation- 
ships to a precision better than the wavelength of the “radiation” one 
employs. By recognizing this difficulty, however, we can develop a general 
theory relating both a scattering cross-section or scattering length and an 
effective potential range for any reasonable potential shape, to the observed 
low energy experimental phase shifts 59. This effective range theory was 
first considered by Breit, but we will use the subsequent pellucid develop- 
ment by Bethe. 

We wish to compare the values of the phase shifts for two different 
energy values H; and £2 occurring in the wave equations 


d2uy 
— + [k2 + Wir)m = 0 


dr 
aus 
—— + [ko? + W(r)]ug = 0 (13.69a) 
dr 
where kj? = mEj/h?, ko? = mE2/h?, and W(r) = — (m/f?) V(r). Multiplying 
the upper equation by uz and the lower by —w, and adding, we obtain 
d2uy d2us 
us — uy—— + (ky — ke?)uyue = 0 (13.70) 
dr2 dr? 


Integrating over a dummy variable 7’ from 0 to r we obtain 


| du, dug |" ae r : 
U2 Tee = 2° — 2 Huonr 397 
: dy’ L ie |. ( 1°) [ WjU2 a? (13.71) 


The lower limit of the integrated expression gives zero but the upper limit 
is nonzero. For large r, 


U1, Ug —> sin (k1,9r + 81,2) (13.72) 


where in Kq. (13.72) the 81,2 denote the phase shifts for the 7 = 0 wave fune- 
tion for states 1 and 2 respectively. For the region beyond the potential 
range, let ¥; and 2 be solutions to the asymptotic differential equations. 


aby : dbo ‘ 
7 + hyd = aire! 7) 55 ker ye = 0) (13.73) 
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For convenience, let ¥(0) = Y2(0) = 1; then 


sin (kyr + 81) sin (ker + 85 
ee eee tea) . (13.74) 
sin 8; sin 59 


We want y¥1,2 to be those solutions of Eq. (13.73) that agree with w1,2 for 
larger r, that is, the solutions with the same phase shifts sin (ki,2 r + 81,2). 
yi and w; must be the same beyond the range of the potential; at r = 0, 
however, y (0) # 0, unlike w, by our condition and since anyway y is not the 
correct solution to the wave equation near r = 0. Proceeding with Eqs. 
(13.73) as we did with Eqs. (13.64) in obtaining Eq. (13.71), we find 


diy dibs 
: dr’ == dr’ 


ik = (kp? re ky?) ik dipe dr’ (13.75) 
0 0 


We know that u; = y% and wa = po at large r beyond the range of the 
potential. Therefore, the left-hand sides of (13.71) and (13.75) are equal for 
the upper limit r. The lower limit of the left-hand side of (13.71) gives zero. 
By subtracting Eq. (13.75) from Eq. (13.71) we obtain a result independent of 
the complicated behavior of the left-hand sides of these equations at large r, 


ty | dy dibe 


= kp cotds — k, cotd 
1 1 ay ive 2 2 1 1 


r 


= (kp? — ky?) i (vie — wyu2) dr’ (13.76) 
0 


where ko cot 82 — k; cot 8; is obtained by substituting (13.74) in the left-hand 
side of (13.76). 

Outside the range of nuclear forces this integral vanishes. If we define 
the effective range p(H,, H2) by the equation 


ie.2) 


p(B, Hs) = 2 | bers onpieh dr (13.77) 
0 


Kq. (13.76) becomes 
kz cot 82 — ky cot d, = 3 (ko? _ ky?)p(F1, Es) (13.76a) 


a very useful relation. The 8’s may be derived from the measured cross- 
sections; the effective range is a valuable theoretical quantity from which 
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other cross-sections may be obtained and to which potentials may be related. 
Contributions to p all come from % and wu at small values of r; the two wave 
functions are illustrated in Figure 13.7. For low energy at small r, % and u 
are essentially independent of the kinetic energy, so that we may use the zero 
energy wave functions in the effective range integral to obtain p(0, 0) = ro: 


m= 2[ (go? — uo?) dr (13.78) 
0 


Figure 13.7. Graph of % and u wlustrating that they differ only near 
the origin where the potential rs different from zero. 


At low energies %o approaches a straight line, 


0 
Yio) ee ker (=) r= 1 + (k cotd)r 
or =0 
We define « to be 
a = k cots 


% is the reciprocal of the Fermi scattering length, 


pad im »olesind 


a RESO cos 8 
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If we then take k; = 8; = 0 and drop the subscripts on kz and 82, Eq. (13.76a) 
yields 


k cot = ky cots; + $hro = % + fk2rp (13.79) 


a relation which remains remarkably accurate up to 20 Mev, for example, 
for scattering of neutrons by protons. Thus the phase shifts can be cal- 
culated from a knowledge of the two parameters scattering length 6 and 
effective range ro, which is the result we set out to obtain. A graph of uo 
and yo is presented in Figure 13:8. 


O a b 


Figure 13.8 Graph of wo and uo near the origin. 


An experimenter may interpret his scattering experiments by mak- 
ing a plot of k cot 6 as a function of k?, which by Eq. (13.79) should yield the 
straight line illustrated in Figure 13.9. k cot 6 is obtained from the data by 
use of the relation between the observed scattering cross-section o and the 
known particle energy k*, Eq. (13.60), with / = 0: 


47 sin26 


k2 


o= 
rearranging and noting that sin-?6 = 1 + cot? 6 we obtain 


4a 
— — k? = k? cot?6 
o 
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whence 
4 hap ma hOa RS 
Pe scot cet afew (2 (13.80) 


where k cot 8 has been put in terms of the measured quantities o and k?. 


k cot 6 


Figure 13.9 Graph of k cot 6 vs. k?, 


The intercept of the curve at k? = 0 in Figure 13.9 gives the reciprocal of 
the Fermi scattering length b. (From Eq. (13.60) with / = 0 we have 


4n 


: lim 5 
= 2 —— : 
= Sl = 2 

io) sim 0 i,60 4b 


in keeping with Kq. (13.61) so that 6 may be found from the experimentally 
determined cross-section oc, i.e., b = +/a/4); the slope gives the effective 
range. The range and depth parameters of any possible theoretical potential 
well must be such that their wave functions give the measured effective 
range in Kq. (13.79), and the measured scattering length. 
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APPENDIX: 


THE VIBRATING STRING 


AS AN ANALOGY to the more complicated three-dimensional problem of 
electromagnetic waves in a box we take up the problem of waves in a string. 
If a string fastened at both ends (at 2 = 0 and LZ) is displaced slightly in the 
y direction, the restoring force of an infinitesimal portion of the string, dz, 
will be given by the change in the y component of the tension on the string, F. 
ifr | ~al P| em ae 

V (dx)? + (dy)? Oa Oa 


The equation of motion for the infinitesimal string element is then given by 


(es é 
mda = = ai a 
ot? ox 
or 
(og 02 
ESS 
ot? ox? 


where m is the mass per unit length of the string. 
We may attempt to solve this differential equation by assuming that 
y may be written as a product of a function of t times a function of a. The 
assumption is justified if a solution is obtained. 
e2T'(t) a2X (2) 


y= T(t)X(x);  m X(z) * = IT'(t) ae 
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which may be rewritten as 


m 1 eT (t) 1 a2X (ax) 
F(t) é2 X(x) ea2 

The left-hand side of this equation is independent of a, the right-hand side 

is independent of t, and since they are equal, each must be independent of 

both x and t, and therefore constant. Let the constant be written as — w?, 


Thus 


m 1 et) 
gee See 2 
F T(t) ét 
or 
e2T(t) F 
+ —w?7'(t) = 0 
ot m 


whose solution is 
wise Wie 
T(t) = A, cosa/ —wt + Ag sina/ —at 
m m 
where A, and A» are undetermined constants. We also have the equation for 
X (x) 
02X (x) 


Ox? 


+ w*X(x) = 0 


whence 
X(x) = By coswx + Be sin wx 


where B, and Be are undetermined constants. 
Since the string cannot vibrate at x = 0 and L, X(0) = X(L) = 0. 
Therefore, B; = 0 and wl must be some integral multiple of 7: 


_ ut 
X(x) = Bon a eae 


where 7 is an integer and there is a solution for every value of n. 
The time dependence of the solution is determined by the initial 
conditions—the initial values of y and dy/¢t between x = 0 and x = L. 
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If we assume the string is vibrating at maximum amplitude at ¢ = 0, then 
Az = 0, and we have (y 4 0, @y/ét = 0) 


Fan 
T(t) = Ai, cos | — 
m L 


t 


Let Ai,B2, = Cy; then the final complete solution may be written 


; ‘ Fur | nm 
et) — 2 m COS ar pga 

The C, depend on the shape in which the string is made to vibrate 
(whether it is plucked in the middle or near one end, etc.) and with what 
amplitude, and need not concern us for the present. What is important is 
that the frequencies (inverse of the period of the time dependence) are 
some discrete multiple of V (F/m) (77/L); only these frequencies are permitted, 
as a result of the boundary conditions on a string of finite length. 

It is also worthy of note that we have considered only one indepen- 
dent degree of freedom for the vibration of the string. An identical completely 
independent solution is obtained if we consider the vibration of the string 
in the z direction. 
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Absorption: 
radiation, 190-192 
radiation with ionization, 203-205 
rate per unit volume, 199 
Action, classical, 56 
Alpha particle decay, 91, 92, 122 
Amplitude (see Probability ampli- 
tude) 
Angular momentum, 129-136 
addition of, 254-260 
commutation relations, 136-138 
eigenvalues, 132—133, 140 
light, 194-195 
matrix representation, 235-238 
operators, 130-132 
and spin addition, 259, 260 
Angular wave functions in spherical 
coordinates, 127-129 
Antisymmetric wave function, 246 
first excited state of helium atom, 
221-222 
Antisymmetric spin state, 246 
Approximation: 
Born scattering cross-sections, 269— 
279 
slowly varying potential (semi- 
classical), 110-117 
time dependent perturbation theory, 
184-198 


INDEX 


Approximation (Continued) 
time independent perturbation 
theory, 161-175 
variational method, 179-182 
Wentzel—Kramers-—Brillouin (WKB) 
110-117 
Associated Legendre functions, 127— 
129, 134-136, 139 
Associated Laguerre functions, 148 
Associated spherical harmonics, 126—- 
129 
Atomic excitation: 
by ion bombardment, 188-190 
radiative absorption, 190-192 
Atomic form factor, 278, 279 
Average energy of mode of oscillation, 
8-12 
Average value, 68 
Azimuthal angular wave function, 
127 


Babinet’s theorem, 268 
Balmer formula, 148, 149 
Band theory of metals, 99-106 
Barrier penetration: 
square barrier, 85-92 
WKB approximation, 121-123 
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Bessel function: 
one-half order, 142-145 
one-third order, 113, 114 
spherical, 142-145 
Beta-decay, conservation of parity, 
252-254 
BKW approximation, 110-117 (see also 
Wentzel-Kramers—Brillouin) 
Bloch wave function, 102—104 
Bohr, Niels: 
atomic orbits, 46 
description of light diffraction, 41 
frequency condition, 187 
Bohr—Sommerfeld quantum conditions, 
117-120 
Boltzmann constant, 8 
Born approximation, 269-279 
Bound particles in a square well, 94-98 
Bra-vector, 216-217 
Bragg x-ray diffraction, 46 
Boundary conditions, 4, 12 


Center of mass coordinates, 78-81 
Center of mass motion equation, 80 
Characteristic functions, 13 (see also 
Eigenfunctions) 
Characteristic values, 13 
Eigenvalues) 
Chemical binding, 208-209 
Classical action, 56 
Classical path taken by particle or light 
ray, 111 
Clebsch—Gordon coefficients, 254-260 
Commutation relations, 71—76 
angular momentum, 136-138 
between coordinate and momentum, 
72 
spin, 243 
Commutator, 72 
Commuting operators, diagonal repre- 
sentation, 238-245 
Complementary variables, 16, 34 
Complete set, 158, 159 


(see also 


INDEX 


Compton effect, 36-38 

Compton wavelength, 38 

Continuity equation, 77, 78 

Cosine series, 17-19 

Coulomb integrals, 218, 219 

hydrogen molecule, 224-225 

Coulomb potential, scattering cross- 
section, 275, 276 

Cross-sections, scattering (see Scatter- 
ing cross-sections) 

Currents, particles, 77, 78 


Davisson-Germer experiment, 45, 46, 
49-52 

de Broglie wavelength, 46 

Degeneracy in spherical harmonic oscil- 


lator, 154 
Degenerate perturbation theory, 171— 
175 


harmonic oscillators, 213-216 
helium atom, first excited state, 
218-222 
hydrogen molecule, 222-226 
Delta-function: 
Dirac, 21 
Kronecker, 17 
Deuteron, 97, 98 
Diagonal operators, commutation of, 
; 238 
Diagonalization of an operator, 234 
Diffraction: 
electrons, 45—46, 49-52 
light (interference of photons), 38- 
41, 52-54 
particles, 45, 46, 54-58 
Dipole transitions, 192-196 
Dirac delta-function, 21 
Dirac notation, 216, 217 


Eckart—Bethe potential, 118-120 
Effective range, 293-294, 296 


INDEX 


Eigenfunctions, 13 
Eigenvalues, 13, 67 
angular momentum, 132, 133, 140 
Einstein A and B coefficients, 198-200 
Electromagnetic waves in a box, 1-6 
(see also Radiation) 
Electron: 
angular momentum operator, 244— 
245 
diffraction, 45-52 
emission from metals, 122, 123 
interaction in atoms, general discus- 
sion, 227-230 
wave functions and energies in a 
metal, 99-106 
Emission of radiation, 198-200 
Energy levels: 
atomic, 148 
bound particle in a potential, 111 
degenerate perturbation theory, 171- 
175 
harmonic oscillator: 
linear, 155 
spherical, 153, 154 
hydrogen, 148 
nuclear potential, 118-120, 154 
splitting: 
due to mutual repulsion of elec- 
trons, 178 
helium atom, 217-222 
due to spin orbit force, 176-178 
square well, spherical, 145 
Energy operator, 68 
Exchange integrals, 218, 219 
hydrogen molecule, 224-225 
Exchange operation, 245-246 
Excitation, atomic: 
by ion bombardment, 188-190 
by radiation, 190-192 
Exclusion principle, Pauli, 247 
Expectation, 68—70 
energy, 73 
of coordinates, 68 
time derivative, 74, 75 
momentum operator, 69 
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Expectation, momentum operator 
(Continwed) 
derivative, 75 
of operator, 72 
time derivative, 73, 74 
Expected value, 68 


Fermat’s principle, 111 
Fermi level, Fermi energy, 102 
Fermi scattering length, 288, 296 
Fine structure, 175-178 
hydrogen atom, 176-178 
Form factor, atomic, 278, 279 
Fourier series, 17-19 
Fourier transform, 20-26, 271-273 
Gaussian distribution function, 24— 
30 
Franck and Hertz experiment, 35, 36 
Frequency spread and time duration, 
23-26 


Gaussian distribution, Fourier trans- 
form, 20, 30 

Gaussian wave packet, 29, 30, 65, 66 

Group velocity, 28, 65, 66 


Hamilton’s principle function, 56, 11i 
Hamiltonian, 69 
Harmonic oscillator: 
coupled, classical, 209-211 
coupled, quantum mechanical, 212— 
216 
linear, 155 
selection rules, 196, 197 
spherical, 150-154 
Heisenberg uncertainty principle (see 
Uncertainty principle) 
Heitler-London theory, calculation of 
the hydrogen molecule, 222-226 
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Helium atom: 
first excited state, 217-222 
ground state, first order perturbation 
theory, 164-168 
ground state, variational method, 
181, 182 
Hermite polynomials, 154 
Hermitian operators, 75, 76 
Hund’s rule, 248, 249 
Hydrogen atom, 146-150 
fine structure, 176-178 
selection rules, 197, 198 
wave functions, 146, 148 
Hydrogen molecule, 222—226 


Indices of refraction, particles and 
light, 65 

Induced emission, 200 

Interference of photons, 38-41 


j-j coupling, 230 


Ket-vector, 217 
Kronecker delta, 17 
Kronnig—Penney potential, 102-106 


Linear independence, 171 

London-Heitler theory of hydrogen 
molecule, 222-226 

LS coupling, 175-178, 229, 230 

Lagrangian, 56 

Laguerre functions and polynomials, 
148 

Legendre polynomials (see Associated 
Legendre functions) 

Lienard-Wiechart retarded potential, 
270-272 
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Light: 
angular momentum, 194, 195 
probability amplitude, 52-54 


Matrices, spin, 242-245 


Matrix representation: 
angular momentum, 235-238 
operators on eigenfunctions, 232-— 
234, 235 
Maxwell-Boltzmann energy distribu- 
tion, 8 
Maxwell’s equations, 2 
Microscope experiment, 41—43 
Momentum operator, 68, 70 
Momentum transfer, 273 
Mott scattering, 280-281 


Neutron-proton scattering cross- 
section, 277 
Newton’s second law, quantum mec- 
hanical version, 75 
Normalization of wave functions, 158 
Nuclear potential, 118-120 
energy levels, 117-120, 154 
wave functions in a harmonic oscil- 
lator potential, 151-155 
wave functions in a square well, 141- 
145 


Observables, physical, 67-71, 75, 76 
Octupole transition, 195 
Operation, 12 
Operator, 12, 67-71 
angular momentum, 130-132 
diagonalization, 234 
energy, 68 
Hermitian, 75, 76 
matrix representation, 232, 234, 235 
momentum, 68, 70 
position, 71 


INDEX 


Optical analogue of quantum mec- 
hanics, 90, 91 
Orthogonal functions, 16, 17 
Orthogonality, 16, 17 
of wave functions, 158-161 
degenerate, 171-172 
Orthogonalization of eigenfunctions 
belonging to a degenerate energy 
level, 171, 172 
Oscillators (see Harmonic oscillators) 
Oscillators, coupled: 
classical, 209-212 
quantum mechanical, 212-216 


Parity, 249-254 
angular momentum and spin, 250 
conservation, 250-254 
beta decay, 252-254 
of eigenfunctions, 232 
Partial waves, scattering theory, 281— 
288 
Particle: 
current density, 77, 78 
probability amplitudes, 54—58 
wave characteristics of, 41-43 
wave packet, 65, 66 
waves, 64-66 
Pauli exclusion principle, 247 
Pauli theory of spin (spin matrices), 
242-245 
Penetration through a barrier: 
square barrier, 85-92 
WKB approximation, 121-123 
Perturbation theory: 
degenerate, 171-175 
harmonic oscillators, 213-216 
helium atom, first excited state, 
218-222 
time dependent, first order, 184-187 
time dependent, second order, 201-— 
203 
time independent, first order, 161— 
164 
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Perturbation Theory (Continued) 
time independent, second order, 169- 
170 
Phase velocity, 28 
Photolectric effect, 35, 45 
Photons, 33—40 
diffraction and interference, 38-41 
probability amplitude, 52-54 
Planck black body distribution, 9, 11 
Planck’s constant, 10, 11 
Plane wave: 
expansion in complete orthonormal 
set, 284 
expansion in set of spherical har- 
monic wave functions, 195 
in a string, 299-301 
Position operator, 71 
Probability amplitude: 
light, 52-54 
particle, 54-58 
Probability in volume of momentum 
space, 71 
Pseudoscalars, 252-253 
Pseudovectors, 252 


Quadrupole transition, 195 
Quanta, 33-40 


Radiation: 
energy density, 8-12 
number of modes of vibration, 6-7 
pressure, 36, 37 
transitions, 190-192 
Ramsauer effect, 93, 94 
Rayleigh—Jean’s law, 9 
Reduced mass, 79 
effect in scattering cross-sections, 
274 
Refraction index, 65 
Relative motion equation, 80 
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Resonance: 
classical, 207, 208, 211, 212 
energy, 220-221 
helium atom, first excited state, 218— 
222 
quantum mechanical oscillators, 
212-216 
Resonance integrals, 218, 219, 224, 
225 
Rigid rotator, 139, 140 
Russell-Saunders coupling, 230, 249 
Rutherford’s experiment, 44 


Scattering cross-sections, 263-265 

alpha particles, 279 

atomic by the Born approximation, 
277-279 

billiard ball collision by Born approx- 
imation, 279 

Born approximation, 269-279 

classical limit, 290 

constant potential by Born approxi- 
mation, 279 

Coulomb potential by Born approxi- 
mation, 275-279 

differential scattering cross-sections, 
264-265 

effective range theory, 291—296 

Fermi scattering length, 288, 296 

general formulation, 268, 269 

identical particles, 280-281 

inelastic scattering, 263, 265, 269 

neutron-proton, 277 

neutron scattering, 266-268 

partial waves, 281—288 

particle waves of high angular 
momentum, 288-290 

path integral formulation, 265-268 

phase shift analysis, 281-288 

shadow, 268, 290 

square well, 93, 94, 274 

total, 264 
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Schroedinger wave equation, 59-63 
Feynman’s derivation, 59-63 
time-dependent, 62, 63 
time-independent, 63, 68, 69 
Schottky effect, 122, 123 
Secular determinant, 174 
Selection rules: 
electronic interaction in atoms, 227— 
229 

harmonic oscillator, spherical and 
linear, 196-197 

hydrogen atom, 197, 198 

light waves, 196, 197 

spherical harmonic wave functions, 
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